GIAO VIEN: LE THI NGA

Chuyén dé 11.50 HQC-BAT PANG THUC —-MIN MAX
PHAI\’I I.TRQI\JG TAM HSG CAN DAT
A. Kién thirc can nhé
1. Cho ham sé f (x) x4c dinh trén tap hop D
a) Néu f(x)=m ma m lamét hing séva f(x)=m tai x=x, € D thi gia tri nh6 nhat ciia f ()
la m, dat dugc tai X =x,.
Taviét min( f(x))=m tai x=x,.
b) Néu f(x)<n man lamot hing sé va f(x)=n tai x=x, D thigiatri I6n nhat cua f (x) la
n, dat duoc tai X =X,. Taviét max(f (x))=n tai x=x,.
B. Mét s6 vi du
1. Dang bai dwa biéu thirc vé dang f(x) >m hoic f(x) <n
Vi du 1: Tim gié tri nho nhét cia cac biéu thic sau:
a) A(x)=(19x-5)" +1890;
b) B(x):3x+J15_x—10;
c) C(X)=+/30-4x ++1975;

2019

d) D(x)=(x""®+x** +2019)
v/ Tim céch gidi: Tim gia tri nho nhat cua f (x) tatim hang sé m trong tap xac dinh D cua f (X)
ma f(x)>m.Saudotim x=x,eD dé f(x,)=m.

a) (19x—5)2 1a binh phuong ctia mét biéu thirc nén gia tri cia nd ludn khong &m Vx. Do do6 tim
duoc (19x—5)2 +1890>?. Dau “=" xay ra khi nao? tai x =?

b), ¢) Piéu kién dé biéu thtrc c6 nghia?

Luu y: Can bac hai khong 4m cua a duoc ki hiéu 1a v/a . Khi viét a phaicé a>0.
d) Nhan xét v& bac cia cac lily thira cia X va gid tri cua ca biéu thic.

Giai
a) Do (19x—5)° >0, Vx nén (19x—5)° +1890 >1890, Vx.
A(x)=1890 < (19x-5)" =0 = x=%.

Taco A(x)=1890,Vx; déu “=" xdyra < x= % :

Vay minA (x)=1890 tai x:%.

b) Didu kién dé 15X c6 nghia: X>0.

Tac6: B(x)=3x++/15x ~10>-10 do x>0 va v15x >0 nén
B(x)>-10 véi x>0; dau “=" xdyra <>x=0.

Vay min B(x)=-10 tai x=0.

¢) biéu kién dé J30—4x ¢6 nghia: 30-4x>0«< x<7,5
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Taco: C(x)=+/30-4x++/1975>+/1975 do +/30—4x >0 nén
C(x)=+/1975. Lai ¢6 C(7,5)=+1975

Do d6 C(x)=+/1975 voi x<7,5; ddu “=" xayra < x=7,5.
Vay min C(x)=+/1975 tai x=7,5.

201

d) Taco x*°>0;x** >0,vx nén (X +x** +2019) ? > 2019% vx. Lai c6 D(0)=2019""

Do d6 D(x)22019°vx; déu “=" xdyra <>x=0.
Vay min D(x)=2019"" tai x=0.
Vi du 2: Tim gié tri 16n nhat cia cac biéu thic sau:

a) E(y)=1945—(2y+9)’;

2016
b) F(y):m.

v' Tim céch gidi: Tim gia tri 1on nhat cua f(y) ta tim hang sé n trong tap xac dinh D caa f(y) ma
f(y)sn.Saud(')tim y=y,eD dé f(yo)zn.

a) (2y+9)2 12 binh phuong ctia mot biéu thic nén gia tri cia nd ludn khdng &m Vy. Do do6
1945—(2y+9)” s& nhu thé nao? Dau “=" xay ra khi nao?

Luuy 2y+9=0<2y=-9 < y=-4,5.

b) Trude hét xét F (y)=— 20

(y-5)"+9
Taco: (y—5) 4929 vx=>— ~ <t

(y-5)+9 9
(theo tinh chat lay nghich dao: Cho hai sé duwong a va b, néu a>b thi ES% ). Tir d6 suy ra
a
20126 < 2016 _oo4

(y-5)+9 9

Giai
a) E(y)=1945—(2y+9)’
Taco (2y+9)° >0,y nén 1945—(2y+9)* <1945,y .
Do d6 E(y)<1945Vy. Mat khac, E(—4,5)=1945 nén E(y)<1945Vy; diu “=” xay ra

&S y=-45.
Vay max E(y)=1945 tai y=-4,5.
2016 . ) )
b) F(y)=——5— Vy,tact: (y-5) 20=(y-5)"+9=9
(y-5)"+9
= 12 gl
(y-5)+9 9
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2016 < 2016
(y-5°+9 9
Nén F(y)<224vy; dau“="xayra < y=5.

2016 2016

> = =224
(5-5)" +9 9

Tur do suy ra:

- Mat khéc, F(5)=

Vay max F(y)=224 tai y=5.

2. Dang bai ma bién sé c6 gia tri nguyén (hoic tw nhién)
Vi du 3: Tim sé nguyén x dé:
2015
2019-x
b) Biéu thirc B dat gid tri nho nhit véi B = %
v Tim cach gidgi: Voi xeZ thi A va B 1a nhitng phan sé.
Véi cac phan s duong c6 tir s6 duong khong ddi thi phan sé ¢d gié tri 16n nhat khi mau s6 duong
nho nhat.
Véi cac phan sé am co tir sb duong khong doi thi phan sé ¢6 gia tri nho nhat khi déi cia phan sé do
c6 gia tri 16n nhat.

a) Biéu thirc A dat gié tri 16n nhat véi A=

Giai
a) Piéu kién x = 2019. Ta xét hai trudng hop sau:
* Néu x <2019 thi 2019—x>0, ma 2015>0 nén A>0.
* Néu x> 2019 thi 2019—x <0, ma 2015>0 nén A<O.
Do d6 mudn A__ thi phai chon x sao cho A>0, tic la chon x <2019.
Khi d6 A, khi va chi khi (2019-x)_ do 2015 la hang s6 duong. Ta c6 2019—x>0 ma xeZ
nén (2019-x) <> 2019-x=1 hay x=2018.
2015

2019-x
b) biéu kién x#5. Ta xét hai trudng hop sau:
*Néu x<5 thi x—=5<0, ma 1930>0 nén B <0.
*Néu x>5 thi x—=5>0,ma 1930>0 nén B>0.
Do @6 mudn B, phai chon x sao cho B <0, tic la chon x <5.

Khi d6 B_, khisd dbicua B hay (?ﬂ] < (5-x)_. do 1930 la hang s6 duong.
=X/ max

Viy A= dat gia tri 16n nhat 1a 2015 <> x =2018.

Tacé 5—x>0 ma xeZ nén (5-x)  <5-x=1hay x=4.

Vay B =% dat gia tri nho nhat 1a —1930 < x=4.
X_

Vi du 4: Tim s6 nguyén y dé:

a) Biéu thirc C dat gia tri 16n nhit voi C = 512_3y :
-y
b) Biéu thuc D dat gia tri nho nhat véi D = 59 —225y .
y_
v Tim céch gidi: Vi y e Z thi C va D la nhitng phan sb. Ta bién d6i
- 3(19- 1
c_57-8y+1_ (19-y)+ PO S

19—y 19-vy 19-vy
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5_9+80-2y 9-2(y-25) 9

y—25 y—25 y—25
va ly luan tuong tu vi du 3.
Giai
a) biéu kién y =19 ta co:
C:57—3y+1:3(19—y)+1:3+ ! s ewie- 1
19—y 19-vy 19-vy 19-y

* Néu y <19 thi 19—y >0 ma 1>0 nén E >0.
* Néu y>19 thi 19—y <0 ma 1>0 nén E<O0.

Tacod C,, < E, . Muén E__ thi phai chon y sao cho E>0 tac la chon y<19. Khi d6
Ere < (19-Y) . (do 112 hing s6 duong).
Tac619-y>0;yeZ nén (19-y) <19-y=1<y=18.
Tacd maxC =4 khiva chi khi y=18.
b) biéu kién y = 25, ta c6:
- 9-2(y-25

D_9+50-2y (y-25) 9 Py

y—-25 y—25 y—25
Ta xét hai treong hop sau:
*Néu y>25thi y—25>0 ma 9>0 nén F >0.

* Néu y <25 thi y—25<0 ma 9>0 nén F <0.
Do @6 mudn F,,. phai chony sao cho F <0, tic la chon y < 25.

Khi do6 F, khisd dbicua F,_ hay [%} < (25-y)__ do 9 lahing so duong.
- y max

Tacé 25-y>0 ma yeZ nén (25-y) «<>25-y=1hay y=24.

59-2y

Vay D = : dat gia tri nho nhat la —11< y=24.

3. Dang tim gid tri 16n nhat hodc nhé nhat ciia mat biéu thic chira nhiéu bién.
Vidu 5: ’ 7

a) Tim gia tri nho nhat caa biéu thac

M(x,Y,2) =(x—1)2 +(y+2)2 +(z—3)2 +4;

b) Tim gié tri 16n nhét caa biéu thirc

P(x,y) = 2016 _
77 (x+2018)" +(y —2019)" + 224

¢) Tim gié tri lon nhat caa Q(x,y)=xy biét ring 3(x—y)’ +5xy =180.
v Tim céch giai:

a) Biéu thirc c6 ba bién, xac dinh véi moi gia tri cua x,y va z.

Luu¥: (x-1)">0,vxeR;(y+2)">0,vyeR

va (2—3)2 >0VvzeR.

b) Luu y tinh chét nghich dao cua sé duong. Véi a va b 1a hai sé duong:
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Néu azbthiigl.
a b

¢) Tir 3(x—y)’ +5xy =180 tim h¢ thiuc Q(X,y) nhé hon hodc bing mét hing sb.
Giai

a) M(x,y,z):(x—1)2+(y+2)2+(z—3)2+4.

Do (x—l)2 >0,VXe R;(y+2)2 >0,Vye R;(z—3)2 >0,vzeR.

Nen (x—1)° +(y+2)° +(z—3)° +4>4,vxeR,VyeR,VzeR.

M (L-2;3)=(1-1)" +(-2+2)° +(3-3)" +4=4.

Do dé M (XY, z)>4,VxeR,VyeR,VzeR déu“="xayra < x=1y=-2,z=3.

Vay minM (x,y,z)=4 tai x=Ly=-2,z=3.

b) VxeR,VyeR taco (x+2018)° +(y—2019)" +224 > 224

do do P(x,y) = 2016 2016
(x+2018)" +(y—2019)" +224 224
Mat khac
P(-2018;2019) = > 2016 > _218
(—2018+2018)° +(2019+2019)° +224 224
) 2016
T P(x,y)< =9VxeR,VyeR.
aco P(x,y) 224 XeR,Vye

Diu “=" xay ra < x =—2018; y = 2019

c) Do 3(x—y)2+5xy:180 nén Q(Xx, y):xy:36—§(x—y)2

Do VxeR,VyeR taco g(x—y)2 >0 nén Q(x, y):36—g(x—y)2 <36

Va Q(x,y)=xy =36 khivachikhi x=y=6 hoic x=y=-6.
Vay maxQ(x y)=36 tai x=y=6 hoic x=y=-6.

Vi du 6: Cho a,b la c4c sb tu nhién khéc 0. Biét 1> 1.7
a b 10
Tim gi4 tri 16n nhat cua biéu thac A= &28
a+

v Tim céch gidi: A 1a phan sé duong c6 tir s 13 2020 khong ddi. Vi vay mudn A dat gid tri 16n nhat
thi (a+b) phai dat gia tri nho nhat. Bé tim (a+b) _ ta phai tim cac gia trj ¢6 the c6 cua a va b roi

im céc gi tri nhé nhét ciia a v b. Ta thiy ngay tir -+ % <1=>a:b>1. Ch ¥ tinh chit nghich dao
a

cua hai s tu nhién m,n khac 0: m>n thi 1.1
m n
Giai

Do 1+%<1:> a;b >1 khdng mét téng quat gia st 1<a<b
a
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:>1>1>1 Taco
a b

Do aeN va a>1 nén

mIH

+£h yl<2:>a<2§
a 10 a

)

Véia:2tacc')1<1+£<1c>£<£<1:>b:e{3;4} 2
10 2 b 5 b 2

Tu (1) va (2), taco: min(a+b)=2+3=5

Vay maxA=%=404.

('D>

C. Bai tap van dung

1. Dang bai dwa biéu thic vé dang f (x)>m hogc f(x)<n
1. Tim gia tri nho nhat cia cac biéu thirc sau:

a) f(x)=(L5x—4,5)" -12;

b) g(x):2x+SM+16;

c) h(x)= J64+2x —[23:

2015
d) p(x) :(x2 F XX XX +2)

+ 22015 )

2. Tim gié tri 16n nhat cua céc biéu thuc sau:
a) A(y)=15—(30+2y)’;

2015
(4-5y) +2018
2+4+6+...+198+200
g C(y): 2 2 ;
(10y—5) +(143+5+...+17+19)* +100
d) D(y)=v5~(y2y-4-6) .
3.
2 2
a) Tim gid tri nho nhét cta biéu thuc: S :w;
X" +2
4 a2
b) Tim gié tri 16n nhét cua biéu thic: T =2X+X4+8;
x* +

¢) Cho a la hang s6 va a>0. Tim gia tri nho nhit cua biéu thac
_8y*+2a(y-3)" +2a’
- 4y® +a’ '

2. Dang bai ma bién s6 c6 gia tri nguyén (hoic tw nhién)

4. Tim s6 nguyén x dé:

a) Biéu thirc A dat gié tri 16n nhat véi A= 616 ;
—X

b) Biéu thire B dat gi tri nho nhét voi B = —oa>_
X—1930

5. Tim sé nguyén y dé:

a) Biéu thuc C dat gid tri 16n nhat véi C = 3161—3y :
-y
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b) Biéu thtrc D dat gié tri nho nhat véi D = M

y— 2’

11n-47

6. Tim gid tri caa sb tu nhién n dé phan sé P = c6 gia tri 16n nhat.

3. Dang tim gid tri I¢n nhat hoiic nhé nhit ciia mat biéu thikc chira nhiéu bién.
7. Tim gid tri nho nhat cua céac biéu thuc sau:

a) f(X’Y)Z(X—2)2+(2y+1)2_25;
b) g(xy)=(x+y-1)" +(y—3) +4

) .
9 hxy)= 6+(2x— y) (x+1)2,

d) k(x,y,z)=(x+ y—22) +(x—y—3)4+(y—1)6+5.
8. Tim gié tri 16n nhat cua céc biéu thuc sau:
a) A(x,y)=2017—(11y~7)" —(x~100)’;

b) B(x, Y)=16—(X+y+2)2_(y2_9)2;

24
9 Cly)= 3+(2x —y— 1)2+(x2 4)

2(x-1)" +2(y-2)" +100
DY) = Ty
9.

a) Tim gié tri nho nhat cua biéu thic
M(x,y,z)=(x+1)" +2(y—2)" +3(2z-3)+4;
b) Tim gié tri 16n nhét caa biéu thirc

N(x,y,z)= 2 D 2 + > 2 ;
(2X—4) +(y+3) +10 (42—2016) +2

¢) Tim gid tri I6n nhit caa P(x,y)=2xy biétrang (x—y)’+0,1xy =10.

10. Cho a, b, ¢ la cac sé nguyén. Biét a<5b;b<5¢c va c<25. Tim gié tri I6n nhét cua tong
(a+b+c).

11. Tim gia trj 16n nhat cua ty s6 gitta mot sb ¢o ba chir s véi téng cac chit s6 cua no.
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HUONG DAN GIAI - PAP SO
1.
a) min f (x)=-12 < x=3.
b) Piéu kién dé can thirc c6 nghia: x>2
Tac6: g(x)=2x+3v3x—6+16>20 do x>2 va 33x—6 >0.
Dau “=" xay ra <>x=2.Vay ming(x)=20 < x=2.
¢) biéu kién dé can thirc c6 nghia: 64+ 2x>0< x>-32
v6i x>-32 thi V64+2x>0. Taco h(x)=+/64+2x 23> -/23.
Diu “=" xay ra <X =-32. Vay minh(x):—\/2_3<:> X=-32.
d) Tacod Wx thi x*>0;x*>0;x°>0;...;x* >0;x'° >0;
nén p(x)=(x"+x"+x° 4.4 x% +x +2)2015 + 2018 » QIS | 92015 _ H2016
Diu “=" xay ra <> x=0.
Vay min p(x)=2""
2.
a) max A(y)=15 tai y=-15.

= x=0

b) vytaco (4-5y)" >0=(4-5y)’ +2018>2018.
2015 2015
(4-5y)*+2018 2018
Diu “="xayra < y=0,8
Vay maxB(y)=%c> y=0,8.
¢) Tac6 2+4+6+...+198+ 200 = (2+200).100: 2 =10100

Tirdosuyra B(y)=

(14+3+5+...+17+19)* +100 = (1+19).10: 2]  +100 =10100
maxC(y)=1<y=0,5;
d) Diéu kién dé \[2y—4 conghiala 2y—4>0< y>2.

Tacovsi y=2 thi (J2y—4-+6) 20
Do d6 Jg—(ﬂ/Zy—4—\/€)2 <+6.Diu“="xayra < y=5.

Vay max D =+/5 tai y=5.
3.
Bx* +4x? +10  5(x'+2)+4x’ 42
4 = 4 =5+
X" +2 X" +2 X" +2
Diu “="xay ra < x=0.
Vay minS =5<x=0.
4_ A2 2(x* +4)—4x? 2
b)T:ZX 44x +8: ( : ) _o_ f:fx <o
X" +4 X" +4 X" +4
Dau “="xay ra <>x=0.

>5.

a) S=
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Vay maxT =2 < x=0.
_8y8+2a(y—3)2+2a2 ~ 2(4y8+a2)+2a(y—3)2 _2+2a(y—3)2
- 4y® +a’ - 4y® +a’ N 4y® +a’

2
20=8) gy =M >2vy

c) M

Tacd a>0 va 4y°®+a”>0;Vy nén

Diu “="xayra < y=3

Vay minM =2 < y=3.

4,

a) Didu kién x#6. Néu x<6 thi 6—x>0, ma 16 >0 nén A>0. Néu x>6 thi 6—x<0, ma
16>0 nén A<0. Do d6 mudn A, thi phai chon x<6 dé A>0. Khi d6 A, khi va chi khi

(6—x) . maxeZ nén (6-x) <«<>6-x=1hay x=5.Vay max A=16 < x=5.

b) biéu kién x=1930. Néu x <1930 thi x—1930<0=B <0 .
Néu x>1930 thi x—2019>0=B>0. Do d6 mudn B, thi phai chon x sao cho B <0, tuc la

chon x<1930. Khi d6 B, khiso dbi cua B, hay (1 ;??:5 j <(1930-x) . <1930—-x=1
~ X max

hay x=1929.

Ta c6 B dat gié tri nho nhat 14 —1945 < x =1929.

5

a) Voi yeZ;y =11 thi C la mot phan sé va
- 3(11-

c_36-3y _ ( y)+3=3+ 3
11—y 11—y 11—y

Pép s6: maxC =6< y =10

. — 19-(y-2
b) biéu kién y = 2, ta co: D:21 y_ (y ): 19 -1

y—2 y-2 y—2
DPap sb: minD=-20< y=1.

6.

2(11n—-47)  22n-94 :11(2n—9)+5:1_1+ 5
2(2n-9) 2(2n-9)  2(2n-9) 2 2(2n-9)
Pap s6: maxP=8<>n=5.

7.

a) f(xy)=(x—2)" +(2y+1)° -25>-25.

. X—-2=0 X=2
Dau “=” xay ra < = .
2y+1=0 y=-0,5

X=2
y=-0,5
b) g(x y)=(x+ y—1)2+(y—3)2+424.

y—-3=0 y=3
= .
X+y-1=0 X=-2

Vay min f (x,y)=-25 < {

Dau “=" xay ra < {
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Vay min f (x,y)=4 < {);Z;Z
-2

6+(2x— y)2 +(x+1)2

c) h(x,y)=

. =-1
Tacd: vx;y thi 6+[(2x—y)2+(x+1)2]26. Dau “=" xay ra @{);_ )
Do do: 0< 12 5 Sl
6+(2x—y) +(x+1)" 6
-2 1
<02 >——

_6+(2x—y)2+(x+1)2_ 3
. 1 x=-1
Vi h(x,y)=—-= :
ay minh(x,y) 3©{y=—2
d) vx;y;z thi k(x, y,z)=(x+y—22)2+(x—y—3)4+(y—1)6+525.
X+y—-22=0 x=4
Diu“="xayra < {x-y-3=0 <{y=1
y-1=0 z2=2,5
Xx=4
Vay mink(x,y,z)=5<<y=1
=25
8.
a) A(x,y)=2017 [ (11y - 7)’ +(x~100)" | <2017,

Diu “=" xdy ra <11x—7=0 va x—-100=0 < y=111 va x=100.

x=100
Vay max A(x,y)=2017 < 7
y==
11
b) vx;y thi B(x, y)=16—[(x+ y+2)2+(y2—9)2}£16

X+y+2=0

Diu “=" xay ra <
Y {yz -9=0

X=-5 x=1
Ta tim duoc { hoac {
y=3 y=

X=-5 x=1
Do d6 maxB(x,y)=16 < hoic .
y=3 y=-3

. 24
c) vx;y thi C(x, y):3+(2x3—y—1)2+(x2—4)2 <8.

2x*—y-1=0

Diu “=" xay ra < ,
X“°—4=0
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X=2 .| x=-2
Ta tim duoc hoac
y=15
Do d6 maxC(x,y)=8« hoac
y=15

2[(x—1)2+(y—2)2+2}+96_ 9

B Dlxy)= P R

Do Vx;y taco (x—1)2+(y—2)2+222 nén %

Va 2+ % <50.

(x=1)" +(y—2)" +2

x=1

Diu “=" xay ra <:>{ . Vay max D(x,y)=50 <:>{y

9.

a) mnM(x,y,z)=4<(x=-1y=2z=15)

b) maxN(x,y)=4<(x=2,y=-3,2=504)

c) Do (x—y)* +0,1xy =10 nén P(x,y)=2xy =200-20(x~y)’
Do VxeR,VyeR taco 20(x—y)2 >0

Nén P(x,y)=200-20(x~y)* <200

Va P(x,y)=2xy =200 khi va chi khi x=y =10 hoac x=y=-10.
Vay max P(x,y)=200 < x=y =10 hoic x =y =-10.

10. Tacod ceZ, ma c<25 nén max(c)=24

b <5c ma max(c)=24 nén b<120 va be Z = max(b) =119
594

a<5b ma max(b)=119 nén a<595 va aeZ = max(a)
Vay max (a+b+c)=594 +119 +24 =737 .

11. Goi s ¢6 ba chit s6 1a abc véi a,b,ce N;1<a<9:0<b,c<9.

Ta phai tim max A voi A=—22C
a+b+c
, abc  100a+10b+c (a+b+c)+99a+9b
Taco A= = =
a+b+c a+b+c a+b+c
=1+99a+9b31+99a+9b (1)
a+b+c a+b
9(10a+a+b) 9(a+b
Mt khic, ta lai co; 298+9% _9(10a+a+b) 9(a+b) ~90a
a+b a+b a+b a+b
:9+90aS9+90a @)
a+b a

Tu (1) va (2), ta suy ra: As1+9+90—a:10+90=100.
a

(x-1)"+(y-2)"+2

(x—1)2+(y—2)2+2

96

2

48
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Dau “=" xay ra <>ae{1,2;3,...;8,9};b=0 va c=0.
Vay max A=100 <>ae{;23,..;89 }b 0 vac=0.
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PHAN IL.BAI TOAN THUONG GAP TRONG PE THI HSG

Cau 1. (Deé thi HSG 7 Hoai Nhon 2014-2015)

Tim gia tri nho nhat cua biéu thac A=|x—2|+|2x -3+ |3x— 4]
Loi giai

a) Taco: [x—2|+|3x—4|=|2— x| +[3x — 4] > |2— x+3x—4|=|2x— 2|

Dau "="xay ra @(2—X)(3X—4)20©%SXS2

|2x—=3+|2x—2|=[3-2X| +|2x - 2| > [3—-2x+2x - 2| =[1] =1

Dau "="xdy ra < (2x-3)(2x-2)20 < 1< xsg

Do d6=> A=|x—2|+|2x—3|+[3x—4| >1.Dau "="xay ra

ﬂ£x§2

f— @fgxs
1£x£§ 3
2

N | W

Vay gi4 tri nho nhit caa Ala min Azl@%ﬁxsg

Cau 2. (Pé thi HSG 7 Viét Yén 2017-2018)
Tim gia tri nho nhat cua biéu thic: P =[2013— x| +[2014 — |
Loi gii
Ap dung BDT [a]+|b|>|a-+Db|
DAu "="xay ra khi va chi khi a,b cung dau
Taco: P =|2013—x|+|2014— x| =|x—2013|+|2014 — x|
P >|x—2013+2014—x|=[1] =1
Dau "="xay ra khi va chi khi (x—2013)va (2014 - x)ctng dau, hay 2013< x <2014

Vay MinP =1<2013<x<2014
Cau 3. (Pé thi HSG 7 Lc Ha 2018-2019)

Cho ba s6 duong 0<a<b<c<1.Chtng minh rang: + b +— <
bc+1 ac+1 ab+1
Loi giai
Vi 0<a<b<c<1nén:
1 1 c C
(a-1)(b-1)>0<=ab+l>a+b < < = < (1)
ab+1 a+b ab+1 a+b
a a b b
T tu: <—— (2); <— 3
wong te bc+1 b+c ()ac+1 a+c @
Dodé:a+b+csa+b+c(4)
bc+1 ac+1 ab+1 b+c a+c a+b
2(a+b+c
Ma:a+b+cé2a+2b+2c:(++):2(5)
b+c a+c¢c a+b a+b+c a+b+c a+b+c a+b+c
T @) vaG)suyra: ——+—L2 4+ S <2 (dfem)

bc+1 ac+1 ab+1
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Cau 4. (Peé thi HSG 7 Loc Ha 2018-2019)

Tim gia tri nho nhat cua bicu thac A=|2x+2|+[2x—2013| véi x 1a s6 nguyén.
Loi gidi

Taco: A=|2x+2|+[2x—2013)=[2x+2|+]2013—2x| 2[2x+ 2+ 2013— 2x| = 2015

2013

Dau "="xay ra khi (2x+2)(2013-2x)20< -1<x <

Vay MaxA=2015khi x=-1
Cau’5. (P& thi HSG 7 Thach Thanh 2017-2018)
Cho cac sb a,b,c khong am thoa man : a+3c = 2016;a+ 2b = 2017.Tim gid tri lon nhat cua biéu
thac P=a+b+c
Loi gidi
Ta co: a+3c=2016(1) va a+2b=2017(2)
Tir (1) =a=2016-3c

Léy (2) —(1)ta dugc 2b—3c=1c b= 1+23C.Khi d6:
P :a+b+c:(2016—\’Sc)+1+3c+c=(2016+%j+w=2016%—E

Vi a,b,ckhéng am nén P:2016%—232016%, MaxP :2016%<:>c:0

Cau 6. (Pé thi HSG 7 Hoing Héa 2017-2018)

2 2
N e . I4 .2 + +
Tim gia tri 16n nhat caa biéu thiac: B = xz—yzS
X“+y +2
Loi giai
2 2 2 2 2 1 1
B:x2+y2+3:x -2|-y-2|- 1. L
X"+y +2 XT+y +2 X“+y +2

Blon nhat khi x* +y? +216n nhat
4 X’ >0 2 2 2 2 At s ;
Taco:y  — =x"+y +222=x"+y +2nhonhatbang 2, khi x=y =0
y >0
1

Khi d6 B 16n nhit bang %:15

Cau7. (Pé thi HSG 7 huyén Mu Cang Chai 2016-2017)

2(x-1) +1

(x -1)2 +2

a) Chang to rang véi moi x, biéu thirc C ludn c6 gié tri 1a mot s6 duong.

b) Tim tat ca cac s6 nguyén x, dé C c6 gia tri 1a mot s6 nguyén

¢) Vi gia tri ndo cua x, thi biéu thuc C cd gia tri nho nhat. Tim gié tri nho nhat do.

Cho biéu thuc: C =

Loi giai

a) Ta thiy: 2(x-1)2 +1>0va (x-l)2 +2>0,Vx,
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Vay biéu thize C ludn duong.

b)czz[(x-l)?z}?,:z_ 32
(x-l) +2 (x-l) +2

D¢ C nguyén, ta phai ¢6 (x -1)2 +21a udc duong cua 3

Vi (x-1)2+222, nén (x-1)2+2=3:>(x-1)2 =1:{ -

¢) C nhé nhét khi %Ién nhét
Vi (x-1)2+222nén %g—:z-—zz-ghay c>1
(x-l) +2 2 (x-l) +2 3 3
R . 1
Vay MlnC:§<:>x:1

Cau 8. (P thi HSG 7 huyén Tién Phuée 2018-2019)
Chung minh rang: Néu 0<a, <a,..... <a, thi:

a,+a, +a,
Loi giai

Taco: 0<a, <a, <....<ay nénsuy ra:

a,+a,+a, <3a,(l)

a,+a,+a, <3a, 2)

a,+a,+a, <3a, 3)
Cong vé vai vé cua (1)(2)(3) ta duoc:

a +a,+... +a9<3(a3+a6+a9)

. A a +a, +.... +a
Vi a +a,+.....+a, >0nén ta dugc: -—2 2 <3

a,+a +a,

Cau 9. (Pé thi HSG 7 huyén Tan An 2017-2018)

A, Chung té rang: M = 75.(42017 +478 +  + 42+ 4 +1) + 25 chia hét cho 10°

B, Cho tich a,b 1as6 chinh phuwong va (a, b) =1. Chttng minh rang a va b déu 1a s chinh phuong.
Léi giai

A M=T5(427 +4 4 +47+4+1)+25

25 1)(420” +47 4 44244 +1) +25

(4-
25 4(477 +470 4+ 4 +4+1)- (47 + 470 4+ 42 +441) |+25

25.(47° + 47 .+ 47 +4)-25(4° + 47+ +4° +4+1)+25

=25.4%8 _25+25



GIAO VIEN: LE THI NGA

= 25.4%"8 = 25 4 4*" =100.4”"" 100

Vay M:10°

B, Pat ab=c?(1)

Goi (a,c)=d nén a:d, c:d

Hay a=m.d va c=n.d véi (m,n)=1
Thay vao (1) ta dugc m.d.b=n?.d?
=>mb=n’.d=>bin’ vi (a, b)=1=(b,d)
Van’b=Db=n’

Thay vao (1) tacé a = d* => dpcm

Cau 10. (P& thi HSG 7 Lé Hong Phong 2016-2017)
Chuang minh rang khéng thé tim dwoc sé nguyén x,y,zthoa man :

‘x-y‘+‘y-z‘+‘z-x‘=2017
Loi giai

Taco: [x-y|+|y-z|+[z-X| =[x-y|+(x-y)+|y-2|+(y-2)+[z-x|+(z-X)
Vi moi s6 nguyén x ta lai ¢o [x|+x = {2x x=0

0 x<0
Suy ra |x|+x luon 12 s6 chdn véi moi s6 nguyén x

x-yl+(x-y)

Tir d6 ta c6: 1|y -2z|+(y-z) 1a cac 6 chin véi moi s6 nguyén x,y,z

ool (z-x)

Suy ra [x-y|+(x-y)+|y-z|+(y-z)+[z-x|+(z-x)1a mot s6 chan véi moi s6 nguyén x,y,z
Hay [x - y|+|y-z|+|z-x|1a mot s6 chin véi moi s6 nguyén x,y,z
Do d6, khong thé tim dugc s6 nguyén x,y,z thoa man:
‘x-y‘+‘y-z +‘z-x‘=2017
Cau 11. (Pé thi HSG 7 Lé Hong Phong 2016-2017)
Chung minh rang: 2+2 +2°+2* +25+......+ 2% + 2'“chia hét cho 31
Loi gidi
Pit D=2+22+2°+ 24+ 25 +.....+ 2% + 2" (c6 10056 hang)
= (24274204204 2°) (20427 4274 2° 42+

+(2% +27 +2% 42 +2') (c6 20 nhom)
D= 2.(1+2+22 +23+24)+26.(1+2+22+23+24)+ ..... +296.(1+2+22+23+24)

D=231+2%31+...+2%31
D= 31.(2+ 264+ .+ 296)chia hét cho 31

Vay D=2+2%+2°+2%+2%+....+2 %+ 2 chia hét cho 31



GIAO VIEN: LE THI NGA

Cau 12. (Pé thi HSG 7 Son Dwong 2016-2017)

ChoM=—2+2 + € Vsiabe>0
a+b b+c c+a

Chung té rang M khdng phai 12 sé nguyén.

Loi giai

. R a a b b c C
Vi a,b,c>0nén: > ; > ; >
a+b a+b+c b+c a+b+c c+a a+b+c

—M=—2y b + S >a+b+c=1.Dodc’>M>1 @
a+b b+c c+a a+b+c

\ a b c b c a
Ma + + + + +
(a+b b+c c+aJ (a+b b+c a+cJ

a b b C C a
a+b a+b b+c b+c c+a c+a

Vi b PR >1suyra M= a4 b M~ <2(2)
a+b b+c a+c a+b b+c c+a

Tir (1) va (2) suy ra 1 <M < 2nén M khong phai 1a sé nguyén.
Cau 13. (Pé thi HSG 7 Viét Yén 2018-2019)

Cho A=—t-ls 4 S S g
4 37.38 20.38 21.37 38.20
Chuang minh rang %Ia mot s6 nguyén.
Loi giai
1 1 1 1 1 1 1 1 1
=—t—t....... — = ———...... ———
1.2 34 3738 1 2 3 4 37 38
1 1 1 1 1 1
=l I+=+=+. it —= || =+ —+....... +—
( 35 37 [2 4 38}
1 1 1 1 1 1 1 1
=l —t—t—F—F+. = |2 =+ —
(1 2 3 4 38] (2 4 38]
_1.1 1
50 o 33
P SR S
20.38 21.37 38.20
:>58B=i+i+i+i+ ...... +L+L=2 L+L+ ..... +L =2A
20 38 21 37 38 20 20 21 38
B=—aA=2-2 997
58 B 2

Cau 14. (D& thi HSG 7 Viét Yén 2018-2019)

Cho S=17+17*+17° +.....+17*. Chuang t6 rang S chia hét cho 307
Loi giai
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a)S:17.(1+17+172)+174.(1+17+172)+ ..... +1716.(1+17 +172)

=17.307+17*.307 +.....+17"°.307

=307.(17+174+ ....... +1716)2307

Vay S:i307

Cau 15. (D& thi HSG 7 Viét Yén 2018-2019)

Cho 4 s6 khdng am a,b,c,d théaman a+b+c+d=1.Goi S la tdng cac gia tri tuyét d6i cua hiéu

tirng cap s6 co duoc tir 4 s6 ndy. S c6 thé dat dugc gié tri 16n nhét bang bao nhiéu ?
Loi giai

Gia sir a>b>c>dkhi do:

S:‘a—b‘+‘a—c‘+‘a—d‘+‘b—c‘+‘b—d‘+‘c—d‘

=(a-b)+(a—c)+(a-d)+(b—c)+(b-d)+(c—d)=(3a+b)—(c+3d)

Do c+3d>0=S<3a+b;S=3a+b khi c=d=0, lucdé a+b=1

Do a<1ta co: S=2a+(a+b)=2a+1£2.1+1hay S<3

Cau 16. (Pé thi HSG 7 Hoing Héa 2017-2018)

a) Tim hai sé hitu ty a va b biét: a—b=2(a+b)=a:b

b) Tim gia trj nho nhét cua biéu thirc: M =[2012-x|+[2013—x|

¢) Chizng minh rang khdng ton tai sé ty nhién ndé n? +20021a s6 chinh phuong
Loi giai

a)Tir a-b=2(a+b)=a—-b=2a+2b=-a=3b=a=-3b

Mat khéc: a—b:a:b:>—3b—b:—3b:b:>—4b=—3:>b=%

=a= —32 = =
4 4
b)Str dung |A|+[B|>|A +B|.Dau “="xay ra khi A,Bcung dau (*)
Ta co:
M =[2012 x| +[2013 x| =[2012 - x| +|x —2013| 2 [2012 - x +x —2013| =|-1| =1
Vay MinM =1 <2012 <x <2013
c) Nhan xét
Néu s6 chinh phuong chia hét cho a (a 1 s6 nguyén t6) thi né chia hét cho a’
Gia sir: A =n?+20021a sé chinh phuong.
Xét truong hop 1: nla s chin = n=2k
=n’ =4k> = A =n" +2002 = 4k> +2002
Ta c6: 4k chia hét cho 2, 2002 chia hét cho 2 = A chia hét cho 2= A chia hét cho 4
Do 4k’ chia hét cho 4, con 2002 khdng chia hét cho 4= A khéng chia hét cho 4 (loai)
Xét truong hop 2: nlasd lé=n=2k+1

— A la s6 chinh phuong 1¢, c6 dang (2b+1)2 =4b* +4b+1chia cho 4 du 1.
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Ma A =(2k+ 1)2 +2002 = 4k? + 4k +2003 chia cho 4 du 3 (loai)

Vay khong ton tai s tu nhién ndé n+20021a s6 chinh phuong.
Cau 17. (Pé thi HSG 7 .... 2017-2018)
Tim tit ca cac s6 nguyén a biét: [a| <4

Loi giai
0<|a|<4=[a|=0;1;2:3;4
la|=0=2a=0
‘a‘ =l=a==1

=4=a=%4

a

Cau 18. (Pé thi HSG 7 .... 2017-2018)

Tim phan sb ¢6 tir 1a 7 biét n6 16n hon —%Vé nho hon —19—1
Loi giai

Goi mau phan sb can tim 1a x, ta co:

-9 7 -9 63 63 63

<< — 2 — < —<—=-T7<9x<-70,Vi 9x:9=9x=-72=>x=8
10 x 11 =70 9x 77

Vay phan s6 can tim la —%

Cau 19. (Pé thi HSG 7 Thach Thanh 2017-2018)
Tim s6 hitu ti X, sao cho tong cua sé d6 vai nghich dao cua no ¢ gid tri 1a mot sé nguyeén.
Loi gidi

1) Goi x:%(m,n €Z,n=0,(m,n)=1).Khi do:

= = @
X n om mn
2 1 R s o .
bé x+=nguyén thi m*+n®:mn
X
=m’+n®:m
=n’:m=n:m

. m=1
Ma (m,n)=1:>[
m=-1
VoI m=1:
2 2 2
T (1), taco: x+—=2 " 1M pa s Lnguyén thi 1+nin=1inhay n=+1
X 1n n X
V6 m=-1:
; ~1)* +n? 2 A s : :
Tu (1), ta co: x+1=( J +n° _L+n Dé x+1nguyen thi 1+n*i(-n) =1i(-n)hay n=+1
x (-1)n -n X
Khido x="-1-1 1 Ay ven
n 1 -1 1 -1
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Cau 20. (Pé thi HSG 7 Huwong Khé 2016-2017)

Cho ba s6 duong 0<a<b<c<1, chitng minh rang L 2,
bc+1 ac+1 ab+1
Loi giai
Vi 0<a<b<c<lnén:
1 1 C (o
(a—l)(b—1)20<:>ab+12a+bc> < = < @
ab+1 a+b ab+1 a+b
Tuong tu: a_ . 2 2) ; b <L 3)
bc+1 b+c ac+1 a+c
Dodé:a+b+cﬁa+b+c(4)
bc+1 ac+1 ab+1 b+c a+c a+b
Ma a N b N c < 2a N 2b N 2¢C :2(a+b+c):2(5)
b+c a+c a+b a+b+c a+b+c a+b+c a+b+c
Tir (4) va (5) suy ra b ¢ <2 (dpem)

+ +
bc+1 ac+1 ab+1
Cau 21. (Pé thi HSG 7 Hoai Nhon 2018-2019)

So sanh ; \/1_7+\/%+1va \/@
Loi giai

Ta co: \/1_7>\/1_6;\/%>\/£:>\/1_7+\/%+1>\/1_6+\/£+\/i=4+5+1=10
Ma 10 =+/100 > /99 . Vay 17 +/26 +1> 09

Cau 22. (P& thi HSG 7 Hoai Nhon 2018-2019)

Chang minh: i+i+i+,_,_+i+L>1o
V1oV2 B J99 100
Loi gidi
Ta co:
1 1 1 1 1 1

1 1
ﬁ>1—\/TT>l—\/Tﬁ>\/10_O\/®>\/10_O

1 1
Suyra: ——+—+—+..... + >100. =10
y f J_ J_ J100 J100
1
VAY =+ —— ... +—=—_>10
f J’ f J100

Cau 23. (})e thi HSG 7 Hoai Nhon 2018-2019)
a) Mot s6 nguyén té p chia cho 42 ¢6 s6 du r 1a hop sb. Tim hop sé r
b) Tim sb tu nhién absao cho ab =(a+b)’
Loi giai
a) Vi chiacho 42 c6s6 dularnén p=42k+r(0<r<42,reN)

Hay p=23.7k+r
Vi plasé nguyén té nén r khong chia hét cho 2;3;7
= r1a hop s6 khong chia hét cho 2,3,7 va r <42, Vay hop s6 r =25

b) Taco: (a+ b)3 = ab’ Iasb chinh phuong nén a+b 12 s6 chinh phuong
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Pat a+b=x*(xeN*),suyra ab’ =(a+b)’ =x°

—x*=ab<100va ab>8=8<x*<100=>2<Xx<5=>x=3:4Vi xeN*
)x=3=ab =(a+b)’ =3 =720=272=(2+7)’ = x =3(tm)
Jx=4=>ab =(a+h)’ =4°=4096=647 = (6+4)° =1000 = x = 4(ktm)

Vay ab =27
Cau 24. (Pé thi HSG 7 Hoai Nhon 2018-2019)

Cho biéu thic M =5;)2(.Tim X nguyén dé M c6 gia tri nhé nhét.
X_
Li gidi
- 3—(x-2
Tacé:M:5 X_ ( ): 3 ~1(x#2)
X—2 X—2 X—2

M nho nhét @iznhé nhat <> x—216n nhat va x—2 <0<« xIén nhat va x<2
X_

< x=1(do..xeZ)

Khi @6 GTNN cta M la M :%—1:—4C>X:1

Cau 25. (Pé thi HSG 7 Hoai Nhon 2018-2019)
a) Tim s tu nhién c6 ba chit s6, biét rang s6 do6 1a boi cua 18 va céc chit s6 cua no ti 16 theo 1:2:3
b) Tim tat ca cac s6 tw nhién a,b sao cho: 2* +37 =|b—45/+b—45
Loi gidi

a) Goi a,b,c la cac chir sé cia s6 ¢6 ba chit s6 can tim. Khong mat tinh tong quat, gia sir
a<b<c<9,taco: 1<a+b+c<27
Mt khac do sb can tim 1a boi cua 18 nén 1a boi cua 9
Do d6 a+b+c=9va+b+c=18va+b+c=27
Theo dé bai ta c6: 2=2 & 2+D*C

1 2 3 6
Nhu vdy a-+b+cchia hét cho 6, nén a+b+c=18
Tudosuyra a=3,b=6,c=9

Do d6 s6 phai tim 1a boi ciia 18nén chit s6 hang don vi chan.
Vay hai so can tim la 396,936

b) Nhan xét : véi x >0thi [x|+x = 2x

Véi x<0thi [X|+x=0.Do d6 ||+ X ludn 1a s chin véi b e Z
Suy ra 2* +37 lasb chin < 2°1é < a=0

Khi d6 [b—45/+b—45=38

Néu b<45, ta co: —(b—45)+b—45=238 <> 0=38(ktm)
Néu b>45, ta co: 2(b—45)=38 < b =64(tm)
Vay (a,b)=(0;64)
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Cau 26. (P& thi HSG 7 Vo Thi Sau 2016-2017)

Chung minh ring: Néu 0<a, < a,.....<a, thi; 2 %28 g
a, +a, +a

Loi giai
Taco: O0<a, <a, <....<aynén suy ra:
a, +a,+a, <3a, @
a, +a, +ay <3a (2)
a, +a5+a, <33, 3)
Cong vé véi vé cua (1),(2),(3) ta duoc:
& +a, .ty <3(a,+a,+a)

B +a Tt g
a,+a, +a,

Cau 27. (Pé thi HSG 7 Viét Yén 2017-2018)

Tim s6 ¢6 3 chir sb biét rang s6 d6 chia hét cho 36va céc chit s6 cua no ti 1é véi 1;2;3

Vi a +a,+.....+ 3, > 0nén ta duoc:

Loi gidi
Goi ba chir s6 cua s6 phai tim 1 a, b, cta co:
a b

173" %.Ap dung tinh chat day ti s6 bang nhau ta duoc:

=— ==, &p dung tinh chat day ti s

o
N | T

wlo

c a+b+c

= *)

3 6

Do sb phai tim chia hét cho 36nén sé d6 chia hét cho 9 suy ra a+b+c chia hét cho 9

Ma a,b,c la céc chir s co it nhat mot chit s khac 0 nén a-+b-+c chi co thé nhan mot trong ba gia

tri 9;18;27

bang nhau ta dugc: a_b_
1 2

b_c_atb+e o2 km)

2 3 6 6

Néu a+b+c=18=(*)=a=3b=6,c=9, vi s phai tim chia hét cho 36nén chit s6 hang don vi
chén, ta c6 s6 396hoac 936.

Néu CA

Vay s6 phai tim 1a 936;396

Cau 28. (P2 thi HSG 7 Viét Yén 2017-2018)

Tim céc s a,b,cnguyén duong thoa man a®+3a*+5=5"va a+3=5°

Néu a+b+c=9=(*)=

o

Loi giai
Do acZ' =5 =a’*+3a*+5>a+3=5°
=5 >5°=b>c=5":5°
:(aa+3a2+5)§(a+3):>az(a+3)+55(a+3)
Ma a*(a+3)i(a+3)=5i(a+3)=a+3cU(B)={+L+5} (1)
Do aeZ'=a+3>4 (2)
Tr(l)va(2) >a+3=5=a=2
=2°+32°45=5"25=5"=h=2

=2+3=5=c=1
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Vay a=2;b=2;c=1
Cau 29. (Pé thi HSG 7 Hoai Nhon 2014-2015)
Trong ba s a,b,c co mot s6 duong, mot s6 am va mét s6 bang 0, ngoai ra con biét: |a|=b’ (b—c).
Hoi s6 nao duong, s6 nao &m, s6 nao bang 0
Loi giai
Taco: |a|>0,b*>0nén tir [a| =b®(b—c)=b-c>0=c<b
+Néu b=0=|a|=0=>a=0=>co hai sé ava bbang 0, vo Iy
+Néu b<0=c<b<0=c6 hai sé am b vac, vo ly
+Néu b>0, taxét a=0=b—-c=0=b=c>0=>cd hai s6 duong b vac, v ly
=a<0
Vay a<0,b>0,c=0
Cau 30. (Pé thi HSG 7 Hoai Nhon 2014-2015)
Cho pla sé nguyén tb. Tim tit ca cac s6 nguyén athoa man: a?+a—p=0
Loi gidi

Tra’+a-p=0=p=a’+a=a(a+l)
Véi aeZ= p=a(a+1):2; plasdnguyéntd = p =2

a=1
:>a(a+1)=2=1.2=(—1).(—2):{ )

a=-—
Céau 31. (Pé thi HSG 7 Hoai Nhon 2014-2015)

Tim hai sé khéc 0, biét téng, hicu,tich ciia hai s6 do ti 1& véi 3%2%0
Loi giai
Goi 2 s6 khac 0 can tim a xva .
LXFY  X=Yy Xy _x+y+x—y_§_3_x_
Taco: —==—73"=700 = 1 10 5 (70
- i 3+f -
3 3 3 3
:>x:%(l);x+y:3k(2);xy:&30k(3)
R 5k 4k 5k 4k 20k?
Tr(Dva2) >y=3k—-—=—=xy=—.—= 4
Hva(@) =y 33y339()
2
Tir (3) va (4) = 2% _ 2K <:>k=30(k¢0):>x=5'—§0=50;y=4'—§0=40

Vay hai sé can tim la 50; 40
Cau 32. (P& thi HSG 7 huyén Tin An 2017-2018)
Tim gia tri nho nhat cua A, biét :
A=‘7X—Sy‘+‘2Z—3x‘+‘xy+yz+zx-2000‘

Loi giai

Taco ‘7X—5y‘20; 2Z—3X‘20Vé‘ xy+yz+zx-2000‘20

Nén A=|7x —5y|+[2z—3x|+|xy + yz+2x - 2000/ 2 0
Ma A =0 khi va chi khi
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|7x — Sy| =[2z - 3x| =[xy + yz + zx - 2000/ = 0

co: ‘7x—5y‘=0<:>7x=5y<:>§=%
22-3x|=02=2
2 3

‘xy+yz+zx-2000‘:O©xy+yz+zx=2000|

x=20;y=28;z=30

X =-20;y=-28,2=-30

A>0,ma A=0<(x,Y,z)=(20;28;30)hoac (X, Y, z) = (-20;-28;-30)
-2

Tur do tim duoc {

Vay MinA = 0 <(x,y,z)=(20;28;30) hoic (x,y,z) =(-20;-28;-30)
Cau 33. (Pé thi HSG 7 dé 139 niim 2015-2016)

Cho biéu thirc A = %.T‘lm gia tri nguyén cia x dé A dat gia tri 16n nhat. Tim gia tri 6
Loi giai
Taco: A=1+ 2006
6—x
Dé A 16n nhit thi 200: ohai 16n nhét

Ta thiy 200614 s6 duong nén 6—x >0va 6—x phai dat gia tri nho nhat

= x =5(vi x € Z) thi A dat gia tri I6n nhat 1a A =2007

Cau 34. (Pé thi HSG 7 huyén Thai Thuy nim 2017-2018)

C6 tim dugc hai chit s6 ava b dé 201 1abla binh phuong ctia mot s6 tu nhién khong ? Vi sao ?
Loi giai

Ta co: 0<ab<99 = 201100 <2011ab<201199 => 448> <201 lab < 449’

448va 44913 hai s ty nhién lién tiép nén 201 labkhong 1 binh phuong cia mot sb tu nhién.

Cau 35. (Pé thi HSG 7 dé 141 nim 2018-2019)

CMR: v&i moi nnguyén duong thi 3"? —2"? +3" —2" hia hét cho 10

Loi giai
Ta co:
3n+2 _2n+2 +3n _2n :(3n+2 +3n)_(2n+2 +2n)
=3“(32 +1)—2“ (22 +1)=3“.10—2“.5=10.(3" —2“*‘)

Vi 10.(3“ -2 ) chia hét cho 10 v&i moi n nguyén dwong nén ta cé dpem.

Cau 36. (Pé thi HSG 7 dé 142)
So sanh A va B trong mdi trudng hop sau:
2) =_2012;B:_1999
4025 3997
b) A=3"B=2"
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Loi giai
2012 2012 1.1 1999 1999 _ 2012 1999

)< TS == < = <
4025 4024 272 3998 3997 4025 3997
L2012 1999
4025~ 3997
b)A=3"=3(3*) =3.9" B=2"=2(2)" =2.8"
Suyra A>B

Cau 37. (Pé thi HSG 7 dé 142)
Chang minh rang: 3" +3*? 43" 4. +3""%chia hét cho 120(x e N)

Loi giai
3X+1 +3x+2+3x+3+ ..... +3x+]00
:(3X+1 +3X+2+3X+3+3X+4)+(3X+5+3X+6+3X+7+3X+8)+n.
+(3x+97+3x+98+3x+99+3x+100)
=3*(3+32+33+34)+3*+4.(3+32+33+34)+....3*+96.(3+32+33+34)
=3*120+3"*.120+....+3%.120
=120.(3" +3"* 4.+ 3" ):120 (dpem)
Cau 38. (Pé thi HSG 7 Huyén M Cay nam 2017-2018)

a) Tim gid tri nho nhat cia P =x +/x +1

b) Tim tit ca c4c s6 tu nhién a,b sao cho : 2*+7=|b—5+b-5
Loi giai

) Taco: x20,Wx 20> x+Vx 20=>P=x++/x +1>1

Dau "="xay ra khi x = 0(tmdk). Vdy P =0<>x=0

b) Nhan xét: voi x>0 thi |x|+x =2x

Vi x <O0thi [x|+x =0.Do d6 |x|+x ludn 1a s6 chin véi moi x e Z
Ap dung nhan xét trén thi [b—5|+b—51asé chan véi b-5eZ
Suyra 2* +71asé chin =2%1¢ <a=0

Khi d6 [b-5[+b-5=8

Néu b<5=—(b—5)+b—5=8<>0=8(ktm)

Néu b>5=2(b—5)=8<>b=9(tm)

Viy (a,b)=(0,9)

Cau 39. (Pé thi HSG 7 Huyén M Cay nim 2017-2018)
Cho a,b,cla d6 dai ba canh cia mot tam giac

Chtng minh rang: ab+bc+ca<a®+b*+c¢? <2(ab+bc+ca)

Loi giai
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0<(a-b) =(a=~b)(a~b)=a’~2ab+b> =a’ +b* > 2ab
Tuong tu: b> +¢” >2bc;c” +a° > 2ca;
=a’+b’+b’ +c” +c* +a’ >2ab+2bc+2ca
:>2(a2 +b’ +c2)22(ab+bc+ca) —=a’+b*+c*>ab+bc+ca (1)
+)Theo bt ding thirc tam gic ta c6: a <b+c,nhan ca 2 vé voi a duong ta duoc:
a’ <ab+ac. Tuong tu: b> <ba+bc;c’ <ca+cb
=a’+b’+c’ <ab+ac+ba+bc+ca+cb=2(ab+bc+ca)(2)
Tir (1) va (2) suy ra didu phai chang minh
Cau 40. (bé thi HSG 7 THCS Ly Tw Trong 2018-2019)
Tim nghiém nguyén duong cua phuong trinh X+ Y +Z = Xyz
Loi gidi
Vi X, Y, z nguyén duong nén ta gia sir IS X<y<z

Theobéi1:i+i+i£%+%+%:%:>ng3:>x:l
yz yx X X° Xx° Xx° X

Thay vao dau baitaco: 1+y+z=yz=>y-yz+1+2=0
=y(1-2)-(1-z)+2=0 <= (y-1)(z-1)=2

THL: y-1=1=>y=2vaz-1=2=7=3

TH2: y-1=2=y=3va z-1=1=2z=2

Vay c6 hai cap nghiém nguyén thoa man (1;2;3);(13;2)
Cau 41. (bé thi HSG 7 THCS Ly Tw Trong 2018-2019)

, . . b
Cho ba so6 duong 0<a<b<c<1, chitng minh rang + + ¢ <
bc+1 ac+1 ab+1
Loi giai
Vi 0<a<b<c<lnén:
1 c c
a-1)(b-1)>0 < ab+1>a+b < < = < 1
( )( ) < N ab+1 a+b ab+1 a+b ()
a a b b
T tur < 2); < 3
vong t bc+1 b+c ) ac+1 a+c ®)
a b c a b c
Do dé : + + < + 4
0o bc+1 ac+1 ab+1 b+c a+c a+b “)
2(a+b+c
I\/lélaerchS2a+2b+2c:(++):2(5)
b+c a+c a+b a+b+c a+b+c a+b+c a+b+c
Tu (4) va (5) suy ra b ¢ <2 (dpcm)

bc+1Jr ac+1Jr ab+1

Cau 42. (Dé thi HSG 7 THCS Ly Tu Trong 2018-2019)

Tim gia tri nho nhat cua biéu thic A=|2x—2|+|2x—2003| véi x [a s6 nguyén
Loi gidi

Taco: A=|2x—2|+|2x—2013 =[2x— 2| +]2013 - 2x| >[2x — 2+ 2013— 2x| = 2011
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Dau “=" xdy ra khi (2x—2)(2013-2x)20 <1< x< 2013

Cau 43. (bé thi HSG 7 Truong thuc hanh Sai Gon 2017-2018)

Cho A= ‘2x4 +3x° +].‘—‘—2x4 —x° —1‘

Chung to rang gia tri biéu thaec A ludn khdng &m véi moi gia tri cua X
Loi giai

Vi 2x* >0,3x* > 0= 2x* +3x* +1>0

Tur d6 ‘—Zx4 —x? —1‘ =2x"+x*+1

= A=2x"+3x* +1-2x* = x* —1=2x* >0 v&i moi X

Vay giatri cua A luén khéng am véi moi x

Cau 44. (be thi HSG 7 Huyén Pat Miii 2016-2017)

a) Tim chir s6 tan cing caa A biét: A=3"%-2"%43"-2"

X+3 . . .
5 nhan gia tri nguyén.

b) Tim cac gia tri nguyén cua x dé

Loi giai
a) Chang minh A chia hét cho 10 suy ra chir s6 tan ciing cia A 1a chir s6 0
b) Ta co:
X43_X"245 11 O 7 x—2cU(5)={+L15)
X—2 X—2 X—2
=x=13-37

Cau 45. (Pe thi HSG 7 Huyén Pat Miii 2016-2017)
Cho a, b, ¢, d lacéc sé duong. Tim gia tri nho nhét caa biéu thic:
A=|x—a|+|x—b|+|x—c|+|x—d|
Loi gidi
Khong mat tinh tong quat, gia st a<b<c<d. Ap dung BDT [a+|b|>|a+b|,diu bang xay ra
< ab>0taco:
|x—a|+[x—d|>|x—a|]+|d-x|>|x-a+d -x|=d-a (1)
[x=b|+|x—¢|>|x-b|+|c—x|>|x—b+c—-X|=c-b (2)
Suy ra A>c+d—a—b. Dau "="xay ra khi va chi khi ddu "=" & (1) va (2) xay ra
< (x—a)(d—-x)=0va (x-b)(c—x)>0<a<x<d vab<x<c.
Do d6 MinA=c+d—-a-b<b<x<c
Cau 46. (D@ thi HSG 7 MA DE 154 — 2017-2018)
Chuang minh rang : véi moi n nguyén duong thi 3"% —2"%+3" - 2" ¢4 tan cung 12 0.
Loi gidi
Ta c0:
31727 13020 =(3M +3") (2" + 2")
=3"(3 +1)-2"(2° +1)
=3'10-2"5=10.(3"-2"")
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Vi 10.(3” —2"’1) chia hét cho 10 v6i moi n nguyén dwong nén ta c6 dpcm
Cau 47. (D@ thi HSG 7 MA DE 154 - 2017-2018)
Tim x, yeN biét: 36—y =8(x—2010)°
Loi giai
Tac6: 36— y? =8(x—2010)° = y? +8(x—2010) =36

Vi y?20=>8(x—2010)° <36 = (x - 2010)" < %

Vi 0<(x—2010)" va x e N,(x—2010)° Ia s6 chinh phuong nén

x—2010]=2=| X T2 oy | V=2
(x-2010)" =4 7 x=2008 Y T7 7| y=—2(ktm)
= |(x—2010)" =1 = | x—~2010 = +1= y* = 28(ktm)

(x-2010)" =0 y=6

Xx—2010=0=>x=2010= y* =36 =
y =—6(ktm)

Vay (x;y)=(2012;2);(2008;2 } @016;6 )
Cau 48. (bé thi HSG 7 Huyén B6 Trach 2017-2018)
a) Tim cc sb nguyén x, y biét x—2xy+y—-3=0
b) Chting minh rang tir 8 s6 nguyén dwong tuy ¥ khong 16n hon 20, ludn chon duoc ba sé X, Y, z
la @6 dai ba canh cua mét tam giac.
Loi giai
a)Taco: Xx—2xy+y-3=0
< 2X—4xy+2y-6=02x—-4xy+2y-1=5
< 2x(1-2y)—(1-2y)=5<(2x-1)(1-2y)=5

Lap bang:
2x-1 1 5 -1 -5
1-2y 5 1 -5 -1
X 1 3 0 -2
-2 0 3 1
Thoa mén Thoa méan Thoéa méan Thoa méan

b) Gia sir 8 s6 nguyén duong tuy y di cho la a,, a,, a,,...a, voi 1<a <a, <..<a, <20
Nhan thay rang véi ba sé duong a, b, ¢ théamin a>b>c va b+c>a thi a, b, ¢ 1a d6 dai ba
canh caa mot tam giac. Tir d6, ta thdy néu trong cac sé a,, a,, a,, ... a, khong chon dugc 3 s6 la
d6 dai ba canh ctia mot tam giéac thi :

ag=a,+a,21+1=2

ag>a,+a, >2+1=3

a,>a,+a;=>23+2=5

a,>2a,+a,25+3=8

a,>a,+a,=>8+5=13

a=>a,+a,>213+8=21
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(trai voi gia thiét)
Vay diéu gia st trén 1a sai. Do do, trong 8 sd nguyén trén di cho luén chon dugc 3s6 X, y, z 14
do6 dai ba canh cta mot tam giac
Cau 49. (bé thi HSG 7 Huyén B6 Trach 2017-2018)

2 2
Cho x+y=1, x>0, y>0. Tim gi4 tri nho nhit cua biéu thic pa b (ava b 1a hing s6
Xy
duong da cho).
Loi giai
2 2 2 2 2 b2 2 2
Ta co: Pza—+b—: a '1+b 1_2 .(x+y)+ '(X+y):a2+ﬂ+b2 +E
X Yy X y X y X y
2 2
:(ﬂ+ﬂj+a2+b2
X y
L a’y b, T
Céc so duong — va — co6 tich khong doi nén tong cua chdng nho nhat khi va chi khi
X y
2 2
ﬂ:M<:>a2y2:b2x2<:>ay=bx<:>a(1—x)=bx<:>x=i
X a+b
Suy ra y:L
a+b
Vay gid tri nho nhat cua biéu thuc P =(a+b)* khi x= a Ly = b .
a+b a+b
Cau 50. (Pé thi HSG 7 Huyén Vi Thanh 2017-2018)
Tim cdp s6 nguyén (X;y) biét x+y=xy
Loi giai
x+y:xy:xy—x:y:x(y—l):y:x:il
y_
R . . . y=2=>x=2
VixeZ=y:y-1=y-1+1:y-1=1:y-1,dodé y-1=%1=
y=0=x=0

Vay céc cap so nguyén (x;y)la (0,0);(2,2)

Cau 51. (Dé thi HSG 7 Huyén Vi Thanh 2017-2018)

Chobasé a, b, ¢ thoamin 0<a<b+1<c+2 va a+b+c=1. Tim gia tri nho nhat cua c.
Loi giai

Vi0<a<b+l<c+2 nén 0<a+b+l+c+2<c+2+Cc+2+C+2

=0<4<3c+6(vi a+b+c=1)

Hay 302—2:02—%

Vay gié tri nho nhat cua ¢ 1a —%khi do a+b =§

Cau 52. (bé thi HSG 7 Huyén Phu Ly 2016-2017)

Tim s6 nguyén x dé tich hai phan sé & va XT_l 1a mot s6 nguyeén.
Loi gidi
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6 x-1 2 x-1 2(x-1) 2x-2

T x+1 3 x+1 1 x+1  x+1
C2(x+1)-4 4
B X+1 B X+1

Dé A nhan gid tri nguyén thi x+1eU (4) = {+1,+2;+4}
Suyra xe{0;-2;1,-3;3;,-5}

Cau 53. (Pé thi HSG 7 Huyén Phu Ly 2016-2017)
Cho a>2, b>2.Chtng minh ab>a+b

Loi giai
T1‘Ia>2:>1<l;b>2:>1<E
a 2 b 2
Suyra1+1<1:>a—+b<1
a b ab

Vay ab>a+b

Cau 54. (Dé thi HSG 7 Huyén Phu Ly 2016-2017)

Q8+ttt
8s+ay +a;

Chocacsé O<a, <a, <a, <...<a,. Chang minh rang :
Loi giai

Ta co:

a+a,+a,+a,+a, <53

8 +8; +8 +8; +3y, <54,

Ay + 8y, + A, + 8y, +a; <SA;

Suyra a +a, +..... +a,, <5(a5+ay, +ay)

Viy ATt &t tas g
a'5 + alO + a15

Cau 55. (Pe thi HSG 7 Thi xa Sam Son 2017-2018)

a) Tim tat ca cac cap gia tri duong (X;y) sao cho 4x+5y =65

b) Chitng minh ring : 333%%" +777%5" chia hét cho 10.
Loi giai

a) x:16—y—yT_1>0 nén y <16 ma y—1:4 nén y e {1,5,9;13} , tir d6 tim dugc cac cap (X;y)

b) Chang minh cac s6 mii déu c6 sb du bang 3 khi chia cho 4
bat 5557 =4q+3; 555°° =4p+3, ta co:

333" 1+ 777" =333 4+ 777472 =333°(333°)" + 777°(777*)"
— =

=(sb tan cung 1a 1)+ (s6 tan cing 12 3) x (sé tan cung la 1)=...7 + .0

Cau 56. (Deé thi HSG 7 MA DE 159 - 2016-2017)

a) Tim gia tri nhé nhat cua biéu thic A=|2x—2|+[2x—2003| véi X la s6 nguyén
b) Tim nghiém nguyén duong ctia phuong trinh X+ Y+ 2 = Xyz

Loi giai
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a) Taco: A=|2x—2|+|2x—2013 =|2x—2|+|2013—-2x| >|2x — 2+ 2013 - 2x| = 2011

Dau “=" xdy ra khi (2x—2)(2013-2x)20 <1< x< 2013

b) Vi X, ¥, z nguyén duong nén ta gia st 1<x<y<z

1 1 1 1 1 3

.. 1
Theobai 1= —+—+—<—+S+5=— =X <3=x=1
yz oyx X x2 X2 X% X

Thay vao diu baitacé: 1+y+z=yz=y-yz+1+2=0
=y(1-2)-(1-2)+2=0 <= (y-1)(z-1)=2

THL: y-1=1=y=2vaz-1=2=7=3

TH2: y-1=2=y=3vaz-1=1=7=2

Vay c6 hai cap nghiém nguyén thoa méan (1;,2;3);(13;2)
Cau 57. (Pbé thi HSG 7 MA PE 159 - 2016-2017)

Cho ba s6 duwong 0<a<b<c<1, chang minh rang L P
bc+1 ac+1 ab+1
Loi giai
Vi 0<a<b<c<lnén:
1 C C
a-1)(b-1)>0 < ab+1>a+b & < = < 1
( )( ) < ab+1 a+b ab+1 a+b @)
a b b
T tu < 2); < 3
Hong bc+1 b+c() ac+1 a+c()
Dodo: 2 . o, ¢ & b ¢ )
bc+1 ac+1 ab+1 b+c a+c a+b
2(a+b+c
Maa+b+cé 2a + 2 + 2¢ :(++):2(5)
b+c a+c a+b a+b+c a+b+c a+b+c a+b+c
Tir (4) va (5) suy ra b © <2 (dpem)

bc+1Jr ac+1Jr ab+1
Cau 58. (bé thi HSG 7 THCS Hién Quan 2018-2019)
Chuting minh rang 7° +7° —7* chia hét cho 55

Loi giai
7°(7°+7-1)=7"55:55 (dpcm)
Cau 59. (bé thi HSG 7 Huyén Ngoc Lic 2015-2016)
a) Chiing minh rang 3™ —2"? +3" —2" chia hét cho 10 v&i moi s6 nguyén duong n .
b) Tim gia tri nhé nhét cua biéu thic : A=|2014—X|+|2015— x| +|2016 — X
¢) Tim x, y thugc Z biét: 25—y? =8(x—2015)’

Loi gidi
a) 32 _ M 3" 2" =3"9-2"4+3"-2"
=3"10-2"5=3"10-2""10
=10.(3'-2"")i10

Vay 32 —2"%+3" —2" chia hét cho 10 v6i moi s6 nguyén duong n.
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b) Vi |2015-x|>0nén :

A=|2014 - x| +|2015— | +|2016 — x| >|2014 — X| +|2016 — x|

Déu "="xay ra khi va chi khi x=2015 (1)

Taco : [2014—X|+|2016 — x| =|x— 2014 +|2016 — x| >|x — 2014+ 2016 — x| = 2
Dau "=" xay ra khi va chi khi (x—2014)(2016-x)>0

Suyra: 2014 <x<2016 (2

Tu (1) va(2)suyra A>2. Dau "=" xay ra < x=2015

Vay A nho nhat bang 2 khi x = 2015

c) Taco: 25— y? <25=8(x—2015)" < 25=(x—2015)" <4

Do x nguyén nén (x— 2015)2 1a 6 chinh phuong. C6 2 trudng hop xay ra :
y=>5

y=-5

x—2015=1 x=2016

x—2015=-1 {x — 2014

Voi x=2016v x = 2014 = y* =17(ktm)

Vay x=2015, y=5va x=2015, y=-5

Cau 60. (bé thi HSG 7 THCS Ly Thuwong Kiét 2017-2018)

Chting minh rang khéng thé tim duoc sé nguyén x, y, z thoa man :

TH1:(x-2015)" =0 = x=2015:{

TH2:(x—2015)2=1:{

[x—y|+|y—27|+|z—x|=2017
Loi gidi
Taco: |[x—y|+|y—z|+|z=X=|x=y|+(x=y)+|y—z|+(y—2)+|z =X+ (z—X)
2X x>0

V6i moi s6 nguyén x ta lai c6 |x|+x =
0 x<0

Suy ra ||+ x ludn 1a s chn véi moi sé nguyén x
x=y|+(x-y)

T d6 ta c6: 4|y —z|+(y—2) lacac sé chdn véi moi sé nguyén x, y, z
|z—X|+(z-X)

Suy ra [x—y|+(x=y)+]y—z|+(y—2)+|z—X|+(z—x) 1a mt s chan v&i moi sé nguyén x, y, z

Hay |x—y|+|y—z|+|z—X| 1a mot sé chan véi moi s nguyén x, y, z

Do d6, khong thé tim duoc sé nguyén x, y, z théa man:

[x—y|+|y—z|+|z—x| = 2017
Cau 61. (Dé thi HSG 7 THCS Ly Thuong Kiét 2017-2018)
Tim gid tri 16n nhit cua biéu thiac : P = (2x—5y)2 —(15y—6x)2 —|xy—90|
Loi giai
Taco: P= (2x—5y)2 —(15y—6x)2 —|xy—90|
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(2x-5y)’ —(6x—15y)" —|xy—90)

(2x-5y)’ —9.(2x~5y)’ —|xy —90|

:—[8.(2x—5y)2+|xy—90|}

Ta thay (2x—5y)2 >0 v&imoi X, y nén 8.(2x—5y)2 >0 voi moi X, Y
|xy—90| >0 v&i moi x, y

Khi do 8.(2x—5y)" +|xy—90|> 0 véi moi X, y

Suy ra —[8.(2x—5y)2+|xy—90|}£0 voi moi X, Yy

Hay P <0 véi moi X, y

_5y) = X_Y
Dau "=" xay ra khi {(ZX 5) 0<:> 5 2
|Xy—90|:0 Xyzgo

Dit

N <

g =k tadugc x=5k; y=2k
X . ) k=3
Ma xy =90 nén 5k.2k=90=>k" =9 = K—_3
Néu k =3=x=15; y=6
Néu k=—3=x=-15; y=-6
x=15,y=6
X=-15y=-6
Cau 62. (bé thi HSG 7 Huyén Tan Tao 2018-2019)
Tim X, yeZ biét: xy+2x-y=5

Vay MaxP =0 @{

Loi giai
Taco: xy+2x—y=5<x(y+2)-(y+2)=3<(x-1)(y+2)=3
< (y+2)(x-1)=31=13=(-1).(-3)=(-3).(-1)

y+2 3 1 -1 -3
x—1 1 3 -3 -1
X 2 4 -2 0
y 1 -1 -3 -5

CAu 63. (Dé thi HSG 7 MA PE 165 — 2018-2019)

Chuang minh rang : véi moi n nguyén duong thi 3"% —2"%+3" - 2" ¢4 chit s6 tan cung 12 0
Loi giai

Ta co:

3n+2 _ 2n+2 +3n _ 2!‘1 — (3n+2 + 3n ) _(2n+2 + 2n )

—=3" (32 +1)—2n (22 +1)

=3'10-2"5=10.(3"-2"")

Vi 10.(3n —2”‘1) chia hét cho 10 v6i moi n nguyén dwong nén ta c6 dpcm
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Cau 64. (Dé thi HSG 7 2018-2019)
Tim X,y N biét: 36— y* =8(x—2010)’

Loi giai
Taco: 36—y? =8(x—2010)" = y? +8(x—2010)=36

Vi y? 20=>8(x—2010)° <36 = (x - 2010)" < %

Vi 0<(x—2010)" va x e N,(x—2010)° Ia s6 chinh phuong nén

_|x 2010 =2 | ¥ oy | V2
2 — =4L= = =4=
(x-2010)" =4 x=2008" "~ y =-2(ktm)
= | (x-2010)" =1 = | x—2010 = +1= y? = 28(ktm)
(x-2010)" =0 y=6

Xx—2010=0=x=2010=y* =36 =
y =—6(ktm)

Vay (x;y)=(2012;2); (2008;2 } @016;6 )
Cau 65. (Pe thi HSG 7 THCS Tran Hung Dao 2018-2019)
a) Tim cac s6 nguyén x, y biét x* +2x—8y? =41
b) Biét xeQ va 0<x<1.Chang minh X" <X v6i neN, n>2
Loi giai
a) Viét duoc (x+1)2 =42+8y?
Suy ra (x+1)”la s6 chin, dé ¢6 (x+1)° chia hét cho 4 nén 42+8y? khong chia hét cho 4
Vay khéng c6 s6 nguyén x, y thoa méin dé bai
b) Xét X" —x=x(x"*-1)
0<x<1=>x""-1<0; x>0=x"-x<0
Suy ra diéu phai ching minh
Cau 66. (bé thi HSG 7 Huyén Nam Sach 2017-2018)
a) Chitng minh rang 3" —2"? +3" —2" chia hét cho 10 v&i moi s6 nguyén duong n .
b) Tim gia tri nhé nhét cua biéu thic : A=|2014—X|+|2015— x| +|2016 — X|
¢) Tim x, y thugc Z biét: 25—y? =8(x—2015)’
Loi gidi
a) 32 _2M2 430 _o" _3ng "4 43"
=3"10-2"5=3"10-2""10
=10.(3"-2"*):10
Vay 3" —2"%+3" - 2" chia hét cho 10 v&i moi s6 nguyén duong n.
b) Vi [2015—x|>0nén :
A=[2014— x| +|2015 - x| +]2016 — x| > 2014 — x|+ |2016 — X
DAu "="xay ra khi va chi khi x=2015 (1)
Taco : [2014—X|+|2016 — x| =|x—2014| +]|2016 — x| >|x — 2014+ 2016 — x| = 2
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Déu "=" xay ra khi va chi khi (x—2014)(2016—x)>0

Suyra: 2014<x<2016 2

T (1) va(2)suyra A>2. Dau "=" xay ra <> x=2015

Vay A nhé nhat bang 2 khi x = 2015

c) Taco: 25— y? <25=8(x—2015)" < 25=(x—2015)" <4

Do x nguyén nén (x— 2015)2 1a s6 chinh phuong. C6 2 truong hop xay ra

y=>5

y=-5

x—2015=1 x=2016

Xx—2015=-1 {x ~ 2014

Vi x=2016v x = 2014 = y2 =17(ktm)

Vay x=2015, y=5va x=2015, y=-5

Cau 67. (Pé thi HSG 7 2018-2019)

Chuang minh rang : V&i moi s6 nguyén duong n thi: 32 —2"2 13" —2" chia hét cho 10
Loi giai

TH1:(x-2015)" =0= x=2015:{

TH2:(x—2015)2=1:>[

V&i moi s6 nguyén duong n ta co:
3n+2 _ 2n+2 +3n _ 2n — 3n+2 +3n _ 2n+2 _ 2n
=3"(3 +1)-2""(2°+2)
=10.(3'-2"")i10
Vay 3% —2™M2 43" _2"110 v4i moi n 1a s6 nguyén duong.
Cau 68. (P& thi HSG 7 huyén Rach Gia 2018-2019)
a) Tim chir s6 tan cing cua Abiét: A=3"2 22 43" _2"
b) Tim cac gia tri nguyén cua x dé x_+2 nhan gié tri nguyén.
X i
Loi giai
a) 3n+2 _ 2n+2 +3n _ 2n
— (3n+2 +3n ) _(2n+2 + 2n )
=3"(3+1)-2"(2* +1)
=3".10-2"-5
=3".10-2"".10
=10-(3"-2"")i10

Vay A:10 suy ra chir sb tan cing cua A la chir s6 0

b) Ta co:
x+3:x—2+5:1+ 5 <7
X—2 X—2 X—2

= x—2eU(5) ={+1;45}
=x=13,-3,7
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Cau 69. (P2 thi HSG 7 huyén Rach Gi 2018-2019)
Cho a,b,c,d la céc sé duong. Tim gia tri nho nht cua biéu thuc:
A=|x—a|+|x—b|+|x—c|+|x—d|

Loi gidi
Khong mit tinh tong quét, gia st a<b<c<d.
Ap dung BDT |a|+|b| = |a+b|, d4u bang xdy ra <> ab >0ta co:
[x—a|+[x—d|>|x—a|]+|[d-x|>|x—a+d -x|=d—-a 1) (2)
Suyra A>c+d—a—b.Dau "="xay ra khi va chi khi diu "="& (1) va (2) xay ra
< (x—a)(d—-x)>0va (x—b)(c—x)>0<a<x<dva b<x<c.Dodé

minA=c+d-a-b<b<x<c

Cau 70. (Pé thi HSG 7 tinh Bic Giang 2012-2013)

Tim gia tri nho nhat cta biéu thic P =|x—2012|+|x—2013|vsi X 1a s6 tw nhién
Loi giai

P =|x—2012|+|x—2013|

Néu x=2012 hoic x=2013 thi P=1

Néu x>2013thi P =|x—2012|+|x—2013>1+|x—2013 >1

Néu x<2012thi P =|x—2012|+|x—2013|>|x—2012|+1>1

Do d6 gia tri nho nhat cua P bang 1, dat duoc khi x =2012 hoic x =2013

Cau 71. (Pé thi HSG 7 tinh Bic Giang 2012-2013)

a) Cho p la sé nguyén té Ion hon 3. Chitng minh rang p® +2012 1a hop sé

b) Cho nla sé tu nhién c6 2 chir s6. Tim nbiét n+4va 2n déu la cac s6 chinh phuong.
Loi giai

a) Vi p lasé nguyén t6 I6n hon 3 nén p c6 dang p=3k+1 hodc p=3k+2(keN,k=>1)

Véi p=3k+1

Suyra p*+2012=(3k+1)° +2012 =9k” + 6k +2013 = ( p +2012):3

Véi p=3k-1

Suyra p’+2012=(3k+2)" +2012 =9k* +12k +2016 = (p* +2012):3

Vay p?+20121a hop sb

b) Vi nla s co hai chir sé nén 9 <n<100=>18 < 2n < 200

Mt khac 2n1a sé chinh phuwong chin nén 2nc6 thé nhan céc gié tri: 36;64;100;144;196
Vi 2n =36 =n=18=n+4=22khong la s6 chinh phuong

Vi 2n=64 =n=32=n+4=361a s6 chinh phuong

V6i 2n=100=n =50 = n+4="54 khong la s6 chinh phuong

V6i 2n=144=n=72=n+4=76 khong la s6 chinh phuong

Vé6i 2n=196=n=98=n+4=102 khdng la sé chinh phuong

Vay sb cantim 13 n=32
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Cau 72. (P& thi HSG 7 huyén- THCS Phan Dinh Phiing 2017-2018)
a) Ching to ring M =75.(4 + 4% 1.+ 4% + 4+1)+ 25chia hét cho 10°

b) Cho tich abla sé chinh phuong va (@,b)=1.Chtng minh ring ava b déu la s chinh phuong
Loi gidi
a) Taco M =25.(4-1)(4° +4%Y + .. +4° +4+1)+25

=25.(42°19+42°18+ ..... +43+42+4)—25.(42°18+42°”+ ..... +42+4+1)+25

= 25.4%1° = 25 4.4 =100.4°"® =10°.4°° 1107
Viy M i10?
b) Gia sir a khong phai la sé chinh phuong, suy ra khi phan tich sb ara thira s6 nguyén té thi sé a
chira thira s6 k mii 1¢
Vi (a,b) =1 nén b khdng chira thira s6 nguyén to k
Do d6 ab chira thira s6 nguyén té k mil 1é = a.bkhong phai 1a s6 chinh phuong, trai véi gia thiét
nén gia st sai
Vay néu aba s6 chinh phuong va (a,b)=1thi ava b déu la s6 chinh phuong
Cau 73. (Pé thi HSG 7 huyén- THCS Phan Pinh Phiing 2017-2018)
Tim gia tri nho nhat cia A, biét:
A=|7x—5Yy|+|2z —3X|+|xy + yz + zx— 2000|
Loi gidi
Taco [7x—5y|>0;2z—3x|>0va |xy+yz+2zx—2000/>0= A>0
7X=5y
Suy ra gia tri nho nhat caa Ala 0. Dau " ="xay ra khi {2z = 3x
Xy + yz + zx = 2000
x=20,y=28,2=30
X=-20,y =-28,2=-30
x=20,y=28,2=30
x=-20,y=-28,z=-30

Duing phuong phap thé, tir d6 tim duoc : {

Vay min A=0. Dau " ="xay ra khi {

Cau 74. (P& thi HSG 7 huyén Son Tay 2018-2019)

Chiing minh ring sé ¢6 dang abcabc ludn chia hét cho 11
Loi giai

abcabc = abc.1001=91.11.abc 11. Vay abcabc:11

Cau 75. (Pé thi HSG 7 huyén Cam Khé 2017-2018)
Tim cac s6 nguyén x dé biéu thuc sau co gié tri 1a mot sé nguyén y = X—_Z
X j—
Loi gidi

Biéu thuc y = X 5 O gia tri nguyén <> 2x—3:x—2
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) ) x-2=1 x=3
©2(x-2)+1lix-21ix-2= =
X-2=-1 x=1
Cau 76. (Pé thi HSG 7 huyén Cam Khé 2017-2018)
a) Chang minh rang véi moi sé nguyén duwong n ta luén co:
5"2 43"2 _3"_5" chia hét cho 25

b) Cho cac sb thuc a;b;c;d;e khac 0 thoa man % = g = g = %. Chung minh rang:
2a’ +3b* +4c* +5d" _a
2b* +3c* +4d* +5¢* e
Loi giai
a) Ta co:
5n+2 +3n+2 _3n _5n _ (5n+2 _5n)+(3n+2 _3n)
=5"24+3"8

Vi nnguyén duong nén 5".24 chia hét cho 24; 3".8 chia hét cho 24
Vay 5" 43" —3" —5" chia hét cho 24 véi moi s6 nguyén duong n

b) Ta co:

a b c d abcd a* b* c¢* d*
il S A
b ¢ d e bcde b* c¢* d* e
~2a* 3" 4c® 5d* 2a’+3b*+4c’ +5d°

T 2b* 3¢ 4d* set  2b*+3ct+4d* +5e
_2a*+3p*+4c* +5d* a
Vay ) ) 2 R
2b* +3c* +4d* +5e* e
Cau 77. (Pé thi HSG 7 huyén Cam Khé 2017-2018)

a) Cho a,b,c,d la cac s thuc duong thoa man %< %

a+c
b+d
b) Cho céc s6 nguyén duong a,b,cthoa min a+b+c=2016. Chirng minh rang gia tri biéu thic
sau khdng phai 1a mot s6 nguyén
a b c
A= + +
2016-c 2016-a 2016-b

« Loa .
Hay so sanh va

Loi gigi
a) Vi a,b,c, d Ia cic s6 thuc duong théa man %< % nén ad <bc (1)

Mt Khéc: E:a(b+d): ab +ad @
b b(b+d) b(b+d)

a+c b(a+c) ab+bc

= = 3
b+d b(b+d) b(o+d) O
a a+c
Tu (1), (2),(3 —
u (1), (2),(3)suyra b<b+d
b) A a b c a b N c

= + + + +
2016-c 2016—a 2016-b a+b b+c c+a
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.. a a b b ¢ c
Ta co: > ; > ; > = A>1
a+b a+b+c b+c a+b+c c+a a+b+c
Mat khéc : a < arc X b < a+b X ¢ < b+c = A<?2
a+b a+b+c b+c a+b+c c+a a+b+c
Vay 1< A< 2nén Akhong phai la mot s6 nguyén.
Cau 78. (bé thi HSG 7 huyén Hiép Dt 2018-2019)

\x—2017\+2018

a) Tim gi4 tri nho nhat cua biéu thac C =
[x —2017+2019
3 8 15 =1, , A s 2 e
b) Chting to rang S_Z+9+E+ ..... +———Kkhong la so ty nhién véi moi n e N,n >2
n
c) Tim tat ca cac cap s6 nguyén x,y sao cho x —xy +y =0
Loi giai
)C [x-2017]+2018  (jx—2017|+2019)-1 1 1
a = = —1—
[x=2017]+2019  |x-2017|+2019 [x —2017|+2019

Biéu thirc C dat gid tri nho nhét khi [x —2017|+2019 c6 gia tr nho nhét
Ma [x—2017|> 0nén |x —2017|+2019 > 2019

Dau " ="xay ra khi x=2017 = C = 228
2019
2018
Vay gia tri nho nhat cua C la 3019 khi x =2017
3 8 15 n-1 2°-1 3*-1 4°-1 n* -1
b)S=—+—+—+...... = + + +.o+
4 6 n’ 2? 3? 4? n’
=1—L2+1—i+1——+ ..... +1—L2=(1+1+1+.. +1)— iz % Lz ..... +—
2 n 27 3 4 n
=S<n-1 (1)
Nhan xét —<—;i L;i L, ...... ,L !
2 71273 2374 34 n’ (n-1)n
1 1 1 1 1 1
—+—=+—+..... +—<—+—+—+....... + =l-—-<1
22 3 4 n> 12 23 34 (n-1)n n
1 1 1 1 1 1 1 1
—[2—2+3—2+4—2+ ...... +n—2j>—1:>(n—l)—(2—2+3—2+4—2+ ...... +n—2j>(n—1)—1:n—2_ﬁr
=S>n-212)
(1) va (2) suy ra n—2 <S<n—1hay S khong la sé nguyén
c) Ta co:
X—xy+y=0
:>X(1—y)+y=0
(1 x)(l y):l 1.1=-1.-1
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1-x 1 -1
1y 1 1
X 0 2
y 0 2
Vay (xy)={(0:0) (2:2)
Cau 79. (bé thi HSG 7 huyén Phu Cat 2017-2018)
a) Trong ba s6 a,b,cc6 mot sé duong, mot sé am va mot sé bang 0, ngoai ra con biét:
la| = b” (b—c). Hoi 56 ndo duong, s6 nao am, so n&o bang 0
b) Timhais6 xva ysaocho x +y=xy=x:y  (y#0)
c) Cho pla s nguyén tb. Tim tat ca cac s nguyén athéa man: a> +a—p=0
Loi gii
a) Ta cd: a| 2 0,b* 20nén tir [ =b*(b—c)=>b-c=0=c<b

+Néu b=0=>|a| =0=>a=0=>c6 hai s6 ava bbang 0, vo ly

+Néu b<0=>c<b<0=c6 haiséambvac, v ly

+Néu b>0, taxét a=0=b—c=0=b=c>0=c0 hai s duong b vac, vo ly
=a<0

Vay a<0,b>0,c =0

b) Tu X+y=Xy:>x=xy—y=y(x—1):>x;y=x_1

Talaicl: x:y=x+y=>x+y=x—-1=y=-1

:x:xy—y:—x+1:>x:%.

Vay hai s6 can tim 1a X=%;y=—1

c) Tu a2+a—p:O:>p:a2+a:a(a+l)

Vi an:p:a(a+1)E2;p|é sé nguyéntb = p=2
a=1

a=-2

Cau 80. (bé thi HSG 7 huyén Phu Cat 2017-2018)
Tim gié tri nho nhét ciia biéu thic A = |x —2|+[2x - 3[+[3x - 4]

=a(a+1)=2=12=(-1).(-2)=

Loi giai
Ta co: \x—2\+\3x—4\=\2—x\+\3x—4\z\z—x+3x—4\=\2x—2\
DAu "="xay ra c>(2—x)(3x—4)20<:>%£x£2

\2x—3\+\2x—2\:\3—2x\+\2x—2\2\3—2x+2x—2\:\1\:1

DAu "="xay ra @(2X—3)(2x—2)20©1£x£%
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Do do=> A =[x —2|+[2x —3|+[3x — 4| > 1.Dau " = "xay ra

ﬂSXSZ
3 4
<~ @gSXS
ISXSg
2

N | W

Vy gié tri nho nhét cia A 12 min A =1@§SX s%

Cau 81. (bé thi HSG 7 huyén Bén Lirc 2018-2019)

a) Chung to rang M = 75.(42018 + 42 A 4 1)+ 25 chia hét cho 10?
b) Cho tich a.bla s6 chinh phuong va (a,b)=1.Chiing minh rang ava bdéu la so
chinh phuong
Loi giai
a) Taco M =25(4—1)(4"" +477 +....+4> +4+1)+25

- 25.(42019 FA48 L A 42 +4)—25.(42°'8 F4°7 4P +4+1)+25

— 25 42019 — 25 4 42018 — 100 42018 — 102 42018 2102
Vay M:10°
b) Gia sir akhdng phai 1a s6 chinh phuong, suy ra khi phan tich sé ara thira sb
nguyén t6 thi s6 achta thira 6 k mii 1é
Vi (a,b) =1 nén bkhong chtra thira s6 nguyén té k
Do d6 a.bchira thira s6 nguyén to kmii 16 = a.b khdng phai l1a s6 chinh phuong, trai vai gia
thiét nén gia sir sai
Vay néu a.bla so chinh phuong va (a,b)=1thi ava bdeéu Ia so chinh phuong
Cau 82. (Dé thi HSG 7 huyén Bén Lixc 2018-2019)
Tim gia tri nho nhat caa A, biét:
A= ‘7x—5y‘ +‘2Z—3X‘ +‘xy+yz+zx—2000‘
Loi giai
Taco ‘7x—5y‘ > 0;‘22—3)(‘ >0va ‘xy+yz+zx—2000‘ >0=A2>0
7x =Sy
Suy ra gia tri nho nhat caa A 1a 0. Dau " ="xay ra khi {2z =3x
Xy +yz+zx = 2000
. =20,y =28,2=30
Dung phuong phap the, tur do tim dugc : * Y -
x =-20,y =-28,z=-30
x =20,y =28,z =30
x =-20,y =-28,z=-30
Cau 83. (bé thi HSG 7 huyén Dap Cau 2017-2018)
Chting minh rang: Néu 0 <a, <a,..... <a, thi:

Vay minA =0. Dau " ="xay ra khi [
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Loi giai
Taco: 0<a, <a, <...<a,hénsuy ra:
a, +a,+a, <3a,(l)
a, +a, +a, <3a, 2)
a,+a, +a, <3a 3)
Cong vé véi vé cua (1),(2),(3) ta dugc:

a +a, +...... +a9<3(a3+a6+a9)

Via +a,+... +a, > 0nén ta duoc:

Cau 84. (D@ thi HSG 7 huyén Viét Yén 2016-2017)

42 —x

Cho M = . .Tim s nguyén x dé M dat gié tri nho nhat

X —
Loi giai

X 142 dat GINN

= nho nhat
x—15 x—15 x—15

Tathdy F=

Xét x —15>0thi >0

x—15

<0.Vay -2

x—15 X —

Xét x —15<0thi

5 nho nhat khi x—15<0

. 27

Phan s6 c6 tir dwong mau am

x—15

Khi d6 nho nhat khi x —151a sé nguyén &m 16n nhat

x—1

Hay x-15=-1=x=14

Vay x =14 <F_ =-28

Cau 85. (Dé thi HSG 7 huyén VIET YEN 2016-2017)

Ching minh rang: 3a+2b17 < 10a+b:17(a,be Z)
Loi giai

*3a + 2bi17 =10a + b17

Taco: 3a+ 2b:17

= 9(3a+2b)i17

= 27a +18b:17

= (17a+17b) + (10a + b):17

=10a + b:17
*10a + b:17 = 3a + 2b:17
Taco: 10a +b:17
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= 2(10a +b)i17
= 20a + 2b:17
=17a+3a+ 2b:17
= 3a + 2b:17
Cau 86. (D@ thi HSG 7 huyén THAI THUY 2015-2016)
Cho a,b,cla d6 dai ba canh cia mot tam giac
Chang minh rang: ab+bc+ca<a® +b* +¢? < 2(ab +bc+ca)
Loi giai
0<(a—b) =(a—b)(a—b)=a’ ~2ab+b> =a’ +b* > 2ab
Tuong tu: b*> +c” >2bc;c” +a° > 2ca;
=a’+b’>+b° +c” +c* +a° >2ab+2bc+2ca
:>2(a2 +b’ +cz)2 2(ab+bc+ca)
=a’+b’ +c” >ab+bc+ca (1)
Theo bat dang thirc tam gic ta ¢: a < b+c, nhan ca 2 vé voi a duong ta duoc:
a’ <ab+ac. Tuong tu: b> <ba+bc;c” <ca+cb
:>a2+b2+02<ab+ac+ba+bc+ca+cb=2(ab+bc+ca) 2)
Tur (1) va (2) suy ra diéu phai ching minh.
Cau 87. (Pé thi HSG 7 huyén THAI THUY 2015-2016)

C) Tim gi4 tri nho nhat cua P=x+vx+1
d) Tim tat ca céc so tu nhién a,b saocho: 2* +7=|b—5/+b-5
Loi gidi

C) Taco: x>0Vx>0=>x+x 20=P=x+yx +1>1
Dau " ="xay rakhi x = 0(tmdk). VAy P =0 < x =0

d) Nhan xét: véi x >0 thi ‘X‘-FX:ZX

V6i x <0thi [x|+x =0.Do do |x|+xlubn la sb chan voi moi x e Z

Ap dung nhan xét trén thi

b-5/+b-5las6 chan véi b-5eZ
Suyra 2* +7lasé chin =2°1¢ < a=0

Khi d6 [b-5|+b-5=8

Néu b<5=—(b—5)+b—5=8 < 0=8(ktm)

Néu b>5=2(b-5) =8« b=9(tm)

Vay (a,b)=(0,9)

Cau 88. (Dé thi HSG 7 huyén TIEN HAI 2016-2017)

Tim sb tw nhién N thoa man didu kien: 2.22 +3.2° +3.2% +.....+n.2" = 2™
Loi giai
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bat S=2.2°+32°+42" +.....+n.2"
S=2S-S= (2.23 +32% 142° +....+n.2“+‘)—(2.22 +3.2% 442° +....+n.2“)

S=n2"" -2’ —(23 +28 L2 +2“)
bat T=2>+2" +....+2"" +2".Tinh dugc: T=2T-T=2"" -2’

—=S=n2" -2 2" 123 = (n—l)z““
= (n—l).2““ 2" 5 -1=2"=n=2"4+1=1025

Cau 89. Dé thi HSG 7 huyén PUC PHO 2015-2016)
Cho a>2,b>2.Chitngminh ab>a+b

Loi gidi
1 1 1 1
Tra>2=—<—; b>2= —<—
a 2 b 2
11 a+b
Suyra —+—<l=>—«<1
ab ab

Vay ab>a+b
Cau 90. (Deé thi HSG 7 huyén DUC PHO 2015-2016)

a1+a2+a3+ ..... +a15

Cho C4c S0 0 <8 <a, < ag <..... < 8. Ching minh rang:

4 * 30 t 5

Loi giai
Ta cé:
a, +a,+a,+a, +a, <5a,
a,+a, +a,+a,+a 6 <5a
a,+a,+a,+a, +a, <5a;
Suyra a +a, +..... +a, <5(a5 +a,, +a15)
Viy a, +a,+a, +..+a, <5

a5 +a10 +¢’:115
Cau 91. (bé thi HSG 7 huyén Tam Duong 2017-2018)
N -7 . 4 .2 27_2 -

Tim gia tri I6n nhat cua biéu thiac Q = 1 X (V6i x € Z)

Loi giai

) 27-2 e .
Taco: Q= 7o =2+ 3 , suy ra Q Ién nhat khi I16n nhat
12 —-x 12 —-x 12 -x
*Néu x >12thi 12-x<0= <0
—X

*Néu x <12thi 12-x>0= >0

12—-x
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3

—X

I6n nhat khi 12—x >0

T 2 truong hop trén suy ra B

c6 tir va mau 12 cac sé nguyén duong, tir khong dbi nén phan sé c6 gid tri 16n

Vi phan sé 3
12 -x
nhat khi mau 1a s6 nguyén duong nho nhat
Hay 12—x=1<x=11
Suy ra A c6 giatri I6n nhat 1a 5 khi x =11
Cau 92. (Dé thi HSG 7 huyén Tam Dwong 2017-2018)
Tim cac s6 nguyén duong a,b,cthéa médn a’® +3a* +5=5"va a+3=5°.
Loi giai
DoaeZ =5 =a’+3a’+5>a+3=5°
Vay 5 >5°=b>c=5"5¢
Hay (a3 +3a’ +5)5(a+3) <:>a2.(a+3)+533+3
Ma a’ (a+3)§(a+3):>53(a+3):>a+3 e U(5)
Hay a+3e{il;iS} ,doaeZ" =a+3>4
Te(l)va(2)suyraa+3=5=a=2
Tir d6 tinh duge 5° =2° +3.2° +5=25=5"=b=2
Va5 =a+3=2+3=5=c=1
Vay a=2,b=2,c =1
Cau 93. (Pé thi HSG 7 huyén Tam Dwong 2017-2018)
Tir 200 s6 ty nhién 1;2;3;.....; 200, ta liy ra K sb bat ky sao cho trong cac s6 vira lay luon tim duoc
2 s6 ma sb nay 1a boi cua s kia. Tim gia tri nho nhat cua K.
Loi gidi
Xét 10056 101;102;103;....;200. Trong 100 s6 nay rd rang khong c6 sé nao 1a boi caa sé kia (vi
101.2 > 200). Do d6 k >101 @
Xét 1016 bit ky lay ra tir 200 s6 da cho: 1< 8 <8,y <8g <. <8y <200
Ta viét 101 sb vira liy ra dudi dang:

n n
=21 =22
4 b 3, b,

Vi 112 s6 ty nhién, con b la céc s6 ¢ (i =1,101)

Suy ra céc b, 1a cac phan tu cua tap gdm 1006 tw nhién ¢ dau tién: {1;3;5;.....;199} . Vi c6 101
céc s6 byma chi c6 100 gi tri nén s& ton tai it nhat 2 s6 b, va b; nao d6 bang nhau.

Suy ratrong hai s6 & =2"b,va a; = 2n‘.bj s& c6 mot sb 1a bdi cua sb con lai

Nhu vay néu lay ra 101s6 trong 200 sé di cho thi ludn c6 2 s6 ma sb nay 12 boi caa sé kia (2)
Tur (1) va (2) suy ra gia tri nho nhat cua K 1a 101
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Cau 94. (bé thi HSG 7 truong Thach Binh 2017-2018)

3
Cho2-2_¢ Chirng minh atb+c) _a
b ¢ d b+c+d d
Loi giai
Taco: 22523 talaico 2o-D_c_atb+ce
bcd d b ¢ d b+c+d
3
Tx (1) va(2) taco: [ 2F2Fe) 2
b+c+d d

Cau 95. (bé thi HSG 7 truong THCS Truc Linh 2016-2017)
Cho mét tam giac can c6 do dai hai canh 1a 3cm va 21cm. Chu vi cia tam giac d6 bang:
A.39cm B. 27cm C. 45cm D. 46cm
Loi giai
B
Cau 96. (bé thi HSG 7 truong THCS Truc Linh 2016-2017)
Chuang minh rang s6 ¢ dang abcabc ludn chia hét cho 11.
Loi giai
Ta co:
abcabc =a.10° +b.10* +¢.10° +a.10* +b.10+c
=2.10%(10° +1)+b.10.(10° +1)+c.(10° +1)
=(10°+1).(a.10° +b.10+c) =1001.(a.10% +b.10+c)
=11.91.(a.10* +b.10+c)i11

Vay abcabc:11
Cau 97. (bé thi HSG 7 truong THCS Nghia Dién 2017-2018)

Chiing minh réng (81" —27° —9**):405
Loi giai
81 —27° -9 =3% 37 3% _ 326.(32 —3—1) =3%23'5=3%2405
= (817 _27° - 913)5405
Cau 98. (Pé thi HSG 7 truong THCS Nguyén Van Tréi 2017-2018)

Ching minh rang: Néu 0<a, < a,..... < a, thi

Taco: 0<a, <a, <....<aynén suy ra:
a, +a, +a, <3a, @

a,+a; +a, <33, (2)

a, +a, +a, <33, (3)

Cong Vvé véi vé cua (1),(2),(3) ta duoc:
a+a,+...+a,<3(a;+a5+a,)
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Vi a +a,+.....+ 8, > 0nén ta duoc:

Cau 99. (Dé thi HSG 7 truong THCS Nguyén Vin Troi 2017-2018)
4x -7 B 3x* —9x +2
x—2" x—3
a)Tim gié tri nguyén cua x dé mdi biéu thtc cd gia tri nguyén
b)Tim gia tri nguyén caa x dé ca hai biéu thuc cing c6 gia tri nguyén
Loi gidi

Cho 2 biéu thirc: A=

4x-7 4(x-2)+1 1
X—2 X—2 X—2
Véi xeZthi x—2€Z

a)Taco: A=

2 | A Xx—2=1 X=3
bé A nguyén thi —2nguyen =>x-2eU()=>
X_

=
X-2=-1

3 —9x+2 3x(x-3)+2 2
= =3X+——
X—-3 X-3 X—-3

Véi xeZ =>x-3eZ

B=

Pé B nguyén thi LS nguyén = x—-3eU (2)={+1;+2}
X_

Do dd x=5x=1x=4,x=2
Vay dé B nguyén thi x e{5;14;2}
b)Twr cdu a suy ra dé A, B cling nguyén thi x =1.
Cau 100. (Dé thi HSG 7 cap treong 2017-2018)
Chang minh rang: véi moi nnguyén duong thi 32 —2"2 43" —2":10
Loi gidi
Ta co:
3 _2M 432" = (37 43") (2" +2")
=3" (3 +1)-2"(2° +1)=3"10-2"5=10.(3"-2"*)
Vi 10.(3n —2”‘1)Chia hét cho 10 véi moi n nguyén dwong nén ta c¢6 dpem.
Cau 101.(Pé thi HSG 7 huyén Quang Trung 2018-2019)
Tim gia tri nho nhét caa biéu thire sau khi X thay doi:
B=|x—2|+[3—-X|
Loi gidi
Ta xét cac treong hop:
+Néu Xx<2=>x-2<0;3—-x>0
Do d6: [x—2|=—(x—2);]3-%|=3-x =B=—(x—-2)+3-x=-2x+5
Vi x<2=-x>-2.Dodé B=-2x+5>(-2).2+5=> B>1= B nh¢ nhit =2
+Néu 2<X<3=>xX-2>0;3-x>0=B=x-2+3-x=1=B=1
+Néu Xx>3=x-2>0;3-Xx<0=>B=x-2-(3-X)=2x-5

Vi x>3=B=2x-5>23-5B>1=B=2
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Tu 3 truong hop trén ta dugce B, =1<2<x<3
Cau 102.(bé thi HSG 7 huyén Quang Trung 2018-2019)
(3 diém) Tim céc sb ty nhién a, b sao cho:
(20082 +3b+1) (2008a +2008a + b) =225

Loi giai
Theo dé bai = 2008a +3b+1va 2008" +2008a + b la hai 6 I¢
Néu a = 0=>2008" + 2008a la s6 chin

Dé 2008 +2008a +blé = blé, néu b I¢ = 3b+1chan, do d6 2008a+3b+1chin (khdng thoa
man), vay a=0
Véi a=0=(3b+1)(b+1)=225

Vi beN=(3b+1)(b+1)=3.75=5.45=9.25

« .z . 3b+1=25
3b-+1khong chiahétcho3va 3b+1>b+1= bi19 =b=8
Vay a=0,b =8

Cau 103.(Dé thi HSG 7 huyén Tra Ly 2017-2018)

N A A R pr - ~ A 6 \ X _1 \ A A A
Tim s0 nguyén X de¢ tich hai phan s6 ——va 3 la mot s6 nguyén.

X+1
Loi giai
6 x-1_ 2 x-1 2(x-1) 2x-2
T x+10 3 x+10 1 x+1  x+1
2(x+1)-4 4
T x+1 0 x+1

Dé A nhan gi tri nguyén thi x +1e U(4) = {+1;,+2;+4}
Suy ra x € {0;-2;1,-3;3,-5}

Cau 104.(Dé thi HSG 7 huyén Quang Trung 2018-2019)
Chuang minh rang
a) 10° - 5" ¢chia hét cho 59
b) 313°.229 - 313°.36 chia hét cho 7

Loi giai
a)10° —5" =(2.5)" -5’ =2°5° -5 = 5", (2°-5)=5°59:59
b)313°.229 — 313°.36 = 313°.229 - 316°. (1+35)
=313°.229-313° -313°.35
=313 (229-313)-313°.35
=315°(-14)-313°.35
=7.(-2.313° - 316°5):7
Cau 105.(Dé thi HSG 7 huyén Nhon Tri 2018-2019)
Tim gia tri nho nhét ctia da thic: g(x) =16x* —72x° +90
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Loi gidi

g(x)=16x* ~72x> +90 = (4x?) ~2.4x%.9+9% +9 = (4x* ~9) +9
V&1 moi gid tri cua X ta co:

(4x2—9)2 20:>g(x):(4x2—9)2+929

Min

g(x):9<:>4x2—9:0<:>x:ir§
2

Cau 106.(Dé thi HSG 7 huyén Nhon Tri 2018-2019)

Tim s6 chia va sé du biét rang s6 bi chia bang 112 va thuong bang 5
Loi giai

Goi s6 chia la avaso dula r(a,r e N*a>r)

Taco: 112=5a+r=5a<112=a<22 @)

Laicd: a>r=5+r<5+a =112<6a=a=>19(2)
Tu (1) va (2) =>a=19;20;21;22

Lap bang sé
a 19 20 21 22
r=112-5a 17 12 7 2

Cau 107.(Dé thi HSG 7 huyén Hung Thuw 2017-2018)
1. Cho hai da thac :

A =5xy” +6x — 33X’y + 7y* +1

B =5x +13xy® + 3y> —6x’y +5

Tinh A+B;A-B

2. Cho da thic T ) =(M=2)x+2m -3
a) Tim nghiém cua f (x)khi m=1

b) Tim gia tri cia mkhi f (x) cé nghiém la —4

c) Tim gia tri cia mkhi f (x) c6 nghiém nguyén, tim nghiém nguyén do.

Loi gidi
1) A+ B =18xy’ —9x’y +10y* +11X +6
A—B=-8xy’ +3x°y +4y* + x -4
2)
a) khi m=1
f(x)=(1-2)x+21-3=-x-1
f(x)=0=-—x-1=0=x=-1
Vay nghiém cua f (x)la =1 khi m=1.
b) Khi f (x)c6 nghiém la —4,ta co:

(m—2)(—4)+2m—3:0<:>—2m+5:0<:>m:g

5
Vay m=—
ay 5
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c) f(x)co nghiém khi f(x)=0

(M-2)x+2m-3=0

(M-2)x+2m-3=0=(m-2)x=-2m+3

Néu m—-2=0<m=2, ta dugc 0x = —1< 0(ktm)

Néu m—2#0=mz2mx=—mt3_, 1
m-—2 m-—2

xnguyén khi m—-2e U(1) ={-1,1}

IM-2=-1>m=1=>x=-1

IM-2=1=m=3=x=-3

Vay m=1thi x=-1 m=3thi x=-3

Cau 108.(Dé thi HSG 7 huyén Hung Thu 2017-2018)

Tim GTNN cua bicu thirc A =|x —2013+|x —2014|+|x —2015|

Léi giai

A = (|-x +2013|+|x — 2015)) + |x — 2014|
A >|-x +2013+ X — 2015 +|x — 2014| = 2 + [x — 2014 > 2
A =2 < (—x+2013)(x—2015) >0 va x—2014=0
< 2013<x <2015 x =2014 < x =2014
Vay MinA =2 <x =2014
Cau 109.(Pe thi HSG 7 huyén Tra Ly 2017-2018)
Cho a>2,b>2.Chang minh ab>a+b
Loi giai

Ttra>2:>1<1; b>2:>£<l

a 2 b 2

1 1 a+b
Suyra —+—<1=>——<1
y a b ab
Vay ab>a+b

Cau 110.(Dé thi HSG 7 huyén Tra Ly 2017-2018)

Cho cac s6 0<a, <a, <a, <...... < a,. Ching minh rang:
Loi gidi

Ta co:

a,+a,+a;+a,+a; <5,

ag+a, +ag+ay+a,, <53,

a; +a,, +a,,+a;, +a,; <5a,

Suyra a, +a, +..... +a,,<5(a5+a,+2a,5)




GIAO VIEN: LE THI NGA

Cau 111.(Dé thi HSG 7 huyén Cao Dwong 2016-2017)
4
(2x-3)" +5

Léi gii

Tim gid tri 16n nhit cua biéu thiec: A =

Pé Ac6 GTLNthi (2x—3)° +5dat GTLN

Ma (2x-3)" +5>5= GTLNcia A=%<:>x =§

Cau 112.(bé thi HSG 7 Truong Ngo gia tw 2017-2018)
a)Chiing minh véi moi a,b e Qta ¢o: |a| +|b| > [a+b|

b)Ap dung tim gié tri nho nhat cta biéu thic: B=|x—2|+|x —§|

Loi giai

a) Chung minh dang BDT
b) Taco: B=|x—2|+8—x|26.Ddu "="xay ra < (x-2)(8-x)>0<2<x<8
Vay MinB =6 <2 <x <8
Cau 113.(Dé thi HSG 7 Treong Nguyén Trung Tryc 2018 -2019)
Chting minh rang néu m va n 1 cac s6 tu nhién thi sb:
A=(5m+n+1)(3m—n+4)la s chin
Loi giai
Taxéthi¢u (Sm+n+1)-(3m-n+4)=...=2m+2n-3
V6i m,n e Nthi 2m+2n—31a mot s lé. Do d6 trong hai s6 Sm+n+1va 3m—n+4 phai c6 mot
s6 chan. Suy ra tich cia ching 1a mot sé chin. Vay A 1a sé chan.
Cau 114.(Dé thi HSG 7 Treong Nguyén Trung Tryc 2018 -2019)

Tim s6 tu nhién x dé phan sb c6 gia tri 16n nhat.

Loi giai

Pit

A=7X_8=2(7x—8):7(2x—3)+5:z+;
2x-3 2(2x-3)  2(2x-3) 2 2(2x-3)

5
2(2x-3)
...... GTLN cia A=6<x=2
Cau 115.(bé thi HSG 7 Truong DPang Ngoc Lién 2018 -2019)
Tim s6 nguyén x dé M dat gia tri nho nhat, tim gié tri nho nhat do

x—14
4—-x

bat B= thi A 16n nhat khi va chi khi B I6n nhat

M =

Loi giai
_x-14_-10-(4-x) 10

M =
4—-x 4—-x 4-x

-1
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-10
—-X
—10 <0;x >4thi —10

4—-x 4—-x

M nho nhét khi va chi khi nho nhat

Xét x < 4thi >0

10 he nhét < —2 16n nhét
4-x 4—-x

— 4 —x =1(vi miu nguyén duong nho nhat)

Vay x =3khi d6 MinM =—11

Cau 116.(Dé thi HSG 7 Truong Ding Huy Hoang2017-2018)

Ta chi xét x < 4thi

Tim céc s6 tu nhién abe c6 ba chit s6 khac nhau sao cho 3a+5b =8¢
Loi gidi
3a+5b=8c<>3a—3b=8c—8b<>3(a—b)=8(c—b)
Do d6: 3(a—b):8=a—b:8
Do a#bnén a—b={8-8}
-Truong hop a—b=8=c-d=3=a=8,b=0,c=3hoac a=9,b=1,c=4
-Truong hop: a—b=-8=c-b=3=a=1,b=9,c=6
Vay tat ca c6 ba s6 thoa man bai toan: 803,914,196.
Cau 117.(Dé thi HSG 7 Truong Ding Huy Hoang2017-2018)
Tim gia tri 16n nhit cua biéu thuc: A = % Véi x la sé nguyeén.
X
Loi gidi
Xét cac truong hop:
+)x<2=A<0

H)x=-1=A=1
+)x21:>A:X+2:1+%:>AI(’yn nhat <:>%I(’yn nhat
X X X

Vi x1a s0 nguyén duong, nén —l6n nhat < x nho nhat, tc la x =1,khido A=3
X

Vay gia tri I6n nhit cia A=3<x =1

Cau 118.(Dé thi HSG 7 Truong Dang Théi Son 2018-2019)

V6i gi tri nao cua x thi biéu thic: P =—x* —8x+5¢0 gia tri I6n nhat 2 Tim gia tri I6n nhat do.
Loi gidi

Taco: P=—x"—8x+5=—x"-8x—16+21=—(x"+8x+16)+21

=—(x+4 2+21
(x+4)

Do —(x+4) <0(vx)=—(x+4) +21<21(vx)
=>MaxP=21<x=-+4

Cau 119.(Dé thi HSG 7 Truong THCS Théan Thién 2018-2019)
Tinh gié tri nho nhat cua biéu thic:
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A =|x=2008|+|x —2009|+|y = 2010| + |x ~2011|+2011
Loi giai

Ap dung tinh chit |a| = |-a| va |a|+|b|>|a+b|,ddu "="xay rakhi ab>0va [a|>0<>a=0. Taco:

[x —2008|+|x —2011| =[x —2008| + 2011 - x| =[x —2008 + 2011 - x| =3

Déu " ="xay ra khi 2008 <x <2011va [x—2009| > 0, ddu “=" xdy ra khi x =2009
|y =2010|>0,dau " ="xay ra khi y =2010

= A >3+2010=2014.Ding thuc xay ra khi x =2009,y =2010

x =2009
y=2010

Cau 120.(bé thi HSG 7 THCS Hong Lién 2018-2019)
Tim gid tri nho nhét cia biéu thic A=|2x—2|+|2x—2013|véi x 1a sé nguyén.

Vay A =2014 & {

Loi gidi
Taco: A=|2x—2|+[2x—2013 =|2x—2|+|2013 -2
>|2x—2+2013-2x|= 2011

Dau "="xay ra khi (2x—2)(2013-2x)>0 <1< x< 2013

Cau 121.(bé thi HSG 7 THCS Phuwong Trung 2018-2019)
Tim gid tri nho nhét cia biéu thic A=|x—2001]+|x -1

Loi giai
A=|x—2001]+|x -1 =|x—2001| +[1 - x| >|x — 2001+1— x| = 2000
Vay biéu thire dat GTNN 12 2000 <1< x <2001
Cau 122.(Dé thi HSG 7 THCS Nguyén Truc 2017-2018)

Tim xeZ dé A= 321_2" dat GTLN. Tim GTLN do.
— X
Loi gii
Bién ddi A=2+—2_ pé A <B= 10 e
11-x 11-x

11-x<0=B<0
11-x>0=B>0
Lap luan dé c6 11—x 14 sé nguyén duong nho nhat = x =10
SuyraGTNN cuaAlal2 < x=10

Cau 123.(bé thi HSG 7 THCS Swong Binh 2017-2018)
Tim GTNN cua biéu thiec : A=|x—2006|+|2007 — x|

}:> B.x & B>0

Loi giai
C6 A=|x—2006|+|2007 - X| > [x— 2006+ 2007 - x|
Dau "="xay ra < (x—2006)(2007 —x) >0 <> 2006 < x < 2007
Vay A =1< 2006 < x <2007
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Cau 124.(bé thi HSG 7 THCS Hoang Quyén 2018-2019)

Tim gia tri nho nhat cua biéu thac:  A=|2x—2|+|2x—2013
Loi gidi

A=|2x—2|+[2x—2013]

2X—2|+|2013- 2X| > [2x — 2+ 2013— 2| = 2011

Dau "="xay ra < (2x—2)(2013—-2x)>0

Vay min A=2011 <1 < x <1006,5

Cau 125.(bé thi HSG 7 THCS X 2018-2019)

Tim chit s6 tan cling caa A=3"2—-2"% 43" _2"hiét ne N*
Loi gidi

A: 3n+2 _2n+2 +3n _2n

—0.3" 43" 42"~ 2" =(9+1).3" —(4+1).2" =10.3" -5.2"

10.3":10&5.2" ElO(n € N*) = A:10

Vi A chia hét cho 10 nén A c6 chir s6 tan cuing 1a 0

Cau 126.(Pé thi HSG 7 THCS X 2018-2019)

Cho a,b,c,d la céc sé duong. Tim gia tri nho nhat cua biéu thic:
A=|x—a|+|x—b|+|x—c|+|x—d|

Loi gidi

Khong mat tinh tong quét, gia st a<b<c<d

Ap dung BDT |a|+|b| > |a+b|,d4u "="xay ra < ab>0,ta co:

|x—a|+|x—d|>|x—a|+|d =X =|x—a+d - x| =d -a )]

[x—b[+|x—c|=|x—b|+|c-x|>|x-b+c-X|=c—b (2)

Suyra A>c+d—a—b.Diu "="xay ra < dau "="0 (1) va (2) xay ra

< (x—a)(d—-x)>0va (x—b)(c-x)>0 < a<x<d,b<x<c

Do déo minA=c+d-a-b<b<x<c

Cau 127.(Pé thi HSG 7 huyén THUONG TIN 2018-2019)

|x—2019|+2020

|x—2019|+2021

b.Chlﬁ:ngminhréng:B:%+3—13'+%+ ...... —

a. Tim GTLN cua: A=

o p_|¥=2019/+2020 _|x—2019]+2021-1
T [x—2019]+2021  |x—2019|+2021

A=1- L
|x—2019]+2021

(Vi |X - 2019| +2021>2021. Dau " ="xay ra < x=2019
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= 1 < 1
|x—2019|+2021 2021
- B 1 51 1 _ 2020
|x—2019|+2021 2021 2021
GTNN cua A=—— 2020 < x=2019
2021
3 1 1
b. Taco: 2 >123:—3<—
2° 123
1 1 1
Tuong ty: =< T ; 7 <
3 234 2019° 2017.2018.2019
1 1 1 1/3-1 4-2 2019-2017
=A< —+——+...... + =— + +o +
1.2.3 234 2017.2018.2019 2\1.2.3 2.34 2017.2018.2019

1/ 1 1 1 1 1 1 1( 1 1
SA< S| ———+ ———+...+ - == - =
2 (1 2 23 23 34 2017.2018 2018.2019) 2 [1.2 2018.2019)

1 1 1
SA< s -———————<—

22 2018.2019.2 22
:A—i+i+i+ + 1 <i

223 4T 2019° 22

Cau 128.(Pé thi HSG 7 TRUONG THCS LE HONG PHONG 2018-2019)
Gttt 3

Ching minh rang: Néu 0< a, < a,..... < a, thi:

a, +a, +a,
Loi gidi
Taco: 0<a <a,<...<a,nénsuyra:
a+a,+a;<3a;(1)
a, +a; +a, <38, (2)
a, +a5+a, <3a,(3)

Cong Vvé véi vé cua (1),(2),(3) ta duoc:
a+a,+...tay<3(a;+a5+ay)

Vi a, +a, +.....+ 8, > 0nén ta dugc:

Cau 129.(Pé thi HSG 7 ... 2018-2019)
Cho x,y,z,te N*
X y z

Chang minh rang: M = + + + t cO gia tri khong phai la sb tu
X+y+z X+y+t y+z+t X+z+t

nhién.
Loi giai
< X < X; y < y < y
X+y+z+t X+y+z2 X+Yy X+y+z+t x+y+t x4y
z z z t t t
< < ; < <
X+y+z+t y+z+t 724+t X+y+z4+t X+z+t zZ4+t

Ta co:
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X+Y+z+t ( X y j ( z t j
>——<Mc< + + +

X+y+z+t X+y X+Vy z+t z+t
=1<M<?2
Vay M co gia tri khong phai 1a sb tu nhién.
Cau 130.(Pé thi HSG 7 THCS LE HONG PHONG 2018-2019)
Cho A= ‘2X4 +3x° +]J —‘—Zx4 —x? —]4
Chung to rang gia tri biéu thaec A ludn khdng &m véi moi gia tri cua X

Loi giai

Vi 2x* >0,3x* >0=2x"+3x*+1>0
Tu do ‘—Zx“ —x? —1‘ =2x"+x° +1
= A=2x"+3x" +1-2x* —x* —=1=2x% > 0véi moi x
Vay gid tri caa A ludn khdng am véi moi x
Cau 131.(Pé thi HSG 7 huyén Giao Thiy 2016-2017)
Cho céc sb nguyén duong a;b;c;d;ethoa min a®+b?+c? +d? +e?chia hét cho 2. Chung to ring
a+b+c+d-+elahop sb
Loi giai
bit A=a’+b*+c?+d’+e?; B=a+b+c+d+e
Xét: A+B=(a’+b*+c’+d*+e’)+(a+b+c+d+e)
=(a*+a)+(b*+b)+(c*+c)+(d* +d)+(e* +e)
A+B=a(a+1)+b(b+1)+c(c+1)+d(d+1)+e(e+1)
Vi n 1a s6 nguyén thi tich 2 s6 nguyén lién tiép chia hét cho 2 nén A+ B chia hét cho 2.
Theo d& bai A chia hét cho 2 nén B chia hét cho 2. VaB > 2
Vay B 13 hop sb
Cau 132.(Pé thi HSG 7 huyén Cu Chinh Lan 2018-2019)
Tim gi tri nho nhét caa biéu thic sau:
A=|x—2013+|x— 2014+ |x - 2015|
Loi giai

A=|x—2013|+|x—2014|+|x — 2015|
A=(|x—2013|+|x—2015|)+|x — 2014]
Vi:|x—2015|=|2015-X|
= A=(|x—2013)+|2015— x|) +|x — 2014]
Ma |x—2013|+|2015—X| > |x — 2013+ 2015 — x| = 2

A=(]x—2013/+|2015 - X|) + |x — 2014| > 2 +|x — 2014]

= A>2

|x—2014|> 0
(x—2013)(2015-x)>0
x—2014
Viy A. =2 x=2014

DAu "="xay ra @{ < x=2014
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Cau 133.(Pé thi HSG 7 huyén Ha Trung 2015-2016)
Tim tat ca c4c sb ty nhién n sao cho 4 < 2" < 2.32
Loi giai
Tim tat ca cac sb tu nhién n sao cho 4 < 2" < 2.32
Taco: 4<2"<232=2"<2"<2°
Vay ne{3,4,56}
Cau 134.(Pé thi HSG 7 huyén Ha Trung 2015-2016)
Chting minh rang 8° —8° —8° chia hét cho 55
Loi giai
Chuang minh rang 8'° —8° —8°® chia hét cho 55
Taco: 8°-8° -8 =8°(8°—8-1)
=8°55:55
Cau 135.(Pé thi HSG 7 huyén Ha Trung 2015-2016)
Tim sb nguyén duong bé nhat, biét rang khi chi né cho 3 va cho 14 thi dwoc cac s6 du tuong ung la
1vao.
Loi giai
Goi n 12 56 nguyén duong bé nhét.
Vi n chia cho 3 va cho 14 ¢6 s6 du 1an luot 12 1 va 9 nén ta co:
n=3y+1=14k+9 (Vdi y,ke N )

:3y=14k+8:>y=14k3+8=4k+2+2k+2

Vi k 12 56 tu nhién nén 2572 La sé tu nhién

Dt 2k3+2:t —2k=3t—2 hay k:t—1+%

bat t=2m=k=3m-1
= n:14(3m—1)+9:42m—5

Vi n la s6 nguyén duong bé nhat nén m = 1 suy ran = 37

Cau 136.(Pé thi HSG 7 huyén Quang Xwong 2018-2019)
Cho a,b, ¢, d Ia cac s6 nguyén duong thoa madn a?+c? =b?+d?chtng minh ring a+b+c+d Ia
hop sb
Loi gii
Xét(a?+b>+c®+d?) -(a+b+c+d)
=a(@a-1) +b(b-1)+c(c-1)+d(d-1)
Viala sb nguyén duong nén a, (a— 1) 1a hai s6 tu nhién lién tiép
=> a(a-1) chia hét cho 2. Tuong ty ta ¢6 b(b-1); c(c-1); d(d-1) déu chia hét cho 2
=>a(a-1) +b(b-1)+c(c—1)+d(d-1)Ilaséchin
Lai c6 a® + ¢ = b% + d’°=> a® + b® + ¢ + d* = 2( b* + d?) la sb chin.
Dodoa+b+c+dlaséchinmaa+b+c+d>2(Doa,b,c,dthuoc N*)
a+b+c+dlahopsd.
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Cau 137.(Peé thi HSG 7 huyén Quang Xwong 2018-2019)
Tim sb tu nhién nthéa man: 2.22+3.2°+4.2* +....+n2"=2""
Loi giai
bit A=2.2°+3.2°+4.2"+...+n.2"
=2A-A=2(22°+32°+42"+...+n2")-(22°+32° +4.2" +...+n2")

= A=222+32"+42°+....+n2"" -227-3.2° - 42" -...—n2"
=222 2224 _2°— —2"4n2"t

=22 (2 +2°+2'+ 20 4.+ 2" )+ 02"

bat B=22+22+2'+2°+..+2"

=2B=2"+2"+2°+...+ 2"

—=2B-B=B=2""-2°

= A=-2"—(2"-2")+n2"" =(n-1)2""

Vi A=2"° :>(n—1)2”*1 =2" = 2(n—1): 2°=n-1=16=n=17
Vay n=17 lagia tri can tim.

CAu 138.(D2 thi HSG 7 huyén Thuong Xuén 2018-2019)
1) Tim tat ca cc s6 tw nhién a; b sao cho 2% +37 =|b—45|+b—45

2) Tim céc s6 a, b sao cho 2007ab1a binh phuong cua s6 tu nhién
Loi gidi
1. Tim tét ca cac sb tw nhién a; b sao cho 2° +37=|b—45/+b—45
Xét TH1: b>45 taco: 2* +37 =b—45+b—45=2(b—45) = 2° +37 = 2(b—45)
= 2'lasblé= 2" =1=a=0=>2°+37=2(b-45)=1+37=2(b—45)= b =64
Xét TH1: b<45 tacd: 2°+37=45-b+b-45=0=2"=-37 =acl
Vay = a=0;b=64
2. Tim céac sé a, b sao cho 2007abla binh phuong cua s tu nhién
Ta thay: 447% =199809 : 449% = 201601
ma 199809 < 2007ab < 201601 = 4472 < 2007ab < 449’
2007ab = 448% = 200704 =a=0;b =4
Cau 139.(P thi HSG 7 huyén Thuong Xuén 2018-2019)
Tim cac s ¢6 ba chir sb, sao cho hiéu caa s6 dy va sé gom ba chir s 4y viét theo thi tu nguoc lai la
mot so chinh phuong.
Loi gidi
Tim céc sb ¢ ba chir s6, sao cho hiéu cua sé Ay va sb gom ba chir s Ay viét theo thi tu nguoc lai la
MGt s6 chinh phuong.
Goi sb can tim 1a abcco higu cua sé 4y va sb gom ba chit sé Ay viét theo thu tu nguoc lai 12
abc—chala sb chinh phuong néna>c
abc —cba = (1002 +10b +¢) — (100c +10b + a)

abc —cha = 99a-99¢ = 99(a—c)
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abc—cba=9.11(a-c)=3"11(a—c) ma abc—cbala s chinh phuong nén(a-c)i11
(a—c)illmaaxc; ajceN;0<a;c<9 nna—c=0=a=c
Vay s can tim 12 sé ¢6 3 chit s c6 dang aba
Cau 140.(beé thi HSG 7 huyén Péng Hung 2019-2020)
Tim gid tri 16n nhét caa biéu thite : P = (2x—5y)? —(15y —6x)” —|xy —90|
Loi giai
Taco P=(2x—-5y)* —(15y —6x)’ —|xy —90)
= (2x—5y)? —(6x—15y)2 —|xy —90|
= (2x-5Yy)* —9.(2x—-5y)* —|xy —90|

=—[8.(2x—5y)* +|xy—90||
Ta thdy (2x—5Y)* >0 v6i Vx,y nén 8.(2x—5Yy)* >0véi Vx,y
Va |xy—90/>0 véi Vx,y
Khi d6 8.(2x—5Y)? +|xy—90| > 0véi vx,y
Suy ra: —[8.(2x=5y)’ +|xy —90| | <Ov6i vx,y
Hay P <0 voi VX, y
Dau*‘=""xay ra khi (2x—5y)* =0 va |[xy—90|=0

+Véi (2x=5Yy)? =0 thi 2x=5y:§:%

+Véi |xy —90|=0thi xy =90

y

bat E=ktadu(_ycx:5k;vé y =2k

X
5

K
Ma xy =90nén 5k'2k:90:{k— 3

+Néu k=3 thi x=15;y=6
+Néu k=—3thi x=-15;y=—6
Vay gi tri 16n nhit ctia P 12 0 khi va chikhi x=15; y=6hodc x=-15; y=-6
Cau 141.(Pé thi HSG 7 huyén Pong Hung 2018-2019)
X y z

Cho biéu thic M = + + + Vai X, Y, z, t la c&c so tu nhién khéac 0.
X+y+zZ X+y+t y+z+t X+z+t

Chiing minh M* <1025

Loi gidi
Ta co:
X X
<
X+y+z X+Yy
y y

<
X+y+t X+y
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Z Z
<
y+z+t z+t
t t
<
X+z+t z+t
X Z t
=M <( + y )+ ( + )
X+y X4V z+t z+t

=M* <2% (vi M >0)
Ma 2% =1024 <1025

Vay M™ <1025
Cau 142.(Dé thi HSG 7 huyén Cam Thiy 2018-2019)
Cho a,b, c,d la cac sb nguyén duong thoa man a? +c? =b? +d?chang minh rang a+b+c+d 1a
hop sd.

Loi giai

Céch 1:
a’+c’=b’+d?*
a’+2ac+c’+b*+2bd +d* =2(ac+bd ) :>(a+c)2 —(b+d)2 =2(ac+bd)

:>a+cz(b+d)(m0d2):>a+c+b+d52 ma a,b, ¢,d nguyén duong nén

a+b+c+d> 2 nén a+b+c+d lahop sd

Cach 2:

Xét a’+b*+c*+d*—(a+b+c+d)=a(a-1)+b(b-1)+c(c—1)+d(d-1)

Vi a,b, ¢,d lacacsd nguyén duong nén

a(a—1):2;b(b-1):2;c(c-1)i2;d (d -1):2

=a(a-1)+b(b-1)+c(c—1)+d(d-1) lasé chin

Ma a%+c® =b?+d? nén a’+b”+¢® +d* =2(b*+d*)suy ra a*+b*+c? +d* chin

Do d6 a+b+c+d chinlén hon 2 nén a+b+c+d lahgp sé

CAu 143.(D& thi HSG 7 huyén Héu Ljc 2013-2014)

Cho3sbda, b, cthoamin: 0<a<b+1<c+2 vaa+b+c=1.Tim giatri nho nhat cua c.
Loi gidi

Vi: 0<a<b+1<c+2nén0 <a+b+l+c+2<c+2+Cc+2+C+2

=0<4<3c+6(vi a+b+c=1)

Hay 3c>-2 :cz—% .

Vay gia tri nho nhat cua c la: —% khi d6 a+b:§

Cau 144. (P& thi HSG 7 huyén Hoang Hoéa 2016-2017)
Cho x;y; z;teN .

) . X z t s e LA s x n
Chang minh rang: + y + + c6 gia tri khong phai la so tu nhién.

X+y+2Z X+y+t y+z4+t zZ4+t+X

Loi giai
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< X < X

X+y+z+t X+y+z x4y
y Yy _y
X+y+z+t X+y+t XxX+y

Ta co:

z z z
< <
X+y+z+t y+z+t z+t
t t t
<

<
X+y+z+t X+z4t z+t

X+Y+z+t ( X y j ( z t j
=>— <M< + + +

X+y+z+t X+y X4y z+t z+t
—=1<M <2 . Vay M khong phai 1a s6 tu nhién

Cau 145.(Dé thi HSG 7 huyén Hoing Héa 2016-2017)
Véi a; b 1a cac s6 nguyén duong sao cho a+1 va b+2007 chia hét cho 6. Ching minh rang

4* +a+b chiahétcho6.

Loi giai

Cach 1

Vi aeZ" = 4* =1(mod3) = 4" +2=0(mod3)
Ma 4°+2=0(mod2)= 4% +2:6
Khiddtaco: 42 +a+b=4*+2+a+1+b+2007-2010:6
Vay véi a; bla cac s6 nguyén duong sao cho a+1 va b+2007 chia hét cho 6. Thi 4* +a+b
chia hét cho 6.
Cach 2: Ta co:
4% +a+b=4%+a+1+b+2007-2008
= (4* —2008) + (a+1) + (b +2007)
4* =4(mod6)

— 4% —2008=0(mod6)
2008 = 4(mod6)

Ta thay: {

Hay: (4° —2008):6 ma (a+1):6; (b+2007):6 suyra4®+a+b:6
Cau 146.(Pé thi HSG 7 huyén Hoing Hoéa 2014-2015)

Cho 20 sé nguyén khac 0: a,, a,, a,, ... , a,, CO Cac tinh chat sau:
. a, la sé duong.
° Tong cua ba sé viét lien nhau bat ki 12 mot sé duong.
0 Téng cua 20 sb do 1a s6 am
Chang minh rang @ a,.a,, + 8,8, < 2,2,
Loi giai
Theo bai ra ta co:
a, >0
a,+a,+a,>0; ...;a,+a,+a;>0;a,+a,+a,>0;a,+a,+a,>0

a,+(a,+a,+a, ) +...+(a,, +ay, +a,;)+ay, +(a, +a,+a,; ) T (8 +a, +8y) <0

=a,, <0
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Ciing nhu vay :
(a,+a,+ay)+...+(ay +ay, +a, ) +(a, +ay, )+ (8, +a5, +a5; ) +(a, + 8+ 8y ) <0
=a, +4a, <0.
Mat khac: a,, +a,+a;, >0
=>a,, >0.
Tir cac didu kién a, >0; a, >0; a, <0
=a,.a, +4a,a,, <a.d,, (dpcm).
Cau 147.(bé thi HSG 7 huyén Hoang Hoéa 2015-2016)
ChoP =75.(4%% +4 + .+ 4% +4+1)+25. Ching minh rang: P:100
Loi giai
Do 4% + 4% 4 +4°+4+1 chiacho 4 du 1
=4 147 1+ 47 +4+1=4k+1 (ke N¥).
Do do P= 75.(4k +1) +25=75.4k + 75=25=300k +100 :100
nén P:100.
Cau 148.(bé HSG 7 huyén....)
Chuang minh rang véi moi n nguyén duong thi: 3" —2"? +3" —2"chia hét cho 10

Loi gidi
3n+2 _ 2n+2 +3" 2" — (3n+2 +3" ) _(2n+2 4 on ) =10.3"—5.2"
Vi n nguyén duong nén 2":2=5.2":10va 10.3":10
Vay 3" —2"? 43" -2"110
Cau 149.(Dé HSG 7 huyén....)

Cho 2 da thuc P(X) =1+ X+ x>+ X* +x* + ...+ x*®

+x* va

Q(X) =1—x+x2 = X3+ x* —....— x4+ x®° Gi4 tri cua biéu thuc P(%) + Q(%j c6 dang biéu thirc

hiru ti 14 %;a, b e N;a,bla 2 s6 nguyén t6 cing nhau.

Chiing minh a:5

oescr )l (] ] (2] o

3 2007
Suy ra 4A:10+%+6j + e +(%] (2)

1
Tir (1) va (2) suy ra 3A=8 2009 A S—W o2 _1 o
u B a 2 3 = = = —
’ 2 3 322009 b

Ta thdy: 222 —1=4"% _1:3;2%? _1va 2%%|a hai s6 nguyén tb ciing nhau nén 2% —1=3a.
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3a =222 _1=16%—1.Vi 16" c6 chir sb tan cung 1 6 nén 3a co chit s6 tan cung 14 5, suy ra s6
nay chia hét cho 5. 3 va 5 nguyén té ciing nhau nén a:5
Céu 150.(Dé HSG 7 huyén....)

Cho M = a + b + ¢ Vv6i a,b,c>0

a+b b+c c+a
a) Chang minh M >1
b) Chung to rang M khong phai la s6 nguyeén.

Loi giai

. R a a b b c C

a) Vi a,b,c>0nén > ; > ; >
a+b a+b+c b+c a+b+c c+a a+b+c

M = a N b N c >a+b+c:1

a+b b+c c+a a+b+c
Vay M >1

R a b C b c a
b) Ma + + + - +
a+b b+c c+a a+b b+c a+c
a b b c c a
= + + + + + =3
a+b a+b b+c b+c c+a c+a

V‘I( b L&, 8 j>1(tuongtucéua)
a+b b+c a+c

Suyra:Mz( a + b + ¢ j<2 (2)
a+b b+c c+a
Tu (1) va(2)suyra: 1<M <2 nén M khong phai la sé nguyén.

Cau 151.(bé HSG 7 huyén)

Tim x,y e N biét: 36— y? =8(x—2010)’

Loi gidi
Tacé: 36—y =8(x—2010)° = y*+8(x—2010) =36
Vi y?>0=>8(x—2010)" <36 = (x—2010)’ s%

Vi 0<(x—2010)°va x € N,(x—2010)" 1 s6 chinh phuong nén

_|x 2010 =22 | T2 ye gy, | V=2
2 — =4L= = =4=
(x—~2010)’ = 4 x=2008 y =-2(ktm)
= |(x-2010)" =1 =| x—2010 = +1=> y* = 28(ktm)
2_ =6
(x=2010)"=0 |, 2010=0=>x=2010=>y* =36 =’
y = —6(ktm)

Vay (x;y)=(2012;2); (2008;2 } (016;6 )
Cau 152.(bé HSG 7 cip truong ... 2017 — 2018)

Tim X, y, z biét: x—%+ y+§+‘x2+xz‘:0

CMR: véi moi N nguyén duong thi 3"% —2"2 +3" — 2" chia hét cho 10
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Loi giai
1 2 2 , 7 A
a) X2+ Y3 +|x* +xz| =0, 4p dung tinh chét | A> 0
1
X_—‘:O x—L_0 x=1
2 2 2
2 2 2
= +—=0 = +—=0 = [ —
y 3 y 3 y 3
‘x2+xz‘:0 X(x+2)=0 7o_yx=_1
b) Ta c0:

3172?1312 =(3"74+3") (2" +2")

=3"(3 +1)-2"(2° +1)

=3'10-2"5=10.(3'-2"")

V1 10.(3" —2"*) chia hét cho 10 vi moi N nguyén duong nén ta c6 dfcm

Cau 153.(bé HSG huyén Thai Thinh 2018 — 2019)
Chuang minh rang véi moi s6 ty nhién n> 2thi tong:
3 8 15 n’ -1

+ khong thé 1a mot sé nguyeén.
4 9 16 n? g ) guy

Loi giai

2_
S:§+§+E+....+n 21:(1—%j+£1—i2]+(1—izj+....+(1—izj
4 9 16 n 2 3 4 n

Tu () va(2)taco: n-2<S<n-1

Vay S khong cé gia tri nguyén véi moi s6 ty nhién n>2
Cau 154.(bé HSG huyén Thai Thinh 2018 - 2019)
So sanh : 222%%va 333

Loi giai
Taco: 222%° =(222°) ;3337 = (333}
222° =(2.111)° =8.111° =8.111.111* = 888.111°
333? =(3.111)° =9.1122

Vi 888>9 = 888.1112 > 9.111% = 222° > 333 = (2223)111 > (333 )“l — 220%8 , 33372
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Vay 2223 >333%

Cau 155.(bé HSG 7 truong)

Tim gia tri Ion nhat cua biéu thic A=|x|—|x—2)
Loi giai

Xét cac truong hop:

+ Truwong hop 1: x>2= A=x—(x—2)=2

+ Truwong hgp 2: 0<X<2=>A=X+X—-2=2Xx-2<2

+ Trwong hop 3: X<0=A=—Xx+x-2=-2<2

=Va&i moi giatricaa x thi A<2

Vay gia tri Ion nhat cia A=2<x>2

Cau 156.(bé HSG huyén Thai Thinh 2018 — 2019)

a) Tim gia tri nho nhét cta biéu thirc Q =|x—2017|+|x—2018|+ |x —2019|
Loi gidi

Q =|x—2017|+|x — 2018|+|x— 2019

Q =(|x—2017|+|x—2019|) + x— 2018, Vi |x —2019| =|2019 - X

= Q =(|x—2017|+|2019 - x{) +|x — 2018|

Ma |x—2017|+|2019 - X| > |x — 2017 + 2019 — X| = 2

Q =(|x—2017|+]2019 - X|) = 2 +|x — 2018

=02>2
|x—2018/>0 } Q

< x=2018

P {(x—2017)(2019—x)20 {20173x32019
Dau "="xayra < =

x—2018=0 x=2018
Vay Q dat gia tri nho nhat bang 2 khi x=2018

Cau 157.(D% thi HSG 7 huyén )

Tim x dé biéu thirc sau nhan gia tri duong: x* +2014x

Loi gidi
Tachd: x*+2014x = x(x +2014))
X --2014 -0 +
x+2014 - 0 + +
X(x+2014) + - +

Vay x*+2014x >0 =x <-2014 hoic x>0
Cau 158.(Dé thi HSG 7 cap huyén)

a. ChoA= Vx+1 Tim s6 nguyén x dé A 1a s6 nguyén
JIx -3
2
b. Tim gié tri 16n nhat cua biéu thuc: B = X 2+135
X% +

Loi giai
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_\/§+1_\/§—3+4_1+ 4
“x-3 0 x-3 T Yx-3
D& A la sé nguyén thi v/x —3 1a wéc ciia 4, tuc la \/;—3:{i1;4_r2;i4 !
Vay giatrixcantimla: 1;4: 16 ;25 ;49
x?+15 x*+3+12 12
> = > =1l+— .
X +3 X +3 X +3
Taco:x?>0x? > 0. Dau “ = say ra khi va chi khi x = 0
— x?+3>3 (2 vé duong)
32 Sg: 32 <4 =1+
x“+3 3 X +3 X +3
=B<5
Déau “ = say ra khi va chi khix =0
Vay MaxB=5 = x=0.
Cau 159.(bé thi HSG 7 huyén Tinh Gia)
Cho neN, chimg minh rang: 9.10" +18 chia hét cho 27
Loi giai

a. A

b.B=

<5

Ta c6: 9.10"+18 = 9(10" +2) 9 (1)

Mit khac 10" 1a s6 ¢6 tong cac chir sd 1a 1

Nén 10" +2 14 sé ¢o tong cac chir s6 1a 3

Suyra: 10"+2 3 (2)

Tir (1) va (2) suy ra:9(10" +2) : 27 hay 9.10" +18 : 27

Cau 160.(Dé thi HSG 7 huyén)
8 31
n+9' n+10" ' n+33

Tim s6 tu nhién n nho nhét dé cac phan sd sau tdi gian:
Loi giai

LA an . k .
Céc so da cho c6 dang: —— (voi1k=7,8, ...,31)

k+(n+2)
Néu k+(n+2)
k+(n+2) k
Ma k+(2+2)=1+”:2 i gian <> (n+2, k) = 1
< n+ 2 nguyén té ciing nhau véi 7, 8,...,31 van + 2 nhé nhit < n+2=37 <n=35
Cau 161.(Pé thi HSG 7 huyén)
X y z

.2 t . N in ,
Cho biéu thauc M = + + + VGi X, Y, z, t la cac so ty nhién khac 0.
X+y+z X+y+t y+z+t X+z+t

Chung minh M* <1025.

la phén s t61 gian thi cling la phan so to1 gian

Léi gidi
X
X+y+Z X+Yy

+ Ta co:
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y _Y

X+y+t X+y

Z Z

<
y+z+t z+t
t t

<
X+z+t z+t

=M<( X Y )+ ( Z ! )=>M<?2
Y+X X+Y z+t z+t

+C6 M*™ <1025 (Vi M > 0) ma 2'° =1024 <1025

Viy M™ <1025

Cau 162.(Dé thi HSG 7 cip huyén)

Chox,y, zl1a3sbthuctiy ythéaman x +y+z=0va -1<x<1, -1<y<1, -1<z<1. Chung

minh rang da thac x* +y* +2° ¢4 gia tri khdng 16n hon 2.
Loi giai
+) Trong ba s6 X, y, z ¢6 it nhat hai s6 cing dau. Gia st x; y >0
=>z=-x-y <0
H) Vi —-1<x<1, -1<y<1, -1<z<1=> x> +y' +2° <|x|+|y|+]z|
= x*+y'+2° <x+y-z
= X’ +y*+2°<-2z
+) —1<z<lvaz<0=>x"+y*+2°<2
KL: Vay X’ +y*+2°<2
Cau 163.(Dé thi HSG 7 huyén)
a) Tim cac s6 a, b, ¢ khong am sao cho a+3c=8; a+2b=9 vatong a+b+c c6 gia tri 16n nhat.

b) Cho A=200.(9°+9™% +9%" + ... +9°+9+1). Ching minh ring A+25 la s6 chinh

phuong.
Loi giai

a) Ta c6 2(a+b+c)+c=17 vi a, b, c khong am nén 2(a+b+c)<17=a+b+c< %
Diu (=) xdy rakhi c=0=a=8; b:%

b) Pat B=9%" +9%% 492" .. +9%249+1

—QB=9®M 49018 . +9°+9749
2014
—=8B=9""_1— :9 5 1
2014
= A = 200. 9 1_ 25.(92014 —1)

= A+25=259" =(5.97)’
Vay A+25 1 s6 chinh phuong
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Cau 164.(bé thi HSG 7 huyén)
Cho céc s6 x =b°+a; y=a"+c; z=c*+b 1a cac s6 nguyén tb (a, b, c e N*). Chuang minh rang ba
s6 X, Y, z it nhat c6 hai s6 bang nhau.

Loi giai
Trong ba s a, b, ¢ chac chin cd hai s cing tinh chin Ié. Gia sir a va b cling chan hoac cung 1é thi x
1a s6 chin. Ma x 1a s6 nguyén tb nén x=2.
—=a=b=1
—=y=1+cvaz=c+l
=y=2z.
Vay trong ba s6 X, y, z ¢6 it nhat hai s6 bang nhau.
Cau 165.(Pé thi HSG 7 huyén Qué Son)
m+5
m+ 2

Léi giai

Tim céc gia tri nguyén cua x dé biéu thic C = nhan gid tri nguyén.

\/x—2+5_\/x—2+2+3_1+ 3
IX=2+2 X-2+2 IXx=2+2
Pé biéu thie C nhan gia tri nguyén thi vx—2+2 1a uéc cua 3
IX=2+42=3 = Jx-2=1=x%x-2=1=>x=3
Khong ton tai x dé VXx—2+2=1; yx-2+2=-1; yx-2+2=-3
Cau 166.(Dé thi HSG 7 huyén Qué Son)
Chting minh rang: 817 —27° +9* chia hét cho 567.

Loi giai
C6:567=7.3"= (3¢) - (3°) +(3?)" =3% 37 +3%=3%(32_3+1)
=3% 7=3% 3'7
Do d6 81" —27° +9" : 567
Cau 167.(Dé thi HSG 7 huyén )
Tim x dé biéu thtic sau nhan gia tri duwong: x? +2014x

Loi giai
Tachd: x*+2014x = x(x +2014))
X --2014 -0 +
x+2014 - 0 + +
X(x+2014) + - +

Vay x*+2014x >0 =x <-2014 hoic x>0
Cau 168.(Pé thi HSG 7 cap huyén)

a. ChoA = Vx+1 Tim s6 nguyén x dé A la sb nguyén
Jx -3
2
b. Tim gié tri 16n nhat cua biéu thirc: B = = 2+135
X? +

Léi giai
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_\/§+1_\/§—3+4_1+ 4
“x-3 0 x-3 T Yx-3
D& A la sé nguyén thi v/x —3 1a wéc ciia 4, tuc la \/;—3:{i1;4_r2;i4 !
Vay giatrixcantimla: 1;4: 16 ;25 ;49
x?+15 x*+3+12 12
> = > =1l+— .
X +3 X +3 X +3
Taco:x?>0x? > 0. Dau “ = say ra khi va chi khi x = 0
— x?+3>3 (2 vé duong)
32 Sg: 32 <4 =1+
x“+3 3 X +3 X +3
=B<5
Déau “ = say ra khi va chi khix =0
Vay MaxB=5 = x=0.
Cau 169.(Pé thi HSG 7 huyén Tinh Gia)
Cho neN, chimg minh rang: 9.10" +18 chia hét cho 27
Loi giai

a. A

b.B=

<5

Ta c6: 9.10"+18 = 9(10" +2) 9 (1)

Mit khac 10" 1a s6 ¢6 tong cac chir sd 1a 1

Nén 10" +2 14 sé ¢o tong cac chir s6 1a 3

Suyra: 10"+2 3 (2)

Tir (1) va (2) suy ra:9(10" +2) : 27 hay 9.10" +18 : 27

Cau 170.(Dé thi HSG 7 huyén)
8 31
n+9' n+10" ' n+33

Tim s6 tu nhién n nho nhét dé cac phan sd sau tdi gian:
Loi giai

LA an . k .
Céc so da cho c6 dang: —— (voi1k=7,8, ...,31)

k+(n+2)
Néu k+(n+2)
k+(n+2) k
Ma k+(2+2)=1+”:2 i gian <> (n+2, k) = 1
< n+ 2 nguyén té ciing nhau véi 7, 8,...,31 van + 2 nhé nhit < n+2=37 <n=35
Cau 171.(Pé thi HSG 7 huyén)
X y z

.2 t . N in ,
Cho biéu thauc M = + + + VGi X, Y, z, t la cac so ty nhién khac 0.
X+y+z X+y+t y+z+t X+z+t

Chung minh M* <1025.

la phén s t61 gian thi cling la phan so to1 gian

Léi gidi
X
X+y+Z X+Yy

+ Ta co:
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y _Y

X+y+t X+y

Z Z

<
y+z+t z+t
t t

<
X+z+t z+t

=M<( X Y )+ ( Z ! )=>M<?2
Y+X X+Y z+t z+t

+C6 M*™ <1025 (Vi M > 0) ma 2'° =1024 <1025

Viy M™ <1025

Cau 172.(Dé thi HSG 7 cip huyén)

Chox,y, zl1a3sbthuctiy ythéaman x +y+z=0va -1<x<1, -1<y<1, -1<z<1. Chung

minh rang da thac x* +y* +2° ¢4 gia tri khdng 16n hon 2.
Loi giai
+) Trong ba s6 X, y, z ¢6 it nhat hai s6 cing dau. Gia st x; y >0
=>z=-x-y <0
H) Vi —-1<x<1, -1<y<1, -1<z<1=> x> +y' +2° <|x|+|y|+]z|
= x*+y'+2° <x+y-z
= X’ +y*+2°<-2z
+) —1<z<lvaz<0=>x"+y*+2°<2
KL: Vay X’ +y*+2°<2
Cau 173.(Pé thi HSG 7 huyén)
a) Tim cac s6 a, b, ¢ khong am sao cho a+3c=8; a+2b=9 vatong a+b+c c6 gia tri 16n nhat.

b) Cho A=200.(9°+9™% +9%" + ... +9°+9+1). Ching minh ring A+25 la s6 chinh

phuong.
Loi giai

a) Ta c6 2(a+b+c)+c=17 vi a, b, c khong am nén 2(a+b+c)<17=a+b+c< %
Diu (=) xdy rakhi c=0=a=8; b:%

b) Pat B=9%" +9%% 492" .. +9%249+1

—QB=9®M 49018 . +9°+9749
2014
—=8B=9""_1— :9 5 1
2014
= A = 200. 9 1_ 25.(92014 —1)

= A+25=259" =(5.97)’
Vay A+25 1 s6 chinh phuong
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Cau 174.(bé thi HSG 7 huyén)
Cho céc s6 x =b°+a; y=a"+c; z=c*+b 1a cac s6 nguyén tb (a, b, c e N*). Chuang minh rang ba
s6 X, Y, z it nhat c6 hai s6 bang nhau.

Loi giai
Trong ba s a, b, ¢ chac chin cd hai s cing tinh chin Ié. Gia sir a va b cling chan hoac cung 1é thi x
1a s6 chin. Ma x 1a s6 nguyén tb nén x=2.
—=a=b=1
—=y=1+cvaz=c+l
=y=2z.
Vay trong ba sb X, y, z ¢6 it nhat hai s6 bang nhau.
Cau 175.(Pé thi HSG 7 huyén Qué Son)
m+5
m+ 2

Léi giai

Tim céc gia tri nguyén cua x dé biéu thic C = nhan gid tri nguyén.

\/x—2+5_\/x—2+2+3_1+ 3
IX=2+2 X-2+2 IXx=2+2
Pé biéu thie C nhan gia tri nguyén thi vx—2+2 1a uéc cua 3
IX=2+42=3 = Jx-2=1=x%x-2=1=>x=3
Khong ton tai x dé VXx—2+2=1; yx-2+2=-1; yx-2+2=-3
Cau 176.(Dé thi HSG 7 huyén Qué Son)
Chting minh rang: 817 —27° +9* chia hét cho 567.

Loi giai
C6:567=7.3"= (3¢) - (3°) +(3?)" =3% 37 +3%=3%(32_3+1)
=3% 7=3% 3'7
Do d6 81" —27° +9" : 567
Cau 177.(Dé thi HSG 7 thanh phé Thai Binh 2016-2017)
Tim céc s6 tw nhién a, b thoa man: (20a+7b+3).(20° +20a+b) =803

Loi gidi
(20a + 7b + 3) (20% + 20a + b) = 803
Turdé bai = 20a + 7b + 3 va 20° + 20a + b Ié (vi 803 I¢)
Néua # 0 = 20 + 20a chin.
Ma20*+20a+blé = blé¢ = 7b + 3 chan
= 20a + 7b + 3 chan (khdng thoa man)
Viya=0 = (7Tb+3) (b+1)=803=1 803=11 73
7b+3=803 Tbh+3=73
hoac {

Vibe N=7b+3>b+ 1. Do do:
b+1=1 b+1=11

7b+3=803

b+1=1

7b+3=73
Truong hop = b=10.

Truong hop { khong tim duoc b thoa man dé bai.

b+1=11
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Vay a =0, b = 10 thoa man dé bai.
Cau 178.(Dé thi HSG 7 huyé Quan Son)

Tim x, y dé biéu thae N = (x + 2)%° +

y—%‘ - 10 dat gid trj nho nhat
Loi giai

Li luan (x + 2)*° > 0; >0

,L
5

=N2>-10 GTNNcuaN la -10

Tim dugCc X =-2;y = %

Cau 179.(Pé thi HSG 7 PGD Duy Xuyén)
a)Chox>0;y>0 CMR: + >

b) Cho 2 s6 duong a,b théa man a+b < 1.Tim gia tri nho nhét cua biéu thic:

1 1 1 1
M=—+— T2 T T 2
ab a“+ab b°+ab a“+b
Loi giai
alTaco: + > < > (%)
< (X+y)2 >4xy (vix>0;y>0)
< (X-y)2 >0 (Ping)
Vay + =
b/
(= >—2
(x+Y)
Véi a,b > 0 nén ta 4p dung bat dang thic & cau a ta co:
1 1 1 1
M=—+

+ +
ab a’+ab b*+ab a?+b?

( 1 1 ) ( 1 1 j 1
- to |t 2 T +
2ab a“+b a‘+ab b“+ab/ 2ab
4 N 4 N 2 _ 10 510

_(a+b)2 (a+b)2 (a+b2 (a+b)2

v

Déu bang xay ra < a:b:%
1

Vay MinM =10 < a=b:2
Cau 180.(Pé thi HSG 7 Huyén Son Tinh )
Tim gia tri nho nhat cua biéu thic A = |2x —2|+|2x —2013|

Loi giai
Taco: A=[2x—2|+|2x—2013|=|2x — 2|+]|2013-2x| > |2x — 2+ 2013 2x| = 2011
Vay gia tri nho nhit cua A 13 2011

2013

Dau “=" xay ra khi (2x—2)(2013-2x)>0<1<x<



GIAO VIEN: LE THI NGA

Cau 181.(P& thi HSG 7 huyén Kim Thanh)
a/ Chirng minh rang véi moi s6 nguyén duong n thi 3" —2"2+3" —2" chia hét cho 10
b/ Tim gia tri nho nhat cua bieu thuc : A =|2014—x|+|2015—X|+[2016 - X|
Loi giai
a/ Taco: 322" 43" -2" =3".9-2"4+3"-2" =(3".9+3")—(2"4+2")
=3"(9+1)—-2"(4+1)=3"10-2"5=3"10-2"%10 =10 (3" ~2"*) chia hét cho 10 v5i n la s6
nguyén duong (BPCM)
b/ A=|2014—x|+|2015— x| +[2016 X
Cach 1 : Ta xét 4 truong hop xay ra
TH1:x<2014
A =2014 - x + 2015 — X + 2016 — X = 6045 — 3x > 3 (Vi X < 2014)(1)
TH 2 :2014 <x <2015
A =x— 2014 + 2015 — x + 2016 — x = 2017 — x > 2 (Vi X < 2015)(2)
TH 3:2015<x<2016
A=x—2014 +x— 2015+ 2016 — x = x - 2013 > 2 (Vi x > 2015)(3)
TH 4 :x>2016
A =X 2014 + x — 2015 + x — 2016 = 3x — 6045 >3 (Vi x > 2016)(4)
T 1,2,3,4=>A>2 Vay Anho nhat = 2 khi x = 2015
Céch 2 : Sir dung BDT |A|+|B|2|A+B|, Dau = xdy ra khi AB >0
Do |2015-x|>0 => A =|2014—x|+|2015 —x|+[2016 x| > [2014 —x |+[2016 — x|
DAu = xay ra khi x = 2015 (1)
Taco : [2014—x|+|2016 — x| =[x — 2014|+|2016 — x| > |x — 2014 + 2016 — x| = 2
DAau = xay ra khi (x — 2014)(2016 — x) > 0 => 2014 < x <2016 (2)
Tir 1,2 => A >2. Dau = xay ra khi x = 2015
Vay A nho nhat = 2 khi x = 2015
Cau 182.(Pé thi HSG 7 PGD Kim Thanh)
Tim gia tri nho nhét cua biéu thic P = (]x - 3|+ 2)2 +|y +3|+2007
Loi giai
Taco (jx-3+2)>2 ,vx => (jx-3/+2) 2 4. Diu"="xay ra < x =3
ly+320, Vy.Dau"="xdyra < y=-3

Vay P = (jx—3|+2) +|y+3[+2007 >4 + 2007 = 2011.
Diu"="xayra ¢ x=3vay=-3
Vay gia tri nho nhat cua P = 2011 <> x =3 vay = -3.
Cau 183.(Pé thi HSG 7 huyén THAI THUY)
C6 tim duoc hai chir s6 a va b dé 1a binh phuong ctia mot s6 tu nhién
khéng? Vi sao?
Loi giai
Taco:0< ab<99 = 201100 < 2011ab < 201199
4482 < 201lab < 4497
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448 va 449 12 hai s6 ty nhién lién tiép nén 2011ab khong 1a binh phwong cia mot s tu nhién.
Cau 184.(Dé thi HSG 7 huyén THAI THUY)
Cho a; b & céc s6 tu nhién thoa man : a + 4b chia hét cho 13.
Chang minh ring 10a +b ciing chia hét cho 13.
Loi giai
(a+4b): 13 = 10(a + 4b) : 13
Xét 10.(a + 4b) —(10a +b ) = 10a + 40b -10a—b = 39b : 13
Do 10(a + 4b) : 13 nén (10a+b) : 13
Cau 185.(Dé thi HSG 7 huyén KIEN XUONG)
Cho A=3+3%+3%+ . +3%1° 4301
1. Tinh A.
2. Tim chix s6 tan cing ctaa A.
3. A ¢6 la s6 chinh phuong khong? Vi sao?
Loi giai
1. Tac6:A=3+3%+3%+ . 4320154 32010
3A = 32 + 33 + 34+ +32016 + 32017
Suyra: 3A-A= (3 +33+3 + .. +3%10 439017 (3432 + 3%+ .+ 3% 4 37016
32017 _ 3
S
2.Tach A= (3+32+3%+3% + . +(32018 4 32014 . 32015 , 32016y
=3(1+3+32+3%)+ .. +331+3+3°+3%
=340+ .. +3%%40=40.(3+3%+ .. +3"5)
Suy ra A c6 chit s6 tan ciing 1 0.
3. Lap luan duoc A chia hét cho 3.
Lap luan dugc A khdng chia hét cho 3°
Ma 3 1a s6 nguy@n tb nén suy ra A khdng la sé chinh phuong.
Cau 186.(Pé thi HSG 7 huyén KIEN XUONG)
Tim céc s6 tu nhién a, b sao cho: (2016a+13b —1)(2016a +2016a + b) =2015

A=

Loi giai
Vi (2016a+13b—1)(2016" +2016a +b) = 2015
— 2016a + 13b — 1 va 2016 + 2016a + b 142 s6 Ié (*)
*Néua = 0 = 2016% + 2016a la sb chin
Vi2016° +2016a+ble = b l¢
V6i b 1é¢ = 13b— 1 chin do d6 2016a + 13b — 1 chan (khéng t/m (*))
*Néua=0 = (13b—1)(b + 1) = 2015 = 1.5.13.31
Vib e N = (13b—1)(b + 1) = 5.403 = 13.155 = 31.65
valdb-1>b+1
+)Néub+1=5=b=4 =13b-1 =51 (loai)
+)Néub+1=13 =b=12 =13b—1 =155 (t/m)
+)Néub+1=31 =b=30 =13b—1 =389 (loai)
Vay (a; b) = (0; 12)
Cau 187.(Pé thi HSG 7 - Thi xa SAm Son - 2012 -2013)
Tim tat ca cac sb tu nhién n sao cho ; 2.3" +3:11
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Loi giai
n=0: khdng théa man
n>0:taco 2.3"+3= 3( 2.3"*+1)i11ma (3;11) =1 buoc 2. 3" +1i11
suy ra 3" =5 (mod11)
Céch 1: Ta c6 bang sau:

n 1 2 3 4 5 6 7 8 9 10

11

3™l 1 3 9 5 4 1 3 9 5 4

Céchukylaplaila5néntacd n= 5k +4 (ke N) thi 2.3" +3:11
Cach2:xét n= 5k +r (r=0;1;2;3;4 ) chicé n= 5k +4 thoa man nén
cac s6 n= 5k +4 (k e N) la cac s6 can tim.

Cau 188.(Dé thi HSG 7 - Thanh ph6 Sam Son - 2017 -2018)

1.2 3 4 2018 3
Chll'ng minh: §+3—2+§+3—4+....+32w<z
Loi gidi
Céch 1:
1.2 3 4 2018
BatA_§+3_2+§+3_4+"'-+32W
2 3 4 2018

SA=1+—+—=+—=+
3

32 33 et 32017

., 11 2 1 3 1 4 1 2017 1
WLyttt g e
1 2 3 4 2018 1 1 1 1 1 2018

1 1 1 1 1 2018
3A:A+1+§+§+§+3_4+""+32W_32W

_ 1 1 1 1 1 2018 1 1 1 1 1

ZA_1+§+3_2+3_3+3_4+""+32W_32W<1+§+3_2+§+3_4+""+32W

-1 1 1 1 1
DatB = §+3—2+?+3—4+....+32W

Suyra2A<1+B

1 1 1 1 1 1 1
5 3_2 3_3 ? ""+32016+32017_32017

2B=1- <1suyraB<%:>B+1<%+l

32017

:>2A<§:>A<E
2 4

Cénh 2:
Tinh dén duoc:
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1 1 1 1 1 2018
2A = 1+§+3_2+3_3+3_4+""+32T_—32018
2018
1— 1 32018 _q_ 2018.2
3 2018 3
= 1_1 - 32018 - 2.32017
3
32018 _q_ 20];;'8-2 ; 14 20]\‘;’8.2 .
Suyra: A= ECy :Z_W<Z
Cau 189.(Pé thi HSG 7 - Huyén Thach Thanh - 2014 - 2015)
2 2
Tim gi4 tri 16n nhat cua; H = x2+—yz+3
X +y +2

Loi giai
x2+y2+3_x2+y2+2+ 1

TacoH=

X4y 42 X+Y 42 XP+yi+2
H=1+ - 12

X +y +2

H dat gia tri 1on nhit <> x* + y*+2 dat gi tri nho nhét bing 2

< x=0vay=0Vay giatri I6n nhat cua H 13 % < x=0vay=0

Cau 190.(Pé thi HSG 7 huyén Thach Ban 2016 -2017)

1. Tim s6 hitu ti X, sao cho tong cua s6 d6 voi nghich dao cua né co gia tri 1a mot sé nguyén.
2. Cho cac s6 a, b, c khong am thoamén: a + 3c = 2016; a + 2b = 2017

Tim gia tri I6n nhat caa biéuthac: P = a + b + c.

Loi gidi
1. Goix= 1 (m, nez, n=0, (m, n) = 1)
n
2 2
Khi dé: x+L =M, 0 _m+n
X N m  mn
2

Pé nguyén thi m? + n?:mn

m’+ n’:m;n*:mMim?m);n:m
Ma (m,n) =1nénm =1hoic m =-1
YVoéim =1:

m?+n? 1+n?

m.n n

. 1+n?
bé

Tur (1), ta co: nguyénthil + n*:n =1:nhayn =1

m?+n®>  1+n

*)Voi m =-1:Tu (1), ta co: =—
m.n

+n?

bé !

nguyénthi 1 + n*: (-n) =1:i(-n) hayn=1

Khidé x =1 hay x =-1
2.Taco: a + 3c = 2016 (1) vaa + 2b = 2017 (2)
T (1) =a = 2016 — 3¢
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L4y (2) — (1) ta dugc : 2b — 3¢ = 1:>b:1+3c

Khi do:

Peatbac= (2016 - 3¢) +1+30+ . :4032—6042-1+30+ZC:40323—C.

4033 , MaxP zg khic=0

Via, b, c khong @m nén P <
Cau 191.(Pé thi HSG 7 - THIEU HOA - 2016 - 2017)
Tim x, y biét: [Zx—%jz +|3y+12|<0.

Loi giai
Vi [Zx—%jz >0 V6i V¥ x; [3y+12/>0 véi Yy, do do:

2

2
(Zx—%j +[3y+12|> 0 véi Vx, y. Theo dé bai thi (ZX—%J +[3y+12/<0.
1 2
Tur d6 suy ra: (ZX—E) +|3y+12|=0
o 1 . 1
Khi do 2X—€=0 va 3y+12=0 <& X:E va y=-4.

1 .
Vay Xx=— va y=—4.
ay 12 y
Cau 192. (Pé thi HSG 7 huyén Kim Thanh 2016-2017)
Chimg minh rang v&i n nguyén dwong thi 3™2- 2™2 + 3" - 2" chia hét cho 10.
Loi giai
Taco 32— 2"%4+ 3" 2"
:( 3n+2+3n)7(2n+2+2n)
=3"(3+1)-2"%(2°+2)
=3"10-2""10
=(3"-2"*).10:10
Cau 193. (Pé thi HSG 7 huyén Kim Thanh 2016-2017)
Tim cac cap sé nguyén (x,y) thoa man: x + 2y =3xy +3
Loi giai
Taco x+2y=3xy+3
= 33X + 6y=9xy + 9= (3x = 9xy ) + (6y -2 ) =7
=3 (1-38y)-2(1-3y)=7=(3x-2).(1-3y) =7
ViX,y € Znén3x—2;1-3yla cac sd nguyén.
Ma(3x —2).(1-3y)=7= 3x —2;1-3ylaudccua’.
Ta lai c6 U(7) = {#1;,+7} = 3x - 2; 1-3y e {+1,£7}
Bang gia tri
| 3x-2 AT 7
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1-3y -1 -7 7 1
X -5/3 1/3 1 3
y 2/3 8/3 2 0
KTM KTM ™ ™
Vay (xy) € {(5-2);(3,0)}
CAu 194. (D& thi HSG 7 huyén Chi Linh 2017-2018)
Tim gi4 tri nho nhat caa biéu thac sau : P = (x? +1)% + (y* +2)* +3.
Loi giai
Taco x*>0VXx = x* +1>1VX = (X* +1)* >1° =1vx
Dau “=" xay ra khi x = 0
Y2 >0Vy = y* +2>2Vy = (y? +2)* > 2* =16Vy
Dau “="xay rakhiy =0
P>1+16+3=20
Vay GTNN cua P bang 20 khi x = 0;y = 0.
Cau 195. (D@ thi HSG 7 huyén Chi Linh 2017-2018)
Cho a, b, ¢, d 1a cac sé ty nhién khac 0. Chirng minh rang:
a b c d A i rs 4 .
S= a+b+c+ T brd + b cad +a+c+d O gia tri khdng phai la so tu nhién.
Loi giai
a . a _ a
a+b+c+d a+b+c a+b
b b b
< <
a+b+c+d a+b+d a+b
c . ¢ _c
a+b+c+d b+c+d c+d
d d d

< <
at+b+c+d a+c+d c+d
a+b+c+d a b c d
= —<S< + + +
a+b+c+d a+b a+b c+d c+d
suyral<S<1l+1lhayl<S<?2
Vay S c6 gié tri khong phai sé tu nhién.
Cau 196. (Dé thi HSG 7 huyén Kim Thanh)
Ching minh rang da thirc P (X) = X 42X + 2 khong c6 nghiém.

Loi giai
Tacd P(X)=x*+2x+2 =(x2 +x)+(x+1)+1
=X2+2X+2=X(X+X)+(Xx+1)+1=(x+1)(x+1)+1
=(x+1)2 +1
Vi (x+1)" >0 vai moi x nén suy ra P(x) =(x+1)" +1>0 véi moi x. Vay da thic P(x) = x* + 2x +
2 khéng c6 nghiém.

Chtng minh rang: 3 + 3?4+ 3% 4 .+ 3% chija hét cho 120 (v4i x eN)
Loi gidi
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3X+l + 3X+2 + 3X+3 + o+ 3X+100
— (3x+1 + 3x+2 + 3x+3 + 3x+4) + (3x+5 + 3x+6 + 3x+7 + 3x+8)+'”+ (3x+97 +
3X+98 + 3X+99 + 3X+100)
=3 (3+3 +3°+3")+ 3 (3+3°+3° +3“)+...+3X+96 (3+32 +3° +34)
=3%120 + 3*.120 +...+3*"**.120
=120(3" + 3"**+...+3%*):120 (dpem)
Cau 197. (Dé thi HSG 7 huyén Chi Linh 2016 - 2017)
Cho a, b, ¢, d 1a cac s6 nguyén duong théa man a+b=c+d=25.
d

\ ARy A, C
Tim gid tri lon nhat cia M = b +—.
a

Loi giai
Viatb=c+d=25nén1<a,b,c,d<24
Néu ca hai phan sb % va ¥ ddulonhon 1 thic+d>a+b. Trai gia thiét.
a
Vay ¢6 mot phan s6 khong vuot qua 1.

A AL or 2 ,. ., . C
Khong mat tinh tong quat gia st b <1

+Néu d<23 thi S <23 (i a21):>|v|:%+§31+23:24 1)
a a

+Néu d=24 thic:1:>|v|:%+§
a

-Néua>1thi =M g1+%:13(2)
-Néua=1 thib=24:>|v|gi+ﬁ:ﬂ(3)
24 1 24
577

Tu (1), (2) va (3) suy ra Max(M) = -4

Déau “="xayrakhia=c=1;b=d =24
hoica=c=24;b=d=1.
Cau 198. (Peé thi HSG 7 huyén Chi Linh)

1 1 1 1 S 2 8
ChoS= =—+=+—=+...+—.Chungtorang: —<S<—.
22 3 42 9? 9 0 5 9
Loi giai
Chirng minh duoc: l—i<i2<i—1 (aeN;a>1).
a a+l a° a-1 a
1 1 1 1
Sot<o<l-Z2
2 3 2 2
1 1.1 11
Apdungkétquatrénsuyra3 4 3* 2 3

1 1 1 11
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Cong vé véi vé cua cac BDT trén ta duogc: %—i <S< 1—%
2 8
Hay c <S< 9
Cau 199.(Pé thi HSG 7 huyén Thanh Oai -5)
Tim gia tri nho nhat cta biéu thac A =|2x—2|+[2x—2013| véi x 1a s6 nguyén
Loi giai
Taco: A=|2x—2|+|2x —2013 =|2x — 2|+|2013 - 2x| >|2x — 2+ 2013-2x| = 2011

Dau “= xay ra khi (2x—2)(2013-2x)>0<1<x < 2013

Cau 200.(Pé thi HSG 7 huyén Thanh Oai -6)
Tim céac sé tu nhién abc c6 ba chit sé khac nhau sao cho 3a+5b=8c.
Loi giai
3a+5b=8c
< 3a-3b=8c—8b < 3(a—-b)=8(c-b)
Do d6 3(a—b): 8,twrdo a—b 8
Doa #b nén a—b e{8;-8}
- Truong hop: a—b=8 cho ¢—d =3, ta co:
a=8;b=0;¢c=3
a=9; b=1 c=4.
- Truong hop: a—b=-8 cho ¢—b =3, taco:
a=1 b=9; c=6.
Vay tat ca c6 ba sé thoa man bai toan: 803, 914, 196.
Cau 201.(Pé thi HSG 7 huyén Thanh Oai -6)
Tim gia tri 16n nhat caa biéu thac: A=X|L| véi X la so nguyén.
X
Loi giai
Xét cac truong hop:
+) x<-2 thi A<LO.
+) x=-1thi A=1
X+2
X

+) x =1 khi d6: A=

:1+g.
X

, 2 ,
A l6n nhat < — 16n nhat.
X

s oA A 2, z I P 4
Vi xla so nguyén duong, nén: — I6n nhat << x nhd nhat, tac la x =1, khi d6 A=3.
X

Vay gia tri I6n nhit caa A bang 3 khi va chi khi x =1
Cau 202.(Pé thi HSG 7 huyén Thanh Oai -7)
2014 -x

Cho biéu thuc A = . Tim gié tri nguyén cua x dé A dat gia tri 16n nhat Tim Gié tri 16n

nhat do.
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Loi giai
2000
14 - x
Ay 14 — x > 0 vanho nhat

A=1+

=14-x=1=x=13
Vay x =13thoa min diéu kién bai toan khi d6 A,,, = 2001
Cau 203.(Pé thi HSG 7 huyén Thanh Oai - 8)
Tim gia tri nho nhét cia biéu thic A = (x —2)* + |y —x| +3
Loi giai
Tacod (x—2)*20 véi moi x va [y—x|>0 véimoi x,y = A>3 véi moi x,y
Suy ra A nhé nhat bang 3 khi {(X -2 =0 = {X =2
ly-x|=0 y=2
Cau 204.(Pé thi HSG 7 huyén Thanh Oai - 9)
Tim GTNN cua bicu thac A =[x —2013+|x — 2014|+|x — 2015|.
Lai giai
A = (|-x +2013|+|x — 2015|) + [x — 2014|
A >|-X+2013+x —2015|+|x — 2014| = 2+ |x — 2014| > 2
A= 2 khi va chi khi (—x +2013)(x —2015) >0va x—2014=0 <> 2013<x<2015;x = 2014
< x=2014
Vay Min(A) = 2 khi x=2014
Cau 205.(Pé thi HSG 7 huyén Vinh Bao 2017-2018)
Tim cac s6 nguyén duong x,y, zthoa man: X+y+z=Xxyz.
Loi giai
Vi X,y,zeZ néngiasat 1<x<y<z
1 1_1. 1 1 3
2

Theo bai ra: 1:i+—+—s
yz yx zx X° Xx° Xx° X

Suyra: x*<3=x=1

Thay vao dau bai ta co:
1+y+z=yz=>y-yz+1+z=0
=y(1-z)-(1-z)+2=0

=(y-1)(z-1)=2

1=1  (y=2
THI. {y :»{y

z-1=2 z=3
-1=2 =3

TH2: y = y (loai)
z-1=1 z2=2

Vay (x;y; z) = (2,3 )vacac hoan vi

Cau 206.(Dé thi HSG 7 huyén NGQC LAC, 2017-2018)
Cho a, b, ¢ la c&c sé nguyén t6 cuing nhau. Chirng minh rang:
A = ab+ac+bc va B =a+b+c va C = abc nguyén t cling nhau
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Loi gidi
Goi UCLN(ab,ac,bc,abc) = d= ab, ac, bc, abe déu chia hét cho d
ab+ac+bc chia hét cho d va abc chia hét cho da
- Néu d > 1 thi do a, b, ¢ nguyén té cting nhau tirng d6i mot nén chi c6 hoic a, hoic b., hoic ¢ chia
hét cho d
khong lam mét tinh téng quat cua cau toan ta gia sir d 1a uéc cua a ma khong phai 1a wéc cua b vac
= d la udc cua ac ma khdng phai la udc cua be
khi d6 ac + be +ac khong chia hét cho d vi be khong chia hét cho d mau thuin voi gt
(ab,ac,bc,abc) = d= ab, ac, be, abe déu chia hét cho d
suy rad =1 suy ra DPCM
Cau 207.(DPé thi HSG 7 huyén KON TUM, 2017 — 2018)
1. Tim s6 hitu ti X, sao cho tong caa s6 d6 voi nghich dao cua né co gia tri 1a mot sé nguyén.
2. Cho cac s6 a, b, ¢ khong &m théa man: a+3c=2016; a+3b=2017;. Tim gia tri 16n nhat cua
biéu thicP=a+b+c
Loi gidi
1. Goi x:%(n,n €Z,n=0,(m,n)=1) . Khi do:
1 m m? +n’
—+

X+—= n_ @
X n m mn

2 1 TR .
Pé x+= nguyén thi m?+n® i mn
X

= m’+n°im
= n?im(\Vim?im)

=n:m
Ma(m,n)=1nénm=1hoacm=-1
*) Voim = 1

2 2 2
Tir (1), taco: x4t _1+n
X 1.n n

Pé x+ = nguyénthil+n’in=1inhayn=+ 1
X
*)Voim=-1:
(-)*+n*> -1 —n?
-1n n

Tu (1), ta cox+L= Péx+t nguyén thi 1 +n®i(-n) =1} (- n) hay
X X

n=+1
Khidé x=—=>=—=—"—=—hayx==% 1
n 1 -1 1 -1
2. Tacod: a+3c=2016; (1) va a+3b=2017; (2)
Tu (1) a=2016—-3c = a=2016-3c

1+3c

Lay (2) — (1) tadugc: 2b—3c=1 < b= . Khi do:

1+3c —6Cc+3c+2¢C 1 c

ro= (2016 1y 0¥ 56l C
2 2 2 2

P=a+b+c=(2016—3c) +

Vi a, b, ¢ khong am nénP=2016%—%£2016% ,MaxP=2016% o c=0

Cau 208.(Pé thi HSG 7 huyén Nga Son 2017-2018)
1. Chirmg minh ring khong c6 s ty nhién n nao dé n?+ 2018 1a sé chinh phuong
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2. Biét x,y la cac s6 nguyén dwong thoa mén: X+2y = 2018 . Tim gié tri nho nhit ciia X
X+y 2017
Loi gidi

1.Tacon’+2018 =m?véim e N
suy ra m?- n?=2018 suy ra m va n cung tinh chan 1¢
*Néu n , m cung chin thi m” va n? cung chia hét cho 4 suy ra m?- n® chia hét cho 4 ma 2018 khong
chia hét cho 4 (vo 1i )
*Néu n, m cung 1¢ thi m® va n? chia cho 4 du 1
Suy ra m*- n? chia hét cho 4 ma 2018 khong chia hét cho 4 (vo 1i )
Vay khong c6 s ty nhién n nao dé n? +20181a s6 chinh phuong
2. Taco
X+2y _ 2018 N X+y+y _ 2018 - y _ 1
X+y 2017 X+Yy 2017 x+y 2017
= x =2016y
May>1—=x>2016
Vay gié tri nho nhat x= 2016 khi y=1
Cau 209.(bé thi HSG 7 huyén Nga Son 2017-2018)
Tur hai tap hop X ={22;23,24;25} va Y ={2;3;4;5} ¢6 thé tim dugc hay khong mot ham s6 bicu thi

su twong quan cip s6 (X;y) théa man x € X, y e Y sao cho X+Y chia hét cho 9.

Loi giai
Taco: 22 € Xva5e Y va 22+5=27:9; 22+2; 22+3; 22+4 khong chia hét cho 9
Tuong tu xét b 23:24:25
ta co , img voi mdi phan tir cia x e X ta tim duoc duy nhat mot phan tir thudc y € Y ma x+y: 9.
Vay tuong quan d6 14 ham s
ta c6 cong thirc y=27-X
Cau 210.(Pé thi HSG 7 huyén NGQC LAC, 2015-2016)
a) chitng minh rang: 32 —2"? 43" —2" Chia hét cho 10 véi moi s6 nguyén duong n
b) Tim gia trj nho nhét cua bieu thic : A =|2014— x| +|2015— x| +|2016 — x|
Loi giai
a) Taco: 3"2—2"2 43" 2"
=3"9-2"4+3"-2"
=3"(9+1)-2"(4+1)
=3"10-2""10
=10.(3"-2""):10
Vay: 32 -2"2 43" 2" chia hét cho 10 véi moi n nguyén duong.
b)Vi 2015—X| >0 nénA= |2014—x|+|2015—x|+|2016—X| > |2014—x|+|2016—x|
Déu =" xay ra khi |2015—X| =0<x=2015 (1)
Ta co: 2014—X| +|2016—x| = |x —2014| +|2016—X| > |x —2014+2016—x| >2
Déu == xay ra khi: (X - 2014)(2016 — X) >0« 2014 <x <2016 (2)

Tur (1) va (2) suy ra AA >2 Dau ”=*xay ra khi x = 2015
Vay GTNN cua A bang 2 khi x = 2015
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Cau 211.(Pé thi HSG 7 huyén NGOC LAC, 2017-2018)
Cho n 13 s6 ty nhién ¢/m riang: 9.10n + 18 chia hét cho 27

Loi gidi
Cho n 1 sé ty nhién chang minh: 9.10" + 18 chia hét cho 27
Taco:9.10" + 18 = 9.(10" + 2)
(10" + 2) = 1000000....2 ( ¢6 n - 1 chit s6 0)
sb nay co tong céc chir s chia hét cho 3 nén (10" + 2) chia hét cho 3
do @6 (10n + 2) = 3k (k 1a sb tu nhién)
9.10n+18=9.(10n+2) =9 3k =27k
vay 9.10" + 18 = 9.(10" + 2) chia hét cho 27 v&i moi s6 tu nhién n
Cau 212.( P& thi HSG 7 TX CHI LINH 2016-2017)
Choa, b, ¢, d 1a cac s6 nguyén duong thoa madn a+b=c+d=25.
Tim gi4 tri 16n nhit cua M =E+g.

Loi gidi
Via+b=c+d=25nén 1<a,b,c,d<24

Néu ca hai phan sb % va  ddulonhon 1 thic+d>a+b. Tréi gia thit
a
Vay c6 mot phan sé khong vuot qua 1.

Khéng mét tinh tong quat gia sir % <1

+Néu d<23 thi 3<23 (vi azl):>M=%+9£1+23:24 1)
a a

+Néu d=24 th‘uc:1:>|\/|=%+ﬁ
a

-Néua>1thi =M sl+2—24=13(2)
-Néua=1thi b:24:>|v|si+ﬁ=ﬂ(3)
24 1 24
577

Tu (1), (2) va (3) suy ra Max(M) = -1

Diu “="xayrakhia=c=1;b=d=24
hoaca=c=24;b=d=1.
Cau 213.( Pé thi HSG 7 huyén YEN MO 2017-2018)

., ~ \ , - , 14-x , ., .., £ ~o 4 c e, ,
1)Véi gia tri nguyén nao cua x thi bieu thuc A= O gia tri 16n nhat? Hay tim gia tri lon cua A
tai X?

.2 , X y Z t - . .z L ,
2) Cho biéu thic M = + + + Véi X, Y, z, t la cac so tu nhién khac

X+y+z X+y+t y+z+t X+z+t
0. Chirng minh rang: M* <2017
Loi giai
10

1A = 1+——A Ién nhit—> < 10
4-X 4—-x

I6n nhat
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10

- Xét x > 4 thi <0
4-X
. . 10 . £ A
-Xetx<4th|4 >0 >Alénnhat <& =>4 -xnhonhatx =3
—X
Vay gi4 tri 16n nhit A tai x=3 la: A=11
2)+Tacc'):X<X'y<y'z<z't t

X+Y+Z X+Y X+Yy+t X+y y+z+t z+t’ Xtz+t z+t
M<=>M<?2
+Co M < 2 (Vi M > 0) ma 21°= 1024 < 2017
Vay MY < 2017
Cau 214.( Pé thi HSG 7 huyén VINH BAO)
Tim cac s6 nguyén duong x, y, z thoa man: X+y+z =Xyz.

Loi giai

Vi X,y,zeZ néngiasar 1<x<y<z

Theo bai ra: 1=i+i+isi2+i2+i2:i2
yZ yx zXx X° X° Xx° X

Suyra: x*<3=x=1

Thay vao dau bai ta co:
l+y+z=yz=y-yz+1+z=0
=y(1-z)-(1-z)+2=0
=(y-1)(z-1)=2

~1=1 -
THI. {y :{y
z-1=2

-1=2 =3

TH2: 1Y 7T S 1Y T (10ai)
z-1=1 z=2

Vay (X; y; z) = (1;2;3) va cac hoan vi

Cau 215.( Dé thi HSG 7 huyén THANH CHUONG)

a. Chutng minh: 5% —5%% 4 5212 ¢chjg hét cho 105.
b. Tim sé nguyén t6 p sao cho p + 2 va p + 4 déu 1 sé nguyén td.
Loi gidi

a) 52014 _ 52013 | 52012 _ 52011 ( B 52 5)
= 52014125 — 25 + 5) = 5% 105 chia hét cho 105
b)
) Néup=3k+1taco:2p+1=203k+1)+1=6k+3=32k+1)1a hop sb ( trai gt)
*)Néup=3k+2tacd2p+4=203k+2)+2=6(k+ 1)1ahop sb (trai gt)
Vay p = 3k, mit khac p 1 s6 nguyén t6 nén p =3
Cau 216.( P& thi HSG 7 huyén THANH CHUONG)
Tim gia tri nho nhat cia A = |x — 2013 +|2014 — x|+ [x — 2015|.
Loi giai
A= |x—2013/+|2014 — x| +|x —2015| = (x —2013|+P015 —x) +X —2014 |
Taco: |x — 2013 +]2015— x| > |x — 2013+ 2015 —X| = 2. Dau “="xay ra khi: 2013< x <2015 (1)
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Lai co: [x —2014| > 0. Dau “="xay ra khi x = 2014 (2). Tir (1) va (2) Ta c6 minA = 2. Dau “="xay ra khi x

= 2014

Cau 217.( P& thi HSG 7 huyén THAI THUY 2015-2016)

1) Tim sb tu nhién x thoa man: 3* +4* =5

2)a) Tim gid tri nhd nhit cua P =X ++/x +1

b) Tim tat ca cac s6 tu nhién a, bsao cho : 2* +7 = |b—5| +b - 5.

3)Cho a, b, ¢ 1a d6 dai ba canh cia méot tam giac.

Chting minh rang: ab+bc+ca <a?+b? +c? < 2(ab+ bc+ca)
Loi giai

1) Tim s6 ty nhién x thoa man: 3* +4* =5

+) Vi x =0, x = 1 thay vao khdng théa mén

+) x =2 thay vao ta dugc 3% +4% =5° (dlng), vay X = 2 théa méan

+)x>2

3X+4X:5X :3_+4_:1:(§ +(ﬂ =1 (*)
5¢ 5 5 5

X 2 X 2 X X 2 2
Véix >2taco (gj <(§j (ﬂj <(ﬂj :>(§j +(EJ <(§j +(ﬂ) =1
5 5 5 5 5 5 5 5
.3 4
vi —<1,-<1
( s <Lz )
Suy ra x > 2 khéng thoa mén
Vay x =2
2a) PK: x>0
Tacox>0; &ZO:X+\/;ZO:>P=X+\/;+121
Dau “=" xay ra khi x = 0 (tmdk)
VélypmmzotaIX:O
b) Nhan xét: Véi x > 0 thi |x| +x = 2x
Vi x < 0thi x| +x=0. Do dé |x| +x ludn 1a sé chin véi V xeZ.
Ap dung nhan xét trén thi |b—5| +b-51aséchdnvéib -5 e Z.
Suyra2*+7laséchin=2*l¢=a=0
Khi d6|b—5/ +b-5=8
+Néub<5,tac6-(b—5)+b—5=8«< 0=8(loai)
+Néub>5,taco2(b—5)=8<b—-5=4<b=9 (théa man)
vay (a; b) =(0; 9)
3) 0<(a-b)’=(a-b)a-b)=a*-2ab+b*=a’+b*>2ab
Tuong tu: b® +¢ >2bc; ¢®+a” > 2ca;
=a’+b’+b*+c’+c”+a’ >2ab+2bc+2ca
= 2(a® +b® +c*) > 2(ab + bc +ca)
=a’+b’+c’>ab+bc+ca (1)
+) Theo bat dang thuc tam gidctacd: a<b +c
Nhan ca hai vé voi a duong ta duoc: a® < ab + ac



GIAO VIEN: LE THI NGA

Twong tu: b? <ba+bc; c®<ca+cb

— a’+b?+c?<ab +ac +ba+bc + ca+ cb =2(ab+bc+ca) (2)

Tur (1) va (2) suy ra diéu phai ching minh

Cau 218.( Dé thi HSG 7 huyén YEN LAC)

1)Tim céc s6 nguyén x, y thoa man: 1!+ 2! 43! +.. +x! = y2

2)Tim cac s6 khong 4m x, y, z thoa mén: x + 3z =8; x + 2y =9 va x + y + z 16n nhit.
Loi giai

1)+Véix=1,taco 1l =y*=>1=y*=>y=+1

+V6i x=2,ta co 1! +21= y? => 3 = y* =>khong tim duo gia tri ciia y thoa man dé bai

+V6i x=3,ta co 11 121431=y* => 9 = y* =>y==+3

+V6i x>4ta ¢ 11+ 2! 431 +...+ x! =33+51+6!+...+x! ¢ chit sd tan cung la 3 (Vi 5!, 6!,....x! déu

c¢6 chit s6 tan cing bang 0) nén khong phai 1a sé chinh phuong, con y2 lai 1a s6 chinh phuong

=>khong tim dug gia tri cta y thoa man dé bai.

Vay cac cdp s6 nguyén x, y thoa méan dé bai 1a (x,y) =(1; 1);(1; -1);(3; 3);(3; -3)

2)TacO:x+3z=8;x+2y=9

Suy ra: 2x+2y+3z=17

=>2(X+y+z)=17-z <17=>(x+y+z) <17/2

Ping thirc xay ra khi va chi khi z=0 khi d6 x=8; y=1/2

=>Gia tri 16n nhét cta (x+y+z) 1a 17/2

Vay cac $O X, Y, Z can tim 1a (x,y,2)=(8; 1/2; 0)

Cau 219.( Pé thi HSG 7 huyén Y YEN 2015-2016)

Tim cac gié tri nguyén cua x dé biéu thiac C= 22=3X o6 gi tri 16n nhat.
Loi gidi
Bitn aic o 2279 _ 3(4-X)+10 10
4-x 4-x 4-X

c6 gia tri 16n nhat

C c6 gia tri 10n nhét khi va chi khi 410

CO X eZ , taxét cac truong hop sau
10

VéiX>4:>4—X<0thi4 <0(1)

Voix>4=4-x>0

Phan so
4—-x

CoxeZ Suyrad-x eZ
Suy ra 4 — x 1a s6 nguyén dwong nho nhat =4 -x=1=x=3

c6 tir va mau déu duong, tir khong d6i nén cd gid tri 16n nhat khi mau nho nhat

khi d6 c6 gia tri 12 10 (2)

4-X

I6n nhit bang 10

Tir (1) va (2) , phan sb 10
4-x

Vay GTLN cua C bang 13 khi va chi khi x = 3

Cau 220.( Pé thi HSG 7 huyén PHU THIEN 2009-2010)

Chtrng minh rang sb c6 dang abcabc ludn chia hét cho 11.
Loi gii
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Taco: abcabc =a.10° + b.10% + ¢.10° + a.10% + b.10 + ¢
=a.10%(10° + 1) + b.10(10° + 1) + ¢(10° + 1)

= (10° + 1)(a.10% + b.10 + ¢)

= (1000 + 1)( a.10* + b.10 + ¢) = 1001( a.10? + b.10 + c)
=11.91(a10°+b.10+¢c) : 11

Vay abcabc | 11
Cau 221.( Dé thi HSG 7 huyén HOAI NHON)
a) So sanh hai s6: (-5)” va (-2)"
b) Chitng minh rang: S6 A =11"% +12*"* chia hét cho 133, véi moin eN
c) Tim sd tu nhién n va chit sé a biét ring:1+2+3+...+n = aaa
Loi gidi

13

a) Ta co: (—5)39 =59 =_ (53) = 125"

(-2)"=-2%=—(2) = 128"

Tathdy: 125" <128 125 > -1282(-5)" > (-2)"

b) Chirng minh: S6 A = 11™% + 12%"* ¢chia hét cho 133, véi moin eN
TacoA=11"2+122"* =11%11" + 12.(122)” =121.11" +12.144"
=(133-12).11" + 12.144" =133.11" —12.11" +12.144"

=133.11" +12.(144" -11")

Ta thay:133.11" 133

(144" — 11"):(144—-11) =133=12.(144" - 11" )133

Do do6 suy ra: 133.11" + 12.(144n — 11”) chia hét cho 133

Vay: sé6 A =11"%+12*"" chia hét cho 133, v4i moin e N.

n(n+1)

c)Tacd: 1+2+3+...+n = va aaa =a.111=a.3.37

Do d6, tir 1+2+3+...+n = aaa = n(n+1) = 2.3.37a

= n(n + 1) chia hét cho s6 nguyén t6 37
= n hoic n + 1 chia hét cho 37 (1)

n(n+l) —
Mat khéc: %zaaa <999 =n(n+1) <1998 = n<45(2)

Tur (1) va (2) suy ra hoac n =37, hoacn +1 =37
- V6in =37 thi aaa = 3L;8 =703 (khong thoa)

_Voin+1=37thi aaa = g _ 666 (thoa man)

Vayn=36vaa=6.

Cau 222.( Bé thi HSG 7 huyén VU THU 2015-2016)

a) Tim hinh chit nhat c6 kich thudc cac canh 1a s6 nguyén sao cho sé do dién tich bang sb do chu vi.
b) Tim céc sé nguyén duong x; y; z thoa man:
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(x—y) +(y—2)" +2015.x —z| = 2017
Loi giai
a)Goi kich thudc hinh chir nhat can tim 13 x,y (don vi do dai )
(xyeN'; x>y )
Ta c6 dién tich va chu vi hinh chit nhat 1an luot 12 : .y va 2(x+y)
Theo bai rata co : x.y= 2(x+y) véix,ye N* ; x>y
&S Xy—-2x-2y=0
o x(y-2)-2(y-2)=4
o ((y-2)(x-2)=4
Véix,ye N taco (y-2);(x-2)eZ
= y-2;X-2eU(4)= {£];£2;+4} nhung vix-2;y-2>-2va x>y
Ta c6 2 truong hop sau :
{x—2=4 {x=6 5 {x—2=2 {x=4
= hoac =

y—-2=1 y=3 y—-2=2 y=4
C0 hai hinh chir nhat thoa méan bai toan :
Hinh chir nhat ¢o6 kich thuéc 6 va 3; 4 va 4.
b)Ching minh: (x—y)’ —(x—y) chia hét cho 2
(y—z)" —(y—2) chiahét cho 2
|z—x|—(z-x) chia hét cho 2
(x—y)3 +(y—z)2 +2015[x - 2| =

(x—y)g'—(x—y)+(y—z)2 —(y-2)+|z—x|-(z—x)+2014|z— |
Chia hét cho 2
Ma 2017 khQng chia hét cho 2 nén khéng}tc‘)n tai’CéC s6 nguyén duong x; y; z thoa man dé bai
Cau 223.( bé thi HSG 7 Truong NGUYEN CHICH 2017-2018)
a) Tim X, y nguyén biét 2xy —x —y = 2
b) Choab,c.d e Zthoaman a’+b® =2(c*~8d*).Chang minh a+ b + ¢ + d chia hét cho 3
Loi giai
Q) 2XYy—X-Y=2 < 4Xy-2x-2y=4 &2X(2y-1)-2y+1 =5 (2y-1) (2x-1) =5
HS xét 4 trudng hop tim ra (x,y) = {(1;3):(3,1);(-20);(0:-2)}
Vay (xy) = {(1:3);(3:1);(-2;0);(0;-2)}
b) Taco a®+b® =2(c*~8d°) «<>a’ +b’+¢® +d* =3c® —15d°
Ma 3c¢®-15d%:3 nén a®+b* +c®+d*:3 (1)
Du trong phép chia a cho 3 la {O;il} suy ra du trong phép chia a® cho 3 ciing 1a {O;il} hay
a =a’(mod3)
Tuong tur ta c b =b*(mod3); ¢ =c’(mod3); d =d°(mod3)
=a+b+c+d =a’+b*+c’+d*(mod3) (2)
Tur (1) va (2) suy raa+ b + ¢ + d chia hét cho 3
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Cau 224.(Dé thi HSG 7 huyén)
a)Tim gia tri nho nhat cua biéu thiac A = |2x —2|+[2x — 2013 véi x 1a s6 nguyén.
b)Tim nghiém nguyén duong cta phuong trinh X+Yy+2z=Xyz.
b c
+ + <
bc+1 ac+1 ab+1
Loi giai
a) Taco: A=|2x—2|+|2x—2013|=|2x — 2|+|2013— 2|
>[2x—2+2013-2x| = 2011

¢)Cho ba s duong 0 <a<b<c<1 chiang minh rang:

Déu “= xay ra khi (2x—2)(2013—2x) > 0 <> 1< x < 2013

b) Vi x,y,z nguyén duong nén ta gid sr 1 < Xx<y<z

Theobairal= 1,11 < iz +i2 +i2 %
yz yx zx  X° X° X X

=>x%<3=>x=1

Thay vao dau baitaco 1+y+z=yz =>y-yz+1+z=0

=>y(1-z)-(1-2)+2=0

=>(y-1)(z-1)=2

THL:y-1=1=>y=2vaz-1=2=>z=3

TH2:y-1=2=>y=3vaz-1=1=>z=2

Vay c6 hai cap nghiép nguyén thoa man (1,2,3); (1,3,2)

Vi 0<a<b<c<l1 nén:

O a-Db-1)>0cab+lzathe — <t o S < € ()
ab+1 a+b ab+1 a+b

Tuongty: —— <2 (2): -2 < B (3
bc+1 b+c ac+1 a+c
a+b+csa+b+c(4)

bc+1 ac+1 ab+1 b+c a+c a+b

a b c 2a 2b 2¢C 2(a+b+c)
+ + < + + =

b+c a+c a+b a+b+c a+b+c a+b+c a+b+c

b c

+ +

bc+1 ac+1 ab+1

Cau 225.( Bé thi HSG 7 huyén GIA VIEN 2016-2017)

1)Cho x+y =2. Chting minh rang x.y <1

Do doé:

Ma -2(5)

Tur (4) va (5) suy ra:

<2 (dpcm)

: A - x*+8
2)Tim gia tri lon nhat cua biéu thuc: E = —
X +2
Loi gii
HSTL
Cau 226.( Bé thi HSG 7 huyén GIA VIEN)
. s 1 1 1 1
a) Chung minh rang: i + 7 + E 4t ﬁ> 10.

b) So sanh: J17 +/26 +1 va 499 .

¢)Tim céc s6 nguyén duong x, y thoa mén diéu kién: 2%+ 2Y=72
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Loi gii
a) So sanh: V17 ++/26 +1 va +/99.

Taco

\/ﬁ>\/ﬁz4;\/%>\/£=5
\/ﬁ+\/2_6+1>\/1—6+\/§+1:4+5+1:10
V99 <100=10

Vay V17 +4/26 +1> /99
T S
J17100 J2 10 37107777 V100 10
1 1 1 1 1
Viy: — 4+ —+—+...+—>100—=10
VAT B T o 10
c) 2%+ 2Y=72

Gia st x>y ta cb 2%+ 2¥ =2Y(1+2°¥)=9.2°
Do 1+2*Y1asd 1é nén: 1+2Y=1;3; 9
Ta co bang gia tri sau:

142V =1 2Y=9.2% (loai)
142V =3 2¥=3.2°. (loai)
1429 =9 =2

Ta thiy 2¥ = 2° 1a phu hop
. 2x—y+1:9 2X_y:8:23 X—y:3
Vay = =
2V =28 y=3 y=3
= X=6 va y=3.
Cau 227.( Bé thi HSG 7 Truong NGUYEN HONG LE 2017-2018)

a) Tim s nguyén x, y biét: §+% 1
X

8
b) Chitng minh ring (2017" +2)(2017" +1) chia hét cho 3 véi neN

Loi giai
T 2+ Y155 L Y 5 1oV 0 ay)-a0
x 4 8 x 8 4 x 8

= 1-2y e udclé cuadl la: +1;45
Lap bang:

1-2y | -5 -1 1 5

X -8 -40 | 40 8

y 3 1 0 -2

Vay ta c6 cac cip sb (x; y) 1a: (-8; 3); (-40; 1); (40; 0); (8; -2)

b) Tacé 2017", 2017" +1, 2017" + 214 3 s ty nhién lién tiép nén c6 mot sb chia hét cho 3
Ma 2017" khéng chia hét cho 3

Do d6 2017" +1 va 2017" +2 c6 mdt sb chia hét cho 3

Suy ra (2017" +2)(2017" +1) chia hét cho 3 véi n e N (dpcm)
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Cau 228. (P& thi HSG 7 huyén .(1)... 2017-2018)
Cho X, y, z 1a 3 sb thyc tly y thoa mdn x+y+z=0 vad —1<x<1, -1<y<1, -1<z<1. Chung

minh rang da thire x* +y* +2z° ¢6 gia tri khong 16n hon 2.
, Loi gidi

+) Trong ba s6 x, y, z ¢d it nhét hai s6 cung dau. Gia st x; y >0

=z=-Xx-y<0

+) Vi -1<x<1, -1<y<1, -1<z<1

= x> +y*'+2° <|x|+|y|+|7]

=>x+y' +2°<x+y-z

=>x+y'+2°<-2z

+) —1<z<1vaz <0 =x’+y*+2°<2

vay x> +y*+2z°<2

Cau 229. (Pé thi HSG 7 huyén ...(2).. 2017-2018)

Cho ba s6 duwong 0<a<b<c<1 chiing minh rang: PRI
bc+1 ac+1 ab+1
Loi giai
Vi 0<a<b<c<l nén:
(a-1)(b-1)>0<>ab+1>a+b< <t o o
ab+1 a+b ab+1 a+b
a b b
T tu: < 2); < 3
Hong bc+1 b+c() ac+1 a+c()
Dodc’):a+b+csa+b+c(4)
bc+1 ac+1 ab+1 b+c a+c a+b
Ma a N b N c < 2a N 2b N 2C :2(a+b+c):2(5)
b+c a+c a+b a+b+c a+b+c a+b+c a+b+c
Tu (4) va (5) suy ra: b ¢ <2 (dpcm)

+ +
bc+1 ac+1 ab+1
Cau 230. (P8 thi HSG 7 huyén Hoai Nhon 2017-2018)
a) Mot s6 nguyén tb p chia cho 42 ¢6 s6 du r 1a hop s6. Tim hop sb .
b) Tim s tu nhién ab sao choab’ = (a+b)?
Loi giai
a) Vi p chia cho 42 c6 s6 du larnén: p=42k+r (0<r<42,k, rtu nhién) Hayp = 2.3.7k +r.
Vi p 1a s6 nguyén té nén r khong chia hét cho 2; 3; 7
=>r 12 hop s6 khong chia hét cho 2; 3; 7va r <42
Hoc sinh chi ra dugc r =25
Vay hop s r=25
b) Taco (a+ b)3 —ab’ 14 s6 chinh phuong nén a + b 1a sé chinh phuong.
Pit a+b=x* (x e N")
Suyra: ab’ =(a+h)® =x°

—x*=ab<100va ab>8=8<x*<100=2<X<5=>x=34 vix e N'
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“Néu x=3=>ab =(a+h)*=3°=729=272=(2+7) = x =3 (nhan)
“Néu x=4=ab =(a+b)®=4° = 4096 = 642 = (6 + 4)* =1000 = x = 4 (khong thoa mén)

Vay s can tim 1a ab =27
Cau 231. (D& thi HSG 7 huyén Hoai Nhon 2017-2018)
Cho biéu thuc M = —5_); . Tim x nguyén dé M c6 gia tri nho nhat.
X_
Loi gisi
Tacé M= 5-x _ 3—(x-2) _ 3
X—2 X—2 X—2

-1(x#2)

M nho nhat <:t>i2 nho nhat <> x - 2 16n nhatva x—2<0
X_

x 16n nhat va x <2<>x = 1 (vi x nguyén)

Khi d6 GTNN cia M a: M:%—1:—4 Khi x =1

Cau 232.(Pé thi HSG 7 huyén HOAI NHON 2018)

a) So séanh hai sé:

b) Chitng minh rang: S6 A = 11"% + 12*"* chia hét cho 133, vi moin eN
Loi giai

a) So sanh hai s6: (— 5)39 va (- 2)91

Taco: (- 5)° =— 5= (5°) = 125%

(-2)"=-2%=—(27)" = 128"

Tathdy: 125 < 128 — 125% > — 128" (= 5)"> (= 2)”

b) Tacé: A = 11"+ 122" =11211" + 12.(122)”= 121.11" + 12.144"

= (133-12).11" +12.144" =133.11" —12.11" +12.144"

=133.11" +12.(144" -11")

Ta thay:133.11" 133

(144" —117)(144-11) =133 12.(144" —11")133

Do do6 suy ra: 133.11" + 12.(144“ — lln)chia hét cho 133

Vay: s6 A =11"2 +12*" chia hét cho 133, véi moin e N

Cau 233.(Pé thi HSG 7 huyén KINH MON 2020)

1) Tim cac cap s6 nguyén (X,y) théa man: x + 2y = 3xy +3

2) CMR Véi n nguyén duong thi 3" —2"*? 43" 2" chia hét cho 10.
Loi giai

a) Taco x+2y=3xy+3= 3x+6y=9xy+9

(3x—9xy)+(6y—2) =7 :>3x.(1 -3y )—2.(1—3y) =7

= (3x—2).(1—3y) =7

Vi X,y €Z nén 3x—2; 1-3yla cac sb nguyén.
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Ma (3x—2 ).(1-3y)=7=>3x -2 ; 1-3yla uéc cia 7.
Talaico U(7) = {£1;,+7} = 3x -2 ; 1-3y € {1, %7}

Bang gia tri
3x-2 -7 -1 1 7
1-3y -1 -7 7 1
X -5 1 1 3
3 3
Y -5 8 2 0
3 3
KTM KTM ™ ™

Vay (xy) € {(-2);(3,0)}
b) Tach 3"2 —2"2 + 372"
= (3774 3") (277 +2")=3" (3% +1)-2""(2° +2)
=3'10-2""10=( 3"-2"").1010
Cau 234.( Pé thi HSG 7 huyén KRONG ANA nim 2013)
Chtng minh rang: Tich cua tong 3 sé nguyén lién tiép va tong caa 5 s6 nguyén lién tiép chia hét
cho 15.

Loi gidi
- Goi 5 s6 nguyén lién tiép 1a :
a;a+l,a+2,a+3, a+4(aeZ)
Dit biéu thuc :
A=[a+(@+])+(@+2)][a+(a+])+(@+2)+(@+3)+(a+4)]
- Lap dugc tong 3 sb bat ki 1a boi cua 3
Chang han: a +(a+1)+(a+2)=3a+3=3(a+ 1):3
- Lap duogc tong 5 s6 12 boi cua 5
a + (a+l)+(a+2)+(a+3)+(a+4)=5(a+2):5
- Vi 3va 5 14 hai s6 nguyén t6 cling nhau nén A:15
Cau 235.(Pé thi HSG 7 huyén KINH MON 2020)
Cho a, b, cla do dai ba canh cua tam giac. Ching minh rang:
ab+bc+ca<a®+b*+c? <2(ab+bc+ca)

Loi giai
Vi a,b,c la d6 dai ba canh cua tam giac nén ta co:
a<b+c=a’<ab+ac (1)
b<c+a=b*<ab+bc(2)
c<a+b=c*<ac+bc(3)

Cong tirng vé cua (1),(2),(3) ta co:

a’ +b?+c? < 2ab+ 2ac+2bc

(a—b)?>0= (a—b)@a—b)>0=a(a—b)—b(a-b)>0
=a’—ab—ab+b*>>0=a”+b*>2ab(4)
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Chuing minh twong tu ¢6 b* +c¢? > 2bc(5) ; a® +¢® > 2ac(6)
Cong ting vé cua (4), (5),(6) ta co:

2a’ +2b® + 2¢* > 2ab + 2bc + 2ac
=a’+b’+c*>ab+bc+ac

Vay ab+bc+ca<a®+b*+c” <2(ab+bc+ca)

Cau 236.(Dé thi HSG 7 cap huyén tinh BAC GIANG 2018)

Tim gia tri nho nhat cua biéu thirc P =[x —2012|+|x —2013| véi x 1a sb tu nhién.
Loi giai

P =|x—2012+|x -~ 2013

+ Néu x =2012 hoic x=2013 thi P=1

+ Néu x >2013 thi P =|x—2012|+|x —2013| > 1+|x - 2013 >1

+Néu x <2012 thi P=|x—2012|+|x—2013/>|x —2012|+1>1

+ Do d6 gi4 tri nho nhat caa P bang 1, dat dugc khi x =2012 hoic x =2013.

Cau 237.(Pé thi HSG 7 cap huyén tinh BAC GIANG 2018)

1) Cho pla s6 nguyén té Ién hon 3. Chitng minh rang p® +2012 1a hop sé.

2) Cho n la s6 ty nhién c6 hai chir s6. Tim n biét n+4 va 2n déu la cac sé chinh phuong.
Loi giai

1)+ Vi plasé nguyén to 16n hon 3 nén p c6 dang p=3k+1(k e N,k >1)

+Voi p=3k+1

suy ra p* +2012 = (3k+1)" +2012 = 9k” + 6k + 2013 = (p’ +2012):3

+Voi p=3k-1

suy ra p* +2012 = (3k—1)" +2012 = 9k — 6k + 2013 = (p” +2012):3

Vay p*+2012 1a hop so.
2) + Vi n lasb c6 hai chir s nén 9<n <100=18 < 2n <200
+ Mat khac 2n 1a s6 chinh phuong chan nén 2n c6 thé nhan cac gia tri: 36 ; 64 ; 100 ; 144 ; 196
+V6i2n =36 =n =18 =n+4= 22 khong la s chinh phuong
2n =64 =n=32=n+4=361a 56 chinh phuong
2n =100 = n =50 = n+4 =54khong la sé chinh phuong
2n =144 =n=72=>n+4=76 khong la s chinh phuong
2n =196 =n =98 = n+4 =102 khong la s6 chinh phuong
+Vaysé cantimla n=32.
Cau 238.(Pé thi HSG 7 huyén VINH BAO 2018)
Tim céc s6 nguyén duong x, y, z thoa man: X+y+z=Xyz.
Loi giai
) Vi X,y,zeZ" néngiast 1<x<y<z
Theo bai ra: 1:i+i+is%+%+%=%
yz yx zx x> x* x* X
Suyra: x*’<3=x=1
Thay vao dau bai ta co:
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1+y+z=yz=y-yz+1+z2=0
=y(l-z)-(1-z)+2=0
=(y-1)(z-1)=2

-1=1 =
THl:{y :>{y
z-1=2

~1=2 =3

TH2: {7 77T 5 1Y T (10qi)
z-1=1 z2=2

Vay (X; y; z) = (1;2;3) va cac hoan vi

Cau 239.(Dé thi HSG 7 huyén Séng L 20.. -20...)

NS Al I n
a) Tim cac gia tri nguyén cua n dé phan so M=3

. c6 gia tri 1a s6 nguyeén.
b) Tim tat ca cac s6 tw nhién m, n sao cho : 2™ +2015 =|n—2016|+ n—2016.

c) Tim gia tri nho nhat cua biéu thirc P = |x — 2015|+ [x — 2016|+|x — 2017|.
d) Cho bén s6 nguyén duong khac nhau thoa mén tong cua hai s bat ki chia hét cho 2 va tong cua
ba s6 bat ki chia hét cho 3. Tinh gia tri nho nhat cua téng bdn sé nay ?
Loi gidi
a)
M= _11 co giatrilasbnguyen=3n-1: n-1

=>3(n—-1)+2:in-1=>2:n-1=>n-1eUQR)= {-11-2;2}

Ta c0 bang
n-1 -1 1 -2 2
n 0 2 -1 3
Thu lai taco n €{0;2;—1;3} thi M nhan gia tri nguyén.
b) Nhan xét:

-V6i x> 0thi |x|+x =2x
-V6i x <0thi |x|+x=0.
Do d6 [x|+X ludn Ia s6 chén véi V xeZ.

Ap dung nhan xét trén thi |n—2016| + n—20161a s chan véi n—2016 € Z.

Suy ra 2™ +2015 la s chin = 2™ I¢ & m=0.

Khi d6|n —2016| + n—2016= 2016

+ Néun <2016, ta c6 - (n- 2016) + n — 2016 = 2016 <> 0 = 2016 (loai)

+Néu n >2016, taco 2(n— 2016)=2016 <>n—2016 =1008 <> n =3024 (théa man)

Vay (m;n)=(0;3024)

¢) P= |x — 2015 +|2016 — x| +|x — 2017| = (X —2015|+R017 x| +X —2016 |
Tac6: |x — 2015 +|2017 — x| 2 |x — 2015+ 2017 - x| = 2.

Dau “="xay ra khi: 2015 < x < 2017 (1)
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Lai c6: [x—2016|> 0. Diu “=" xdy rakhi x = 2016 (2).

Tu () va(2)taco minP=2.

Déu “="xay ra khi x =2016

d) Nhan xét : Bn sb phai c6 ciing s du khi chia cho 2 va 3.

Dé c6 téng nho nhat, méi trong hai s6 du nay 1a 1.

Tur d6 ta c6 cac sb 1, 7, 13 va 19. Tong cua ching 12 :1+7+13+19=40.
Cau 240.(DPé thi HSG 7 huyén Tam Dwong 2018 -2019)

a) Cho cac s6 nguyén duong m,n va p la sé nguyén té thoa méan: le m+n.
m-— p

Chang minh rang: p>=n+2.

< , z ~ ., ~ a 4 1
b) Tim céc so nguyén a,b thoa méan: 3-8
c) Cho day s a,,a,,as,...,a, dugc xac dinh nhu sau:
a, =1; a2:1+l; a3:1+1+1; ...... ;an:1+l+1+...+i

2 2 3 2 3 n

Chtng minh rang: iz+i2+i2+...+i2< 2, véi moi s6 ty nhién n >1,
a; 2a, 3a;

Loi gidi

a) Theo gia thiét ta c6: —2— = 0 oy
m-1 p

+) Néu m+n:p thitir (*) suy rap:(m—1). Do pla sé nguyén té nén m-1=1 hoic m-1=p. Tur
do suyra m=2 hoac m=p+1.
Véi m=2 hoic m=p+1 thay vao (*) taco: p>’=n+2
+) Néu m+n khong chia hét cho p. Tir (*) = (m + n)(m — 1) = p?
Doplasénguyentévamne N = m-1=p’vam+n=1
< m=p?+lvan=-p®<0 (loai)

Vayp?=n+2
b)Tace: 2-2-1 28 1 4 53 4  sa_3)b-60.
3 b 5 35 b 15 b

Suy ra: 5a—3eU (60) = {+60,+30, +20,+15,+12,+10, +6, 4, 45,+3,+2, +1}

ma 5a—3 chia 5 du -3 hoac 2 nén co:

5a-3 -3 2 12
a 0 1 3
b -20 15 5
e 1 1 X
¢) V6i moi Vk>2 taco: — < (via,>a,,).

ka, ka,,a,

, 1 1 a —-a 1
Tach — —— ="Kk kil _
a,, a, a, .4, ka, ,a,

1 1

ka2<a a
k k-1 k

Cho k=2; 3; ...:n taco:

Suy ra
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1 1 1 1 1 1 1 1 1

2a> a, a, 32 a, a, na

Cong theo Vé ta duoc:
1 1 1 1 1 1 N 1 1 1 1 1

it —< -4 ——— - - _ T <

2a’ na® a, a, a, a, a,, a, a a, a

n

:>i2+i2+...+i2<1+1: 2 (dpcm)

a; 2a, na;
Cau 241.(Dé thi HSG 7 huyén Thanh Chuong 20.. -20..)
Tim x;y e Z biét: xy+2x—-y=5

o (y+2)(x=1)=3.1=1.3= (~1).(=3) = (~3).(-1)
y+2 3 1 1 3
x-1 1 3 -3 -1
X 2 4 -2 0
y 1 1 3 5
Cau 242.(Dé thi HSG 7 thi xa Chi Linh 20.. -20.)
1 1 1 1 .. .. 2 .8
Cho S = ?4‘?4'?4‘...4'9—2. Chu’ng 1o rang: g< S< § .
Loi gidi
Chung minh duoc: l—i<i<i—1 (aeN;a>1).

a a+l a* a-1 a
Ap dung két qua trén suy ra
1 1 1 < 1

1 1 1 11
9 10 9° 8 9

Cong vé véi vé cua cac BDT trén ta duoc: 11 <S< 1—l
2 10 9

Hay 2 <S< 8

5 9
Cau 243.(Pé thi HSG 7 huyén Yén Lap 2014 -2015)
1) Tim gia tri nhé nhét ctia biéu thic A = |2x +2|+[2x —2013| véi X Ia s6 nguyén am.
2) Tim nghiém nguyén duong ctia phuong trinh X +Y+2Z = Xyz.
b c

3) Cho ba s dwong 0<a<b<c<1 chirng minh rang: + + <
bc+1 ac+1 ab+1

Loi gidi
1) Tim gia tri nhé nhét cta biéu thiac A =|2x +2|+[2x —2013| véi x 1a s nguyén.
Ta co: A=[2X+2]+[2x — 2013 =[2X + 2| +]2013— 2X| > [2X + 2+ 2013 — 2X| = 2015
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2013

Déu =" xy ra kni (2x+2)(2013-2x) 20 > ~1<x < =

Vay maxA =2015 khi x =-1
2) Tim nghiém nguyén duong ctia phuong trinh X +Y+2Z = Xyz.
Vi X,Y,z nguyén duong nén ta gia St 1< x<y<z

. 1 1 1 1 1
Th X+y+z=xyz=>l=—+—+—<—+—+

Xy yz zx X° X° X
Thay vao Xx+y+z=xyz taco:

iz=%:>x233:>x:1
X

l+y+z=1lyz=>y-z+1+z2=0=y(1-2)-(1-2)+2=0=(y-1)(z-1)=2
TH1l: y-1=1=y=2vaz-1=2=2z=3

TH2: y-1=2=y=3vaz-1=1=>2z=2

Vay c6 hai cap nghiép nguyén thoa man (1,2,3); (1,3,2)

3) Vi 0<a<b<c<1 nén:

(a-1)(b-1)20oab+lzathe — < T o & o C ()
ab+1 a+b ab+1 a+b
Tuong tu: < b ; a .. a (3)
ac+1 c+a bc+1 c+b
Do do: a + b + ¢ < b + a + ¢ 4)
bc+1 ac+1 ab+1 c+a c+b a+b

Ma a N b N c < 2a N 2b N 2C (5)

c+b c+a a+b a+b+c a+b+c a+b+c
Tu (4) va (5) suy ra: b C < (dpcm)

+ +
bc+1 ac+1 ab+1
Cau 244. (Pé HSG Lam Thao 1016-2017 ).

a) Chiing t rang: M =75.(4%" +4%% 1+ 4 +4+1)+25 chia hét cho 107
b) Cho tich a.b 1a sé chinh phuong va (a,b) =1 Chtng minh rang a va b déu la sé chinh
phuong.
Loi giai
M =75.(4%" +4%° 4 +4°+4 + 1)+ 25

25.(4-1)(4% + 4 + .+ 4” +4+1)+ 25
a) = 25.[4(420“+42°16+...+42+4 +1)— (4% + 42016+...+42+4+1)]+25

- 25.(42018+ 427 44 42+4)—25(42°”+ 42°lﬁ+...+42+4+1)+25

= 25478 _25 4+25=254%"8 = 2544 =100.4"
Vay M:10?
b) bat ab=c*(1) Goi (a,c)=d nén aid, cid
—=a=mdva c= nd véi (m,n)=1 Thay vao (1) ta duoc m.d.b=n* d’
mb=n®d= bin’vi (a,b)=1=(b,d) Va n*:b=b=n?
Thay vao (1) tacé a=d* = dpcm.
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Cau 245. (P& HSG huyén Thanh Ha 2016-2017).
Cho 10056 hitu ti trong d6 tich cta bét ky ba s6 nio ciing 13 mét s6 &m. Chuing minh rang:
a) Tich cua 10056 d6 1a mot s6 duong;
b) T4t ca 100s6 d6 déu 1a sb am.
Loi gidi
a) Trong 100 sb da cho, phai 6 it nhat mot sé &m (vi néu ca 100 sé déu duong thi tich cua ba sb bat
ki khdng thé 1a mot s6 am).
Ta tach riéng s6 4m dé ra. Chia 99 sb con lai thanh 33 nhém, mdi nhém 3 thira sb.
Theo dé bai, mdi nhém déu cé tich 1a mot s6 am nén tich caa 33nhém tic 1a cua 99 sb 1a mot sd
am.
Nhan s6 &m nay véi s6 am da tach riéng tir dau ta duoc tich cua 100 s6 1a mot sé duong.
b) Sap xép 100s6 da cho theo thtr tu ting dan, chang han a, <a, <a, <...<a,.
Cac s nay déu khac 0 (vi néu co 1 thira s6 bang 0 thi tich cua nd véi hai thira s6 khac ciling bang
0, tréai voi dé bai).
Xét tich agy.8g..8,0 <0=>a4 <0(Vi NéU a,, >0 thi a, >0,a,,, >0, tich ctia ba s nay khong thé la
mot s6 am).
Vay a,,a,,a,,...a 4 la cac s6 am.
Xét tich a,a,a, <0 ma aa, >0nén ay, <0
Xét tich a,a,a,,, <Oma a,a, >0 nén a,, <0
Vay tat ca 100 sé da cho déu la sé am.
Cau 246. (Pé HSG huyén Thanh Ha 2016-2017).
Chung minh rang: 3 + 32 +-3*3 1.+ 3*"*® chia hét cho 120(x e N).
Loi gidi
a)3x+l +3X+2 +3X+3 +. +3X+100

:(3x+l+3x+2+3x+3+3x+4)+(3x+5+3x+6+3x+7 +3x+8)+.m+(3x+97 +3x+98+3x+99+3x+100)
:3*.(31+32+33+34)+3X*4.(31+32+33+34)+....+3X+%.(31+32+33+34)
=3120+3* 120 +...... +3*% 120
=120(3" +3* +....+3* ):120 (dpcm).
Cau 247. (P& HSG Lam Thao 1016-2017).
Tim gia tri nho nhat caa A | biét :
A:|7X—5y|+|22—3x|+|xy+yz+zx—2000|.
Loi giai

Taco |7x—5y|>0;]2z—3x|> 0 va | xy +yz+2zx —2000/>0

Nén A=|7x—5y|+|2z—3x|+|xy+yz+zx—2000|20
Ma A =0 khi va chi khi
|7x—5y|:|2z—3x| =|xy+yz+zx—2000|:0

Co: |7x—5y|z0:7x=5y:>§=X

5 7

2z-3x|=0=2=2
23
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|Xy +yz +2x — 2000| = 0 = Xy + yz + zx = 2000

x=20;y=28;,z=30

X =-20;y=-28,z=-30

Vay MinA =0 khi (x,y,z )=(20;28;30 ) hoac (x,y,z)=(—20;-28;-30).
Cau 248.(D2 thi HSG 7 Péng Hung 2018-2019)

Tur do tim duoc {

Cho Q= 2172 2% Tim cac sb nguyén x dé Q c6 gia tri nguyén ?
- X
Loi giai
Pidukién: xeZ ; x #12
Bidn db Q=27-2x _2(2-9)+3 _, 3
12 -x 12 -x 12 -x

TacdeZ xeZ;x#12

nén Q co gié tri nguyén khi va chi khi 123

cb gia tri nguyén

Ma —°
12

c6 gid tri nguyén khi va chi khi 12—x e U(3)

U(3)={-3-11;3}

+Néu 12—x =-3 thi x =15(théa man diéu kien)

+Néu 12 —x = -1 thi x=13 (théa man diéu kién)

+Néu 12— x =1 thi x =11 (thoa man diéu kién)

+Néu 12—x =3thi x=9 (théa man diéu kién)

Vay Q c¢0 gia tri nguyén khi va chi khi x € {9; 11; 13; 15}

Cau 249.(bé thi HSG 7 Pong Hung 2018-2019)

Tim gid tri 16n nhét cua biéu thic : P = (2x —5y)? —(15y —6x)° —|xy —90|
Loi giai

Taco P =(2x—5y)? —(15y —6x)" —|xy—90)

= (2x—5y)? —(6x~15y)’ —|xy —90|

= (2x-5y)* —9.(2x —5y)* —|xy — 90|

= —[8.(2x —5y)* + |xy—90|]

Ta thdy (2x—5y)? >0 véi moi X,y nén 8.(2x —5y)? >0v4i moi X,y

|xy—90|20 vo1 moi X,y

Khi d6 8.(2x—5y)* +|xy —90| > 0 véi moi x,y

Suy ra—|[8.(2x—5y)* +|xy —90| | <0v&i moi X,y

Hay P <0 vd&i moi X,y

Dau" =" xay ra khi (2x—5y)*=0 va [xy—90|=0

+ Vi (2x—5y)? =0 th12x=5y:>§:%

+Véi |xy —90| =0thi xy =90
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Dét%z%:k ta dugc X=5k ;va y=2k

Ma xy =90 nén 5k.2k =90

Tim duoc k=3 hoac k=-3

+Néu k=3 thi x=15;y =6

+Néu k=-3 thi x=-15;y=-6

Két luan : Vay gia tri 16n nhit cua P 13 0 khi va chi khi:
X =15;y =6 hodacx =-15;y =-6

Cau 250.(Dé thi HSG 7 Pong Hung 2018-2019)

- X y . . oz . ,
Cho biéu thrc M = + y + + t Véi X,Y,z,t la cac so tu nhién khac 0.
X+y+Z X+y+t y+z+t X+z+t

Chuang minh M* <1025

Loi giai
Ta co:
X X
<
X+Yy+zZ X+Yy
y < y
X+y+t X+y
z z
<
y+z+t z+t
t t
<

X+zZ+t z+t

=M<( X ;Y )+ ( Z t )=>M<?2
X+y X+Vy zZ+t z+t

+C6 M <2 (Vi M>0 ) ma 2'° =1024 <1025

Vay M* <1025

Cau 251.(Pé thi HSG 7 Kim Thanh 2016-2017)

Chuang minh rang véi n nguyén duong thi 3" —2"? 43" —2" chia hét cho 10
Loi giai

Tacd 3"2—2"2 43" 2"

=(3"*+3")—(2"*+2")

=3 (3 +1)-2"%(2°+2)

=3"10-2"%10

=(3"-2"").10:10. V4y 3" -2 +3' 2" 10

Cau 252.(Pé thi HSG 7 Kim Thanh 2016-2017)

Tim céc cap s6 nguyén (x,y) thoa man: x +2y =3xy +3
Loi giai

Taco x+2y=3xy+3

= 3X+6y =9xy+9=(3x—9xy)+(6y—2)=7

= 3x.(1-3y)-2.(1-3y)=7=(3x-2).(1-3y)=7
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Vi X,y € Z nén 3x—2:1—3y la cac sé nguyén.
Ma(3x—-2).(1-3y)=7=>3x—2; 1-3yla uéc cua 7.
Talai co U(7) ={£L;,+7} = 3x-2;1-3y € {147}

Bang gia tri
3x-2 -7 -1 1 7
1-3y -1 -7 1
X -5/3 1/3 3
y 2/3 8/3 -2 0
KTM KTM ™ ™

Vay (xy)e{(5-2);(30)}

Cau 253.(Pé thi HSG 7 Kinh Mén 2017-2018)

a) Tim cac cip so nguyén thoa man x —3y +2xy = 4

b) Chuang minh rang khong ton tai s6 tu nhién ndé n? + 2018 1a s6 chinh phuong
Loi giai

a) Taco: x—3y+2xy=4

= 2X+4xy -6y =8

= 2X+2x.2y—-3.2y-3=8-3

= 2x(1+2y)-3.(2y+1)=5

= (2x-3)(1+2y)=5

Vi X,y eZnén 2x—3;1+2y e Z suy ra 2x —3;1+2y € Z phai la cac udc cua 5.

2x—-3 -1 -5 1 5
1+2y -5 -1 5 1
X 1 -1 2 4
y -3 -1 2 0

Vay céc cap x;ythod man la: (x;y) e {(L-3);(-1-1);(2:2);(4:0)}
b) Gia sir n? +2018 14 s6 chinh phuong véi nla sé ty nhién
Khi d6 ta co n® +2018=m*(meN")
Tur d6 suy ra: m®> —n® =2018 < m? —mn+mn—n? = 2018
< m(m-n)+n(m-n)=2018 < (m+n)(m-n)=2018
Nhu vy trong 2 s6 m va nphai c6 it nhat 1 sé chin (1)
Mat khac tacé: m+n+m—-n=2m
= 2556 m+n vd m—n cing tinh chin 1é (2)
Tu (1) va (2) = m+n vd m—n la2sé chan.
= (m-+n)(m=n)i4 nhung 2018 khong chia hét cho 4
— Diéu gia sur sai.
Vay khong ton tai sé tu nhién n d& n?+2018 1 s6 chinh phuong
Cau 254.(Pé thi HSG 7 Kinh Mén 2017-2018)
1 1

X R .o~ 1 1
Cho 2016 sO nguyén duong a,,a,,as,...,8,y, thoaman: —+—+—+....+
al a‘2 a3 a'2016
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Chuang minh rang ton tai it nhat 2 s6 trong 2016 s6 d cho bang nhau
Loi giai
Gia sir trong 2016 s6 da cho khong co 2 sé nao bang nhau, khdng mat tinh téng quat ta gia st
8, <@, <8, <..<dy,
Vi a,;8,;85;...;8,,, 48U 14 cac s6 nguyén duong
nén: a, >La, >2;a,>3;.....,8,,, > 2016

. 1 1 1

Suyra: —+—+—+....+ <l+—+=+..——
LA, a, Qo016 2 3 2016

1 1] (1 1 11 1 1 1 1 j
=14+ == |+| =F+=F+=+=|[+...+ + + +ot——

2 3 4 5 6 7 1024 1025 1026 2016
<1+£.2+1.4+1.8+....+ ! 512+ 1 993

2 4 8 512 1024

<1+%.2+2—12.22 +%.23+....+%.210 =11<300

Mau thuan véi gia thiét. Do d6 diéu gia s 1 sai.

Vay trong 2016 sb da cho phai c6 it nhat 2 sé bang nhau.

Cau 255.(Dé thi HSG 7 Viét Yén 2013-2014)

a) Tim gia tri nho nhét cua biéu thie: P =|2013—x|+|2014 - x|.

b) Tim sb ¢6 3 chit s6 biét rang s6 d6 chia hét cho 36va céac chirsé cuand tylévéi 1; 2 ; 3.
Loi giai

Ap dung BDT |a|+|b|>[a+b|

DAu "=" xay ra khi va chi khi a,b cung diu

Ta co P =|2013—x|+|2014 —X| = [x — 2013|+|2014 - |

P >|x—-2013+2014-X| =[1] =1

Dau "=" xay ra khi va chi khi (x—2013) va (2014-x) cling dau

Hay 2013<x<2014

Vay minP =1 khi va chi khi 2013<x <2014
b) Goi ba chir s6 ciia s6 phai tim 12 a,b,c tac :

%:g:% ap dung tinh chét day ti s6 bang nhau ta dwoc
a_b_c_a+b+c *)
1 2 3 6

Do sb phai tim chia hét cho 36 nén s6 d6 chia hét cho 9 suy ra a+b+c chia hét cho 9

Ma a, b, ¢ & cac chir s6 6 it nhat mot chir sé khac 0 nén a+b +c chi c6 thé nhan mét trong ba gié tri
. 9; 18;27

a+b+c

Néua+b+c=9 Tir (*) taco a_b_c_ _9
1 2 3 6 6
(khdng thoa man vi a la chit s6)
Néu a+b+c=18 két hop (*) tacd a=3;b=6;c=9 vi sd phai tim chia hét cho 36 nén chir s6 hang

don vi chén ta c6 s 396; hoic 936
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Néu a+b+c=27 tr (*) = a:2—67 (loai)

Thur lai ta thay ca hai s6 396 va 936 déu thoa man

Vay s6 phai tim 12 936 va 396

Cau 256.(Pé thi HSG 7 Viét Yén 2013-2014)

Tim céc sb a,b,c nguyén duong thoa man a®+3a?+5=5" va a+3=5°
Loi giai

DoaeZ =5 =a*+3a’+5>a+3=5°

=5">5'=Db>c

= 5°:5°

= (a*+3a” +5)i(a+3)

—a’(a+3)+5:a+3

Ma a’(a+3:a+3) [do(a+3)i(a+3)]

=5:a+3

=a+3e U(S)

=a+3e{£L;+5} (1)

DoaeZ " =a+324 (2)

Tir (1) va (2)

—a+3=5=a=5-3=2

=2°+3.2°+5=5"

25=5"

52 =5

b=2

Cau 257.(Pé thi HSG 7 huyén Phi Thién 2019-2020 )

Chting minh rang sb c6 dang abcabc ludn chia hét cho 11.
Loi gidi

abcabc =a.10° +b.10* +¢.10° +a.10° + b.10+c¢

=a.10% (10° +1)+b.10(10° +1)+¢(10° +1)

=(10°+1)(a.10° +b.10+c)

=(1000+1)(a.10% +b.10+¢) =1001(a.10° + b.10+c)

=11.91(a.10* +b.10+¢) : 11

Vay abcabc : 11
Cau 258.(Pé thi HSG 7 huyén Thanh Oai-1)
2a+9 N S5a+17 3a

Tim sé nguyén a dé: la sb nguyén.
a+3 a+3 a+3
Loi giai
N A ;. 2a+9 5a+17 3a . . A
Tim so nguyén a dé: + - la s6 nguyén.

a+3 a+3 a+3
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2a+9 ba+17 3a 4a+26 4da+12+14 4(a+3)+14 14 . R
+ - = = = =4+ la s6 nguyén
a+3 a+3 a+3 a+3 a+3 a+3 a+3

Khi do (a+3) la uéc cua 14 ;
Suyra: a=-2;-4;-1; -5; 4; -10; 11; -17.
Cau 259.(Pé thi HSG 7 huyén Thanh Oai- 2)

Tim s6 nguyén x, y biét: E+%:E.
X

Taco:

8
Loi giai
T 24 ¥ 255 L Y 5 1oV 1 ay)-10
x 4 8 x 8 4 X 8
= 1-2y e udclécua 40 la: £1;45
Lap bang:
1-2y -5 -1 1 5
X -8 —-40 40 8
y 3 1 0 -2

Vay ta co cac cap s6 (x; y) l1a: (=8; 3); (—40; 1); (40; 0); (8 -2)
Cau 260.(Pé thi HSG 7 huyén Thanh Oai - 3)

Tim gié tri nguyén 16n nhat cua biéu thic M = 15_)( :
— X
Loi gii
M=M=2"2_1. 20 1 16n nhét khi va chi khi =2 I6n nhét
5-x 5-x 5-x

10
thi ——<0 (1
+)x>5 |5—x< (1)

x<5 thi 51—0 >0 ma 2 ¢6 tir khong déi nén pt ¢ gid trj Ion nhat khi mau nho nhét 5—x I

s6 nguyén duong nho nhat khi 5-x=1=x=4
0 _10(2)

Khi do
5

Sosanh (1) véi (2) thay % I6n nhat bang 10

Vay GTLN caa M =11 khi va chi khi x =4
Cau 261.(Pé thi HSG 7 huyén PONG HUNG 2005 - 2006)
Cho a,b,c 1a 3 s6 doi mot khac nhau. Chang minh rang

1 b-c N c-a N a—-b _ 1 N 1 N 1
2| (a—b)(a-c) (b-c)(b—a) (c-a)(c-b)| a-b b-c c-a
Loi giai
Tach: b-c _(a-¢)-(a-b) 1 1 1 L1
" (a-b)(a-c) (a-b)(a-c) (a—b) (a-c) a-b c-a
c-a _(b-a)-(b-c) 1 1 1 1
(b—c)(b—a)_ (b—c)(b—a) _b—c_b—a_b—c+a—b
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a-b  (c—b)-(c-a) 1 1 1 1

(c-a)(c—b) (c-a)(c—b) “c-a c-b c—a+ b-c

T d6 suy ra

b-c L ct-a a-b 2 N 2 N 2
(a-b)(a-c) (b-c)(b-a) (c-a)(c-b) a-b b-c c-a
1 b-c c—a a-b 1 1 1
Suyra =

2 (a—b)(a—c)+(b—c)(b—a)+(c—a)(c—b) “ab b-c ca

Cau 262.(Pé thi HSG 7 Huyén Nhw Xuén 2014-2015)

1) Tim tat ca cac cap so nguyén x, y sao cho: 2xy+x—2y =4

2) Tim s6 tu nhién c6 ba chir s. Biét rang s6 d6 chia hét cho 7 va tong cac chit s6 d6 bang 14.
Loi gidi

DTaco: 2xy+x—-2y=4< x(2y+1) - (2y+1) =3 <= (x-1)(2y+1) =3

& (X=1)(2y+1) = 3= (+1).(+3) = (+3).(+1)

x-1 1 -1 3 -3
X 2 0 4 )
2y+1 3 -3 1 -1
y 1 ) 0 -1
Vay (xy) €{(21);(0; 2);(40:( 2 3 }.

2)Taco

abc:7 < (100a+10b+c):7 < (98a+7b+2a+3b+¢):7 < (2a+3b+c):7 (1)

Mat khac theo bai ra :

a+b+c=14=(a+b+c):7=(2a+2b+2c):7 (2)

Tu (1), 2) =>b-ci7=b-ce{-7;0;7}

+)Néu b—c=7 c6 c=0=>b=7=a=7

c=1=b=8=a=5

c=2=>b=9=a=3

+)Néu b—c=0cod b=c=6=a=2

b=c=5—=a=4

b=c=4—=a=6

b=c=3=a=8

+)Néu b—c=-7c6 c=b+7=b=0=c=7=a=7

b=1=c=8=a=5

b=2=c=9=a=3

Vay c6 10 s6 thoa man : 770; 581; 392; 266; 455; 644; 833; 707; 518; 329.

Cau 263.(Dé thi HSG 7 Huyén Yén Lac 2014-2015)

Chung minh rang néu a+5b chia hét cho 7 véi a;b e Z thi 10a+b ciing chia hét cho 7.
Loi giai

Tir gia thiét suy ra 10a+50b —49b chia hét cho 7 hay 10a+b chia hét cho 7.

Cau 264.(Dé thi HSG 7 Tinh Bic Giang 2012-2013)

1) Tim gia tri nhé nhét cua biéu thirc P =[x —2012|+|x —2013| véi x 1a sb tu nhién.

2) Cho pla sé nguyén té Ié6n hon 3. Chting minh rang p? +2012 1a hop sé.
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3) Cho n 1a s tu nhién c6 hai chir s6. Tim n biét n+4 va 2n déu Ia cac s6 chinh phuong.
Loi giai

1)P =[x —2012|+|x - 2013|

+ Néu x=2012 hoic x=2013 thi P=1

+Néu x >2013 thi P=|x—2012+|x—2013|>1+|x—2013>1

+Néu x <2012 thi P=|x—2012|+|x—2013/>|x —2012|+1>1

+ Do d6 gia tri nho nhit cua P béng 1, dat duoc khi x=2012 hoac x =2013.

2)+ Vi plasé nguyén to I6n hon 3 nén p c6 dang p=3k+1(ke N,k >1)

+Voi p=3k+1

suy ra p*+2012 = (3k+1)" +2012 =9k’ + 6k + 2013 = (p + 2012):3

+Véi p=3k—1

suy ra p” +2012 = (3k—1)" +2012 = 9k -6k + 2013 = (p” +2012):3

Vay p?+2012 la hop sb.

3)+ Vi n lasé c6 hai chir s6 nén 9<n <100 =18<2n <200

+ Mit khac 2n 1a s6 chinh phuong chin nén 2n c6 thé nhan céc gié tri: 36; 64; 100; 144; 196.
+V6i2n =36 =n =18 =n+4= 22 khong la s chinh phuong

2n =64 =n=32=n+4=361a s6 chinh phuong

2n =100 = n =50 = n+4 =54khong la s6 chinh phuong
2n =144 =n=72=>n+4=76 khong la s chinh phuong
2n =196 = n =98 = n+4 =102 khong la s6 chinh phuong
+Vay sé cantimla n=32.

Cau 265.(Pé thi HSG 7 Huyén Yén Lac 2014-2015)
2016x —2016
3X+2
b) Tim céc sé nguyén t6 p thoa man 2° +p? 1a sé nguyén tb.

a) Tim gié tri nguyén cua x dé biéu thic M = c6 gia tri nho nhat.

¢) Trong mot bang 6 vudng gom cé 5x5 6 vudng, ngudi ta viét vao mdi 6 vudng chi mot trong 3 s6
1; 0 hoic -1. Chirng minh rang trong cac tong cua 5 s6 theo mdi cot, mdi hang, mdi duong chéo
phai c6 it nhat hai téng s6 bang nhau.

Loi gidi
_ 2016x—-2016 672(3x+2)—-2016-1344 3360

=672—
3X+2 3X+2 3X+2

a) M

M nhé nhit < 3360 I6n nhat

3X+2
3360
3X+2
3360
3X+2

Xeét 3x+2<0 thi <0 Q)

Xét 3x+2>0 thi >0

3360
3X+2
Ma x nguyén, 3x+2 duong va 3X+2chia 3 du2nén 3x+2 = 2 nén x=0

I6n nhat khi 3x+2 nhé nhat
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3360 _ 3360
3x+2 3.0+2
So sanh (1) va (2) thi =20

33X+
Vay M, =-1008 < x =0

Khi do:

~1680 )

Ozcé gié tr 16n nhét bing 1680

b)V&i p = 2 thi 2° +p? = 4+4 = 8 khdng la sb nguyén to
Vi p=3thi 2°+p? =8+9 =17 la s nguyén tb
Véi p > 3 thi p 1 s6 nguyén té nén p 1é nén 2° =22 = 2(mod 3)
va p® =1 (mod3) nén 2° +p*:3.
Ma 2° +p?>3nén 2° +p? la hop sb.
Vay véi p = 3 thi 2° +p? 1a s nguyén td.
c)Taco 5 cot, 5 hang va 2 dudng chéo nén sé& c6 12 tong.
MJdi 6 vudng chi mot trong 3 s6 1; 0 hoic -1 nén mdi tong chi nhan cac gia tri tir -5 dén 5. Ta c6 11
sbnguyéntir-5déns51a -5 —4; ...; 0; 1 ...;5.
Vay theo nguyén Ii Dirichle phai c6 it nhat hai tong sé bang nhau (dpcm).
Cau 266.(Pé thi HSG 7 Huyén Qué Son 2012-2013)
Tim céc s6 nguyén x,y thoa man: [x—2012|+[2013-y| =1
Loi giai
a) |[x—2012|,|2013-y] la c4c s6 tu nhién. Tong cua chiing bang 1 nén:
Truong hop 1: [x—2012|=0va [2013-y| =1
Giai duoc: (x;y)=(2012;2012)va (x;y)=(2012;2014)
Truong hop 2: [x—2012|=1va |2013-y|=0
Giai duoc: (x;y)=(2013;2013)va (x;y)=(2011;2013)
Vay: (2012;2012);(2012;2014); (2013;2013); (2011;2013)Ia cac cap sb nguyén can tim.
Cau 267.(Dé thi HSG 7 Ciép Truong 2018-2019)
1) Chiing minh rang véi moi n nguyén duong ta luén co
43 4 42 5™ 4" chia hét cho 300.

27 —2X

2) Cho Q= o Tim cac s6 nguyén xdé Q cd gi tri nguyén ?

Lo giai
Cau 1 : V6i moi n nguyén duong, ta cd 4"*> + 4" 2 - 4" 4" = 4" (4° + 4% -4 -1)
=4"(64+16-4-1)= 4".75
= 4" 4.75=300.4""
Ma 300 . 4"* chia hét cho 300(véi moi n nguyén duong)
Nén4"*® +4"*2 - 4"** _ 4" chia hét cho 300 (V&i moi n nguyén duong)
Céu 2 : Piéu kién: x € Z;x#12
27-2x _ 2.(12-x)+3 _ 3

2+
12 - x 12 - x 12 - x

Bién d6i Q =
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Tacd2eZ; xeZ;x=12 nén Q co gia tri nguyén khi va chi khi 123 O gia tri nguyén

Ma c0 gia tri nguyén khi va chi khi 12—x € U(3)

12 -X
u@) = {-3;-1;1; 3}
+Néu 12— x = -3= x = 15 (thoa man diéu kién)
+Néu 12— x = -1= x = 13 (thoa man diéu kién)
+Néu 12— x = 1= x = 11 (thoa man diéu kién)
+Néu 12—x = 3= x=9 (thoa mén diéu kién)
Vay Q c6 gia tri nguyén khi va chi khi x e {9; 11; 13; 15}.
Cau 268.(Pé thi HSG 7 Cap Truong 2018-2019)
Tim gid trj 16n nhat cua biéu thuc sau H = (3x —2y)” - (4y —6x)" —|xy — 24|
Loi giai
Taco H= (3x- 2y)2 - (4y- 6x)2 - |xy - 24|
= (3x-2y)" -4.(2y-3x)" - |xy-24{=(3x-2y)" - 4.(3x-2y)" - |xy- 24
=-3.(3x-2y)" - [xy- 24| =- | 3.(3x-2y)" + [xy- 24|

Tac6 3.(3x-2y)° > 0 vdi moi gid tri cua x, y

|xy - 24> 0véi moi gia tri cua x, y

Do dé 3.(3x-2y)" + [xy - 24> 0véi moi gid tri cua x, y
Nén - [3.(3x -2y)° + |xy - 24” <0 voi moi gid tri cua x,y

Hay H <0 v&i moi gid tri cua X,y
Dau ¢ =’ xay ra khi va chi khi 3x -2y =0va xy-24=0 (1)

+V6i 3x -2y =0 thi3x = 2y :§=%

Pit % = % = k. Khi d6 x= 2k:y = 3k
Thay x=2k;y =3k vao (1) ta duoc
2k.3k - 24 =0

k? =4=k=+2
+Voi k=2 =>x=4;y=6
+Voi k=-2 =>x=-4,y=-6
Vay gia tri I6n nhat cua biéu thae H 12 0 khi va chi khi x=4;y =6 hoic x=-4;y=-6.
Cau 269.(Pé thi HSG 7 Huyén Hoai Nhon 2014-2015)
1)Tim hai s6 x va ysao cho x+y=xy=x:y(y=0)
2) Cho pla sé nguyén tb. Tim tat ca cac sé nguyén a thoa mén: a>+a—p=0.
3)Tim gia tri nho nhét cua bicu thirc: A=|X—2|+[2x—3|+[3x—4|.

Léi giai
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1) Tu x+y=xy = x = Xy—yzy(x - 1) =>x:y=x-1

TalaicOX:y=X+y = x:y=x+y =>x+y=x—-I=>y=-1
—X=Xy-y=—Xx+1 = x=%.vayhai56cént‘|m la x=%,y:—1.
2)Tra®+a-p=0 = p=a’+a=a(a+l)

Véi aeZ = p=a(a+1):2; p lasé nguyénté = p=2

=a(a + 1)=2=12=(-1).(- 2) =>a = 1; hoic a=-2.

3) Taco: [x—2|+[3x— 4 =[2— x| +[3x — 4| = [2 - x + 3x — 4| = [2x - 2|
Diu “="xdy ra < (2-x)(3x-4)>0 < :§x£2

|2x -3 +[2x -2 =[3-2x| +[2x - 2| >3- 2x + 2x — 2| =[1] =1

w

Dau “=" xay ra < (2x-3)(2x-2)>0 < 1<x <>

w| s

IA
X
IA
N

IA

X

IA

Do do :>A=|x—2|+|2x—3|+|3x—4|21; Dau “=" xdy ra < =

W D
N w

A
<
IA
N w

Vay gia tri nho nhat cia A laminA=1 < %SX sg.

Cau 270.(Pé thi HSG 7 Huyén Tam Duwong 2018-2019)

a) Cho cac s nguyén duong m,n va p la sé nguyén tb thoa méan: Ll _m+n
m-— p

Chang minh rang: p>=n+2.
< , z ” , ~ a 4 1
b) Tim céc so nguyén a,b théa mén: ———= .
Loi giai

a)Theo gia thiét ta co: P _m+n
m-1 p
+) Néu m+n:p thi tir (*) suy rapi(m—1). Do pla s nguyén té nén m—-1=1 hoac m—1=p.

Tur d6 suyra m=2 hoac m=p+1.

*)

Voéi m=2 hoic m=p+1 thay vao (*) ta co: p> =n+2
+) Néu m+n khong chia hétcho p. Tir (*) =(m + n)(m — 1) = p’
Doplasénguyéntévamn e N  =m — 1 = p?vam +n =1

& m=p°+1 va n=-p* <0 (loai)

Vay p°=n + 2
)Taco: 2-2_128 1 4 53 4 54 _3b-60.
3 b 5 365 b 15 b

Suy ra: 5a—3e U(60) = {J_rGO, +30,+20,+15,+12, 410,46, +4,45,+3,+2,+1} ma 5a—3 chia 5 du
-3 hodc 2 nén co:

5a-3 -3 2 12
a 0 1 3
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b | -20 | 15 | 5

Cau 271. (Pé thi HSG 7 Huyén Tam Dwong 2018-2019)
Cho déy s6 a,,a,,a,,...,a, dugc xac dinh nhu sau:

a, =1, a2:1+1; a3:1+1+1; ...... ; a, :1+£+1+...+i
2 2 3 2 3 n
, S A A 1 % "
Chung minh rang: —+— +—+...+— <2, v&i moi so ty nhién n >1.
a; 2a, 3a; na;
Loi gidi

N .1 1 X
V6i moi Vk>2 taco: — < (via,>a, ).
ka, ka,,a,

1 1 a-3a., 1

Ta co: -—
a,, a, a4, ka,a,
Suy ra 2<i—i
k a‘k—l a‘k
Cho k = 2; 3; ...; n tacé:
1 11 1100 11
2a> a, a, 3% a, a, 'na’ a,_ a,
Cong theo Vé ta duoc:
1 1 1 1 1 1 1 1 1 1 1
—Stat—F<———+———+ ——=——-—<—=1
2a; na, a, a, a, a, a,, a, a a,
1 1 1
=>=S+—+..+—<1+1=2 (dpcm
a’ 2a’ na’ (dpem)

Cau 272. (Pé thi HSG 7 Huyén Giao Thiiy 2016-2017)
Cho cac sb nguyén duong a; b; c; d; e thoa man: a® +b?+c? +d?+e? chia hét cho 2. Chang to
rang: a + b + ¢ + d+e lahop so.
Loi giai
Piat A=a’+b®+c? +d* +¢?
B=a+b+c+d+e
Xét A+B=(@’+b’+c’+d*+e*)+(a+b+c+d+e)
=(a’+a)+ (b*+b) + (c®+c) + (d°+d) + (e*+e)
A+B=a.(a+1)+b.(b+1) +c.(c+1)+d.(d+1) +e.(e+2)
Chi ra dugc véi n 1a s6 nguyén thi tich hai s6 nguyén lién tiép n(n + 1) 1a sé chia hét cho 2
Do d6 A + B chia hét cho 2
Theo dé bai A chia hét cho 2, suy ra B chia hét cho 2
va lap luan dé c6 B > 2. Két luan B 1a hop sb.
Cau 273. (Pé thi HSG 7 Huyén Ngoc Lic 2014-2015)
a/ Chiang minh rang: 3" —2"2 +3" —2" chia hét cho 10 véi moi s6 nguyén dwong n.
b/ Tim gid tri nho nhat caa biéu thic : A =|2014 —x|+[2015— x| +[2016 — X|

¢/ Tim x, y thudc Z biét : 25—y? =8(x—2015)°



GIAO VIEN: LE THI NGA

Loi giai
a)TacH: 32 -2"2 43" -2"=3"9-2"4+3"-2"
=3"10-2"5=3"10-2"10
=10(3"-2"*):10
Vay 3™2 —2"2 +3" 2" chia hét cho 10 v&i moi s6 nguyén duong n.
b) Vi |2015—x|>0nén : A =|2014—x|+|2015—X|+|2016 —X| > |2014 — x| +|2016 — X|
Dau “ =" xay ra khi va chi khi x = 2015 (1)
Taco : [2014—x|+|2016 — x| =[x — 2014|+|2016 — x| > |x — 2014 + 2016 — x| = 2
Dau “=" xay ra khi va chi khi (x — 2014)(2016 —x) > 0, suy ra :
2014 <x <2016 (2)
Tur (1) va (2) suy ra A > 2. Dau “=" xay ra khi va chi khi x = 2015.
Vay A nhé nhat bang 2 khi x = 2015.

c) Tac6 : 25— y* <25 => §(x—2015)" <25=> (x—2015)" < 4.

Do x nguyén nén (x— 2015)2 la s6 chinh phuong. C6 2 trudng hop xay ra :
TH1: (x—2015)" =0=>x=2015, khi d6 y = 5 hoac y = -5.
x—-2015=1 x =2016
=
x—-2015=-1 x=2014
V6i x = 2016 hoidc x = 2014 thi y? = 17 (loai)
Vay x = 2015,y =5vax =2015,y =-5.
Cau 274. (Dé thi HSG 7 Huyén Yén Lap 2014-2015)
1)Tim gi4 tri nho nhat cua biéu thic A =| 2x +2| +] 2x —2013] vai x la sb nguyeén.

TH2: (x—2015)2:1:{

2)Tim nghiém nguyén duong ctia phuong trinh X+Yy+2z=Xyz.
Lai giai

1) Taco: A=|2x+2|+|2x—2013 =|2x + 2| +|2013 - 2|

>|2x +2+2013-2x| = 2015

Déu “=" xdy ra khi(2x + 2)(2013-2x)2 0 < ~1< x < 200

Vay MaxA=2015 khi x =-1
2) Vi x,y,z nguyén duong nén ta giasu 1< x<y<z

Theobéira1=i+i+isi2+i2+i2:
yZ yx zXx X° X° X

| w

=x’<3=>x=1
Thay vao dau baitaco 1+y+z=yz=y-yz+1+z=0

=y(1-z)-1(1-2)+2=0

=(y-1)(z-1)=2

TH1: y-1=1=y=2vaz-1=2=z=3

TH2: y-1=2=y=3vaz-1=1=z=2

Vay c6 hai cap nghiép nguyén théa man (1,2,3);(1,3,2)
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Cau 275. (D@ thi HSG 7 Huyén Yén Lap 2014-2015)

Cho ba s6 duwong 0<a<b<c<1. Chang minh rang: PRI
bc+1 ac+1 ab+1
Loi giai
Vi 0<a<b<c<lnéntasuyra
@-1(b-1)>0<ab+1>a+b< <o ¢ o C
ab+1 a+b ab+1 a+b
Tuong tu ta co a . 2 (2); b SL(B)
bc+1 b+c — ac+l a+c
Dodéa+b+cga+b+c(4)
bc+1 ac+1 ab+1 b+c a+c a+b
Mt Khac a_ b L C 2a N 2b N 2¢C :2(a+b+c):2(5)
b+c a+c a+b a+b+c a+b+c a+b+c a+b+c
Tur (4) va (5) suy ra b ¢

+ + <
bc+1 ac+1 ab+1
Cau 276. (Dé thi HSG 7 huyén Thanh Oai nim 2014-2015)

Tim gié tri nguyén cia x dé biéu thuc B = 8_—); dat gia tri nho nhit.
X_
Loi gidi
x-3) 5

-3 X-3

o £ 5 . LA
B dat gia tri nho nhat < 3 nho nhat
X_

-1

o _yx 5-
Bién asi B 8% _5=(
Xx—3 X

Xét x>3va x<3,tadugc iSCé gia tri nho nhét bang -5 tai x=2

Két luan: Gia tri nho nhat caa B bang — 6 tai x =2
Cau 277. (De thi HSG 7 huyén Xuan Dwong 2013-2014 )

Tim gia tri nguyén lon nhit cua biéu thaec M = 155_ X
—X
Loi giii
M =22=% _1+ 29 M 16n nhat khi va chi khi ——— ln nhit
5—X 5—X 5-X

+)x > 5thi £<O 1)
5-X

+) x<5thi 51—0 >0 ma 10 c6 tir khong d6i nén phuong trinh ¢o gia tri I6n nhat khi mau nho

nhat .5—x 12 s6 nguyén duong nho nhat khi 5—x=1=x=4

Khi d6 ﬂ =10 (2)
5-x

So sanh (1) va (2) thiy 51—0 I6n nhét bang 10.
—X
Vay GTLN cua M = 11 khi va chi khi x=4
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Cau 278. (Dé thi HSG 7 huyén Viét Yén 2012-2013 )
Tim nghiém nguyén duong cta phuong trinh X+ Yy +2z = Xyz

Loi giai
Vi x,y,x nguyén nén giasa 1< x<y<z
Theodébéitacé:1:i+i+i£%+%+%:%:xzs3:x:l
yZ yx zx X° X° X° X

Thayvao x+y+z=xyztact: 1+y+z=yz=>y-yz+1+z=0

=y(l-2)-(1-2)+2=0=(y-1)(z-1)=2

THI: {y_lzljyzz TH2: {y_1:23y23
2-1=2=17=3 2-1=1=12=2

Vay c6 hai cap nghiém nguyén thoa méan (1;2;3);(13;2)

Cau 279. (Dé thi HSG 7 huyén Viét Yén 2012-2013 )

b C
+ + <
bc+1 ac+1 ab+1

Cho ba s6 duwong 0<a<b<c<1, chang minh ring

Loi giai
. N 1 c C
Vi 0<a<b<c<lnén(a-1)(b-1)>0<ab+l>a+b< < = < ()]
ab+1 a+b ab+1 a+b
a a b b
Tuong tu: <— (2) ; <—— (3
et bc+1 b+c 2 ac+1 a+c ®)
Do do:
a N b N c < a b N C (4)
bc+1 ac+1 ab+1 b+c a+c a+b
M3 - a N b N c < 2a N 2b N 2¢C :2(a+b+c):2(5)
b+c a+c¢c a+b a+b+c a+b+c a+b+c a+b+c
Tir (4) va (5) = —2 b € <>

bc+1+ ac+1Jr ab+1
Cau 280. (Dé thi HSG 7 huyén Thanh Oai nam 2014-2015)
Tim gi4 tri nho nhat caa biéu thic A:(x—z)2 +|y—x|+3
Loi giai
Tac6 (x—2)° 20 véi moi x va |y —x| > 0véi moi X, y = A>3vdi moi X, y

: |(x=2)'=0 [x=2
Suy ra A nho nhat =3khi =
ly—x/=0 y=2
Cau 281. (Pé thi HSG 7 huyén Ha Hoa 2010- 2011)
Chting minh rang: M =32 —2"2 13" _2"¢( tan cung & 0 v4i moi sb tu nhién n>1.
Loi giai
Ta co:
M =372 2™ 43— 2" = (3" +3") (2" +2") =3"(3° +1)-2"(2° +1)

=3"10-2"5 =1o.(3" —2"-1)



GIAO VIEN: LE THI NGA

= M:10(neN¥)
Vay vai ne N*ta cd M lubn tan cung 12 0
Cau 282. (Dé thi HSG 7 huyén Ha Hoa 2010- 2011)

2
Tim gia tri nho nhét caa biéu thirc A:(x—gj +(y+20)" +2010
Loi gidi
2
Ta co: (x—éj 20;(y+20)10 >0 v&i moi x, ynén A>2010.

Dau “="xay rakhi x==;y=-20

[$200)N)

Vay GTNN cia A la A, = 2010 khix:é;y:—zo

Cau 283. (bé thi HSG 7 Cip Truong nim 2014-2015 )

Cho M = 42 _1;( . Tim s6 nguyén x dé M dat gié tri nho nhat
X_
Loi gidi
Tathdy M =22=X_ 1421 4t GTNN nho nhét
x-15 x—-15 x-15
Xét x—15>0thi >0
x—-15
Xét x—15<0thi <0.Vay nho nhat khi x—15<0
X—-15 X—-15
Phan sb c6 tir dwong mau am
x-15
Khi d6 = nho nhat khi x—151a s6 nguyén am 16n nhat hay
X_

Xx-15=-1<x=14
Vay x =14thi M nhé nhat va M = —28
Cau 284. (Dé thi HSG 7 Caip Truong nim 2014-2015 )
Chting minh rang: 3a+2bi17 <>10a+bi17 (a,b e Z)

Loi giai
3a+2b:17 =10a+b:17
Taco: 3a+2bil7 = (17a+17b)+(10a+b):17

—10a+bi17 = 9.(3a+2b)'17 = 27a+18b:17

*10a+b:17 = 3a+2b:17

Taco: 10a+b:17

= 2(10a+b):17 = 20a+ 2bi17

=17a+3a+2b:17 = 3a+2b:17

Cau 285. (Pé thi HSG To4n 7 Truwong Lé Quy Pon nim hoc 2016-2017)
Ching minh ring: 3a+2bil7 <>10a+bil7(a,beZ)

Loi gidi
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*3a+2b:17=10a+b:17
Taco: 3a+2b:17
= 9(3a+2b)i17 = 27a +180b:17 = (17a+17b) +(10a+b):17

= (10a+hb):17
*10a+b:17 =3a+2b:17
Taco: 10a+bi17 = 2(10a+b):17

20a+2b:17 =17a+3a+2b:17 = 3a+2b:17
Cau 286. (Pé thi HSG Toan 7 Truwdong Lé Quy Pén nim hoc 2016-2017)

a) Cho M = 12—_1)5(.Tim s nguyén xdé M dat gid tri nho nhét

. . 1 X 1 X+4
b) Tim xsaocho: | = | +| = =17
2 2

Loi gidi

nho nhat

42-X_ g, dat GTNN <

a) Tathdy F=
Xx-15 x-15 x-15

Xét x—-15>0thi >0

Xx-15

Xét x —15<0thi 2 < 0.Vay dat gia tri nho nhat khi x—15<0

x-1 X —15

14
A

Phan so c6 tir dwong mau am

X -15

Khi d6

27 : nho nhit khi x—151a s6 nguyén am 16n nhat hay x—15=-1=x=14

Vay F,, =-28<x=14

o2 o] T = (-

@El :17<:>l =162 =2"=x=-4
16 \ 2 2

Cau 287. (Pé thi HSG Toan 7 Truong THCS Nguyén Khuyén nim hoc 2016-2017)
Tim gid tri nho nhét ctia da thic g(x)=16x"*—72x*+90
Lai gidi
g(x)=16x"-72x*+90 = (4x2)2 —2.4x°.9+9°+9= (4x2 —9)2 +9
V&i moi gid tri cua xta co:
(4x*-9) 20=g(x)=(4x*-9) +929
Min

g(X):9<:>4x2—9:0<:>X:i§
2

Cau 288. (Pé thi HSG Toan 7 Truwong THCS Nguyén Khuyén nim hoc 2016-2017)
Tim s6 chia va sé du biét rang sé bi chia bang 112 va thuong bang 5

Loi gidi
Goi s chiala avasé dula r(a,reN*a>r)
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Taco: 112=5a+r=5a<112=a<22 (1)

Lai c6: a>r=ba+r<ba+a—=112<6a=a=>19(2)
Tu (1) va (2) = a=19;20;21,22
Lap bang sb

a 19 20 21 22
r=112-5a | 17 12 7 2

Cau 289. (P& thi HSG Toén 7 huyén Phid Thién nim hoc 2015-2016)
Chuing minh ring sé ¢é dang abcabc ludn chia hét cho 11
Lo gidi
abcabc = abc.1001=91.11.abc11. Vay abcabc 11
Cau 290. (Pé thi HSG Toan 7 huyén Pirc Tho nim hoc 2015-2016)
Tim gi4 tri nho nhat hoic gia tri 16n nhat caa cac biéu thic sau:
x? +17
X?+7

a)A=|x+5/+5 b)B =
Loi gidi

a) Taco: [x+5/>0. Dau "="xdy ra <>x=-5=>A>5.Vay MinA=5<x=-5

x> +17  x*+7+10 _q, 10

b) B = _ 1+
) x> +7 x> +7 x> +7
Taco: x>0, Dau "="xayra & x=0=x>+7>7
10 10 10 10 17
<—=—=1+ S1+7:BS7,dﬁu "="xiayra < x=0

X2+7 7 X2 +7
R 17
Vay MaxB:7<:>x:0

Cau 291. (Pé thi HSG To4n 7 huyén Thing Binh nim hoc 2018-2019)
a) Chung to rang: M = 75.(4%+ 4%+ + 42 +4 + 1) + 25 chia hét cho 107
b) Cho tich a.b 1a s6 chinh phuong va (a,b) = 1. Chtng minh riang a va b déu la s6 chinh phuong.
Loi gidi
a) M = 75,(4%°+ 42+ +4%+4 + 1) + 25
= 25.(4- 1)(4%V+ 4%+ + 42 +4 + 1) + 25
= 25.[4(4% + 47%%+ |+ 42 +4 + 1)- (4% + 47+ + 47 +4 + 1)] + 25
= 25.(4%018+ 424 |+ 47 +4) - 2547+ 4754+ 4% +4 + 1) + 25
= 25478 _ 25 + 25
= 25.4%"18 =25 4.4%7 = 100.4%"": 100
Vay M : 10°
b)Patab=c? (1)
Goi(ac)=dnéna:d,c:d
Haya=m.dvac=n.d vgi (m,n) =1
Thay vao (1) ta dwoc m.d.b = n?. d?
=>mb=n’.d=>b: n?vi(ab) = 1= (b,d)
Van?:ib=>b=n?
Thay vao (1) ta ¢ a = d* => dpcm
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Cau 292. (Pé thi HSG Toan 7 huyén Thing Binh nim hoc 2018-2019)
Tim gi4 tri nho nhat cua A, biét:
A = |7x — 5y| + |2z — 3X]| +|xy + yz + zx - 2000
Loi gidi
Taco |7x—5y| > 0; |2z—3x|> 0va|xy +yz +zx -2000| > 0
Nén A = |7x — By| + |2z — 3x| +|xy + yz + zx - 2000|> O
Ma A = 0 khi va chi khi
|7x —5y| = |2z — 3x| = |Xy + yz + zx - 2000| = 0

C6: [7x —5y| =0 & 7x =5y < §:¥
|2z -3x|=0 & X_zZ
2 3

Xy + yz + zx - 2000| = 0 <> xy + yz + zx = 2000

x=20,y=28,2=30

X =-20;y =-28;2=-30

A >0,maA=0 < (x,y,2) =(20;28;30) hoac (x,y,z)= (-20;-28;-30)

Vay MinA =0 < (x,y,z) = (20;28;30) hoac (x,y,z)= (-20;-28;-30)

Cau 293. (Pé thi HSG Toéan 7 Truwdong Giao Tan niam hoc 2016-2017)

Ching minh réng khong thé tim duoc s nguyén X, y,zthéa man: [x—y|+|y—z|+|z—x| = 2017

Tu d6 tim duoc {

Loi gidi
Taco: [x—y|+ly—z|+|z—X|=[x—-y|+(x-y)+|y—z|+(y-2)+|z— x|+ (z - x)
2X x>0

V6i moi s6 nguyén xta lai c6 [x|+x =
0 x<0

Suy ra |x|+x ludn 1a s6 chin véi moi s6 nguyén x
x=y|+(x-y)
Tur d6 ta co: 4|y —z|+(y—2z) la cac sb chin véi moi s6 nguyén X, Y,z
|z—x|+(z—-x)
Suy ra |x—y|+(x—y)+|y—z|+(y—2z)+|z—X|+(z—x)1a mdt s6 chin véi moi s6 nguyén X,y,z
Hay |x—y|+|y—z|+|z—x|1a mot s6 chin véi moi sé nguyén X, Y,z
Do d6, khong thé tim dugc sb nguyén X, Y,z thoa man:
X —y|+]y—2z|+|z—x|=2017
Cau 294. (Pé thi HSG Toan 7 Truong Giao Tan nim hoc 2016-2017)
Chtng minh rang: 2+22+2%+2% +2° +......+2% + 2% chia hét cho 31
Loi gidi
Dit D=2+22+2%+2" +2° +.....+ 2% + 2" (c6 10056 hang)
:(2+22 +23+24+25)+(26+27 +28 +29+21°)+ .......

+(296+297+298+299+2100) (Cé 20 nhém)
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D= 2.(1+2+22 +2° +2“)+26.(1+2+22 +23+24)+ ..... +2%.(1+2+22 +2° +24)
D=231+2%31+....+2%31
D =31.(2+26 T +296)chia hét cho 31

Vay D=2+22+2%+2*+2°+.....+2% +2'® chia hét cho 31

Cau 295. (Pé thi HSG Toan 7 Truong Giao Tan nim hoc 2016-2017)

Tim gié tri lon nhat cua biéu thic: P =(2x —5y)’ —(15y —6x)’ —|xy —90|
Loi gidi

Taco: P= (2x—5y)2 —(15y—6x)2 —|xy—90|

= (2x -5y)’ —(6x ~15y)’ —|xy —90|

=(2x —5y)2 -9.(2x —5y)2 —|xy —90]|

= | 8.(2x=5y)"+|xy-90[|

Tathdy (2x—5y)” >0 voi moi X,ynén 8.(2x—5y)” >0 véi moi X,y

|xy —90| > 0 vé6i moi X,y

Khi do 8.(2x ~5y)’ +|xy —90| > 0 v&i moi X,y

Suy ra | 8.(2x~5y)" +[xy 90| | < Ovéi moi x,y

Hay P <0va&i moi X,y

2% 5y = X_y
(2x—-5y) O<:>

2
[xy—90|=0

Dau " ="xay ra khi {
xy =90

%: K ta duoc x =5k, y = 2k
X . ) k=3
Ma xy =90 nén 5k.2k =90 = k =9:{k=_3
Néu k=3=x=15,y=6
Néu k=-3=x=-15,y=—-6
x =15y =6
X=-15y =6
Cau 296. (Pé thi HSG To4n 7 Trwong Vinh Yén nim hoc 2018-2019)
Ching minh rang: 3 + 32+ 33+ .+ 3**1% chia hét cho 120 (v&i x eN)
Loi giai

Vay MaxP =0 <:{

3x+1 + 3x+2 + 3x+3+ ...... + 3x+100

— (3x+1 + 3x+2 + 3x+3 + 3x+4) + (3x+5 + 3x+6 + 3x+7 + 3x+8)+”.+ (3x+97 +
3x+98 + 3x+99 + 3x+100)

= 3Y(3+3%+3%+3%) + 3(3+3%+3%+3%) +...+3*"%(3+3%+3%+3")

=3%.120 + 34,120 +...+3**9.120

=120(3" + 3 +.. +3*"%): 120 (dpcm)
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Cau 297. (Pé thi HSG Toan 7 Truwong THCS Nguyén Khuyén nim hoc 2015-2016)
Biét x e Qva 0<x <1.Chimng minh x" <xvdi neN,n>2
Loi gidi
Xét X" —x = x(x”‘1 —1)

0<Xx<l=>x""-1<0;x>0=>x"-x<0
Suy ra diéu phai ching minh
Cau 298. (Pé thi HSG Toan 7 Trwong 038 nim hoc 2016-2017)

X y z t

Chang minh ring M = + + + c6 gié tri khdng phai la s tu nhién
X+y+z X+y+t y+z+t X+z4+t
(x,y,z,teN¥*)
Loi gidi
Ta co: X X X

X+Yy+zZ+t X+y+zZ X+Yy

y Yy Y
X+y+z+t X+y+t X+y

z z z
< <
X+y+z+t y+z+t z+t
t t t
<

<
X+y+z+t X+z+t z+t

X+y+z+t X y ( z t j
>———=<M< + + +
X+y+z+t X+y X4y z+t z+t
Hay 1<M < 2.Vay M co gié tri khéng phai 12 s6 tu nhién

Cau 299. (Pé thi HSG Toan 7 Huyén Triéu son nim hoc 2015-2016)
Chuang minh rang tir 8 s6 nguyén dwong tity ¥ khong 16n hon 20, luén chon dugc ba s6 X, Y,z 1a do

dai ba canh ciia mét tam giac
Loi gidi
Gia sir 8 s6 nguyén duong tily y da cho 13 a,,a,,a,,.....,8, Voi 1<a, <a, <........ <a,<20
Nhan thiy rang voi ba sb duong a,b,cthéamin a>b>cva b+c>athi a,b,cla do dai ba canh
caa mot tam giac. Tur do, ta thiy néu trong cac sb a,,a,,a,,......,a, khong chon dugc 3 s6 1a do dai
ba canh cua mot tam giac thi:
ag=a,+a;21+1=2
a;,>ag+a, >2+1=3
a,2a,+a,=23+2=5
a;=a,+a,>25+3=8
a,>a;+a,>8+5=13
a,>a,+a, >13+8=21
(trai voi gia thiét)
Vay diéu gia sir trén 1a sai.Do do, trong 8 50 nguyén trén da cho luén chon dugc 3 s X,y,z1a do
dai ba canh cua mét tam giac
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Cau 300. (Pé thi HSG Toan 7 Huyén Triéu son nim hoc 2015-2016)

2 2
Cho x+y=1x >0,y >0.Tim gid tr nhé nhat ciia biéu thie P =2+ (ava b 1a hing s6 duong
Xy
da cho).
Loi gidi
Ta co:
2 2 2 2 az. X bz. X 2 2 2 2
P:a_+b_:a.1+b.1: (+y)+ (+y):a2+ay+b2+bxz(ay+be+az+b2
Xy X y X y X y X y
4 a’y . b’ , e A e e x e
Céac s0 duong —=va — co tich khong d6i nén tong cua chdng nho nhat khi va chi khi
X y
2 2
ﬂ:b—xcazyz:b2x2<:>ay:bx<:>a(1—x):bx<:>x:i.Suyray=L
X a+b a+b

Vay gia tri nho nhat ciia biéu thic P =(a+b)’khi x = a Y= b
a+b a+b

Cau 301. (Pé thi HSG Toan 7 Huyén Vinh Léc nim hoc 2016-2017)
Chiing minh rang /10 1 s6 vo ti
Loi gidi
. . a . . .
Gia str V10 12 sé hitu ty = +10 :B(a, b 1as0 ty nhién, b khac 0; (a,b)=1)
2
%:10 =a’=10b’ = ai2=a’:4=10b*:4=b*:2=Db:2
Vay (a,b)=1nén v10lasé vo ty.
Cau 302. (Pé thi HSG Toan 7 Trwong THCS Hién Quan nim hoc 2015-2016)
a) Tim s6 du khi chia 2% cho 31
b) Vi a, b la cac s6 nguyén duong sao cho a+1va b+2007 chia hét cho 6.
Chung minh rang: 4° +a+ b chia hét cho 6
Lo gidi
a) Ta co: 2° =32=1(mod31) = (2° )402 =1(mod31)
= 2" =2(mod31). Vay s6 du khi chia 2°°** cho 3113 2
b) Vi a nguyén duong nén ta c6 4° =1(mod3)= 4% +2=0(mod3)
Ma 4°+2=0(mod2)= 4" +2:6
Khidotaco 4°+a+b=4+2+a+1+b+2007-2010:6
Vay véi a,b la cac s6 nguyén duong sao cho a+1va b+ 2007 chia hét cho 6 thi 4* +a+ b chia hét
cho 6.
Cau 303. (Pé thi HSG Toan 7 Truomg THCS Hién Quan nim hoc 2015-2016)
Trén bang c6 ghi cac sb tu nhién tir 1dén 2008, nguoi ta 1am nhu sau: 1dy ra hai sé bat ky va thay
vao bang hiéu cua ching, cir 1am nhu vay dén khi con mét sé trén bang thi dung lai. Hoi ¢ thé 1am
dé trén bang chi con lai sé 1 dugc khéng ? Giai thich ?
Loi gidi
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Goi S la tong tat ca céac sé duoc ghi trén bang
Taco S=1+2+3+...+2008 = w =1004.2009 12 mot s6 chan. Khi lay ra hai s6 a,b va
thay vao bang hi¢u cua hai s6 thi tong Sbét di (a+b)—(a—b)=2blasé chan.
Nén tong mai phai 1a mot sé chin
Vay trén bang khong thé con lai s 1.
Cau 304. (Pé thi HSG Toan 7 Huyén Phii Thién nim hoc 2009-2010)
Chuang minh rang s6 ¢ dang abcabc ludn chia hét cho 11.
Loi gidi

Ta c6: abcabc = abc.1001=abc.91.11:11
Cau 305. (Pé thi HSG 7 Huyén Phi Thién 2009 -2010)
Chitng minh ring sé ¢6 dang abcabc ludn chia hét cho 11.
Loi gidi
Ta co:
abcabc = abc.1001 = abc.91.11:11
Cau 306. (Dé thi HSG 7 Truong Vo Thi Sau 10-11)
Tim gia tri nho nhét cia bieu thic sau khi X thay doi: B =[x —2|+[3— x|
Loi gidi
Ta xét cac trueong hop:
+Néu x<2=>x-2<0;3—x>0
Do d6: [x—2|=—(x-2);B-X=3-x =>B=—(x—2)+3-x=-2x+5
Vi Xx<2=-X>-2.Do d6 B=-2x+5>(-2).2+5= B>1= B nho nhat =2
+néu 2<x<83=>x-2>0;3-x>0=B=x-2+3-x=1=B=1
+Néu x>3=>x-2>0;3-x<0=>B=x-2—(3-X)=2x-5
Vi Xx>3=B=2x-5>23-5B>1=B=2
T 3 truong hop trén ta dugcc Bmin =12<x<3
Cau 307. (Pé thi HSG 7 Truong V6 Thi Sau 10-11)
Chuang minh rang:
a) 10° —5"chia hét cho 59
b) 313°.229 —313°.36 chia hét cho 7
Loi gidi
a)10° —5" =(2.5)° -5" = 2°5° -5
=5°(2°-5)=5°59:59
b)313°.229 -313°.36 = 313°.229 - 316°.(1+35)
=313°.229-313° -313°.35
=313°(229-313)-313°35
=315°.(-14)-313°.35
=7.(-2.313°-316°5):7
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Cau 308. (Pé thi HSG 7 Huyén B Ly 15-16)

a) Cho A= \/\/: *1 .Tim sé nguyén x dé Alasé nguyén
2
b) Tim gid trj 16n nhét cia biéu thic B =% "1
X“+3
Loi gidi

J’+1J’3+41 4

-3 Jx-3 Jx-3
Dé Alasé nguyén thi Vx —3la wéc cua 4, tc 1a Yx —3 = {+1;+2;+4}
Vay gia tri x can tim la: 1;4;16; 25; 49

x2 +15 x2+3+12 12

DB x2+3 x2+3 1+x2+3
Taco: x*>0.Dau "="xayra < x=0= x> +3>3(2 vé duong)
IR I

X*+3 3 X°+3 X +3

=B<5

Dau "="xay ra khi va chi khi x=0

Vay MaxB=5<x=0

Cau 309. (Peé thi HSG 7 Huyén Kim Thanh 18-19)

Chuang minh rang véi n nguyén duong thi 3" —2"? 43" — 2" chia hét cho 10

Loi gidi

a)A=

<1+4

Ta cé:
3n+2 _2n+2 43N _oN

:(3n+2+3n)_(2n+2+2n)
=3"10-2"119
_ (3” - 2”‘1).10510. vay 3M2 o2 an_onig

Cau 310. (Pé thi HSG 7 Huyén Kim Thanh 18-19)

Tim cac cip sb nguyén (x; y)théa man: x+2y =3xy+3
Loi gidi

Taco: X+2y=3xy+3

= 3x+6y=9xy+9=(3x—9xy)+(6y-2)=

= 3x(1-3y)-2(1-3y)=7 < (3x-2)(1-3y) =

Vi X,y e Znén 3x—2;1—3y la cac s6 nguyén

Ma (3x—2).(1-3y) =7 = 3x—2;1-3yla udc cua 7.

Talai c6 U (7) = {147} = 3x—2;1-3y e {1, £7}

Bang gid tri:
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3Xx—-2 -7 -1 1 7
1-3y -1 -7 1
X -5/3 1/3 3
y 2/3 8/3 -2 0
ktm ktm tm tm

Vay (xy)e{(t-2);:30)}
Cau 311. (Pé thi HSG 7 Huyén Yén Lap 17-18)
1) Tim gia tri nho nhét cta biéu thic A=|2x+2|+|2x—2013|véi X 1a s6 nguyeén.
2) Tim nghiém nguyén duong cua phuong trinh : X+ Y +2 = Xyz
Léi gidi
1) Ta cé:
A=|2x+2|+[2x 2013 = [2x + 2| +]2013 - 2X]
>[2x+2 + 2013~ 2x| = 2015

2013
2

Dau "="xay ra khi (2x+2)(2013-2x)20< -1<x<

Vay MaxA=2015khi x=-1
2) Vi %Y Znguyén duong nén ta gia st l=xsy=<z
Theo bai ra 1:i+i+isi2+i2+i2=%:> xX*<3=>x=1

yz yx x xX° xX° X X
Thay vao dau baitaco: 1+ y+z=yz=y—yz+1+2z=0
=y(l-z)-(1-2)+2=0
< (y-1)(z-1)=2
Thl:y-1=1=y=2va z-1=2=12=3
Th2:y-1=2=y=3vaz-1=1=12z=2
Vay c6 hai cap nghiém nguyén thoa méan (1,2,3);(1,3,2)
Cau 312. (Pé thi HSG 7 huyén Lam Thao 2016-2017)
Cho tich a.b 1a s6 chinh phuong va (a, b) = 1. Chirng minh rang a va b déu la s6 chinh phuong.
bitab=c? (1)
Goi(a,c)=dnéna:d,c:d
Hay a=md vac=n.dvéi (mn)=1
Thay vao (1) ta dwoc m.d.b =n?. d?
=>mb=n’d=>b n?vi(ab) = 1= (b,d)
Van?ib=>b=n?
Thay vao (1) ta c6 a = d* => dpcm
Cau 313. (Pé thi HSG 7 Trueong Cy Khé 2016-2017)
Tim gia tri nho nhét cua biéu thuc:
A=(x-2) +|y—x/+3

Loi gidi

Taco: (x—2)2 >0voi moi xva |y —x|>0véi moi X,y = A>3véi moi X,y
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(x-2)"=0

S X=y=2
ly—x|=0

Suy ra Anhé nhat =3khi {

Cau 314. (Pé thi HSG 7 Truong Thanh Van 2017-2018)

. A . X . .
Tim so tu nhién x dé phan so > 3co gia tri I6n nhat.

Loi gidi
7x—8_2(7x—8)_7(2x—3)+5_7 5

Pt A= _ _ 7.5

BT 3T 2(2x-3) 2(2x-3) 2 2(2x-3)

Pat B=— > thi Alén nhét khi va chi khi B 16n nhét
2(2x—3)

...... GTLN cia A=6<=x=2

Cau 315. (Pé thi HSG 7 Truong Thanh Vian 2017-2018)

Chting minh rang néu mva n la cac sb tu nhién thi s:

A=(5m+n+1)(3m-n-+4)laso chin
Loi gidi

Taxéthiéu (5m+n+1)—(3m—-n+4)=..=2m+2n-3

Vé6i m,neNthi 2m+2n—31a mot sé 1é. Do d6 trong hai s6 5m+n-+1va 3m—n+4phai c6 mot s6

chan. Suy ra tich caia ching l1a mot s6 chan. Vay Ala sé chin

Cau 316. (bé thi HSG 7 huyén Khoai Chau 2014-2015)

2(x-1)" +1

(x —1)2 +2

a)Chting to rang véi moi X, biéu thirc C lubn ¢ gid tri 1a mot sé duong.

b)Tim tat ca cac s6 nguyén X, dé C c6 gié tri 1a mot s6 nguyén

c)Véi gia tri ndo cua x thi biéu thac C cd gia tri nho nhat. Tim gié tri nho nhat do.
Loi gidi

a)Ta thay: 2(x—1)2 +1>0va (x—l)2 +2>0 VX,

Vay biéu thire C ludn duong.

2| (x-1)"+2]-3 3

b)C = . 2>
(x-1)"+2 (x=1)" +2

Cho biéu thirc: C =

Pé C nguyén, ta phai c6 (x—l)2 +21a u6c duong cua 3

=2
Vi (x—1)2+222,nén (x—1)2+2:3:>(x—1)2:1:>[z_0
¢)C nhé nhat khi ——16n nhat
(x-1)"+2
Vi (x-1f +222080 — <3 o 3 55 Zhaycsl
(x-1)"+2 2 (x=1)"+2 3 3

Vay MinC:%QX:].
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Cau 317. (Pé thi HSG 7 huyén Khoai Chau 2014-2015)
Co6 hay khéng mot tam giéc véi do dai ba canh 1a : \/%;\/1_7+]; 3\/1_1
Loi gidi
3411 =/99 13 56 16n nhat trong 3 s6
X6t tong: V26 + /17 +1> /25 + /16 +1=5+4+1=10 =100 > /99 =311
Poan thang dai nhat nho hon tong to dai hai doan thang kia. Vay ton tai tam giac c6 d6 dai ba canh
noi trén
Céau 318. (Pé thi HSG 7 TRA MY 2018-2019)

Tim gi4 tri nguyén l6n nhat caa biéu thuc M = 155_)(
—X
Loi gidi
M =227X 14 1% M 160 nhét khi va chi khi —2— I6n nhét
5-x 5-x 5-x

+) X > 5thi £<0 (1)
5—-X

+) X <5thi 51—0 >0 ma 10 c6 tir khong ddi nén phuong trinh c6 gia tri 16n nhat khi mau nho
—X

nhat .5—X 12 s6 nguyén duong nho nhat khi 5—x=1=>x=4

Khi do 510 _10 (2)

So sanh (1) va (2) thiy 51—0 I6n nhét bang 10.
—X

Vay GTLN ciaa M = 11 khi va chi khi x=4

Cau 319. (Pé thi HSG 7 Thanh Thuy 2018-2019)

x—14
4-X

Tim s6 nguyén xdé M dat gia tri nho nhat, tim gié tri nho nhat d6 M =

_x-14 -10-(4-x) -10 4
S 4-x 4—X C4-x

M

M nho nhat khi va chi khi ;ﬂnhé nhét
— X

Xét X< 4thi _—10<O;x>4thi _—10>0
4-x 4-X

Ta chi xét x <4thi -1 nho nhat < 10 l6n nhat
4-x 4-X

= 4—x=1(vi mau nguyén dwong nhé nhat)
Vay X =3khi d6 MinM =-11
Cau 320. (P& thi HSG 7 BICH HOA 2017-2018)
1|+1996

-1997

Loi giai

A<0vsi moi x nén Adat gia tri 16n nhat khi |A| dat gia tri nho nhat

Tim gi4 tri 16n nhat cua biéu thic sau: A=
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| |_|x|+1996|_|x|+1996
| —1997 | 1997

|x|>0vxnén |x|+1996 >1996, vay |A nh nhét bang % < x=0

Suy ra GTLN cua A:%@ x=0
—1997
Cau 321. (Pé thi HSG 7 MY HUNG 2016-2017)
Tim s6 nguyén xdé Acé gia tri 1a mot sé nguyén biét: A= \/;% (x>0)
X —_
Loi giai

Taco: A= x+1 :1+L

Jx-3 7 Jx-3
AcZ o 2 7o x-3eU(d)={+L+2+4)

Jx-3

Lap bang:

Jx-3 |4 |21 |1 [2 |4
X Loai [1 |4 |16 [25 [49
Vay x €{1;4;16;25;49 }

Cau 322. (Pé thi HSG 7 MY HUNG 2016-2017)

Tim gia tri nho nhat cua biéu thirc sau: A=|x—2013|+|x—2014|+|x — 2015

Loi giai
A =|x—2013|+ |x — 2014| +|x — 2015

A =(|x—2013+|x — 2015]) +|x — 2014]

Vi :|x—2015|=|2015— x|

= A=(|x—2013)+|2015— |} +|x— 2014|

Ma |x—2013|+|2015— x| > |x — 2013+ 2015 X| = 2

A=(]x—2013/+|2015 - X|) + |x — 2014| > 2 +|x — 2014]
= A>2
[x—2014|>0
DAU "="xXayra < {(x—2013)(2015— x)=0 < x=2014
x—2014

Vay A, =2 < x=2014

Cau 323. (Pé thi HSG 7)
Tim neZsao cho 2n—-3:n+1
Loi giai
2n-3in+1<5:in+1=n+1eU(5) = {+1;45}
= ne{-6;-2;0;4}
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Cau 324. (Dé thi HSG 7 BICH HOA 2017-2018)
2a+9 N 5a+17 3 3a

Tim sé nguyén a dé: 1a s6 nguyén.
a+3 a+3 a+3
Loi giai
. 2a+9 5a+l7 3a 4a+26 4a+12+14 4(a+3)+14 14 . . A
Ta co: + — = = = =4+ la s6 nguyén.
a+3 a+3 a+3 a+3 a+3 a+3 a+3

Khi d6 (a+3)la woc cua 14ma U (14) = {+1;+2;+7;+14}
Taco: a=-2;-4,-1,-5;,-10;11;-17
Cau 325. (Dé thi HSG 7 huyén Thanh Ha 2016-2017)
Cho 100 s hitu ti trong d6 tich cua bat ky ba sé nao ciing 1a mot sé &m. Chang minhrang:
a)Tich ciia 10056 d6 1a mot s6 duwong.
b) T4t ca 10056 do déu la s6 am
Loi giai
a)Trong 100 s da cho, phai c6 it nhat mot sé am (vi néu ca 100 sé déu duong thi tich cua ba s6 bat
ki khong thé 12 mot s6 am).
Ta tach riéng s6 am d6 ra. Chia 99 s6 con lai thanh 33 nhém, mdi nhém 3 thira so.
Theo dé bai, mdi nhém déu cé tich 1a mot sé am nén tich caa 33 nhém tic 1a cta 99 s6 1a mot sé am
Nhan s6 &m nay véi s6 am di tach riéng tir dau ta duoc tich cua 100 s6 1a mot sé duong
b)Sap xép 100s6 d cho theo thi tu tang dan, chang han a, <a, <a, <...<a,,
Cac sb nay déu khac o (vi néu cd 1 thira s6 bang 0 thi tich cua n6 véi hai thira s6 khac cling bang 0,
tréi véi dé bai).

Xet tich agg.85.8,9 <0=>ag <0 (Vi néu a4, >0 thi a,, > 0,a,,, > 0,tich cia ba s nay khong thé la

100
mot s6 am).

Vay a,,a,,a,,....84 la cac s6 am

Xét tich aa,a, <0 ma aa, >0nén a, <0

Xét tich a,a,a,,, <Oma aa, >0 nén a,, <0

Vay tat ca 100 sé di cho déu la s6 am

Cau 326. (Dé thi HSG 7 THCS Hung Vii 2018-2019)

. . 4
Tim gié tri nho nhat cua biéu thic: C = ————
(2x-3)"+5
Loi gidi
C nho nhét < (2x —3)° +5l6n nhit
Ma mau s6 (2x —3)2 +5>5(vxeQ)
X —4 3
Vay Cmin :?C}X:E
Cau 327. (bé thi HSG 7 bé 075)
So sanh hai sé: 3*°va 5%
Loi giai

3% _ (33 )10 = 2710520 _ (52 )10 _ 2510 9710 _, 330 | p20
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Cau 328. (bé thi HSG 7 Huyén Luc Nam 2018-2019)
o ) ca’+a+3 )
a)Tim so nguyén adé —————1a s6 nguyén
a+1l

b)Tim sé nguyén %Y sao cho X~ 2xy+y=0
Loi gidi
. a®+a+3 a(a+1)+3 3
a)Ta co: = —a4+——
a+l a+l a+1

2
. a“+a+3. 3 .
Vi alaso nguyén nen —— la s6 nguyén khi —— la s6 nguyén hay a +11a uéc cua 3 do
a+l a+l
do (a+1)={-3-1LL3} = ae{-4,-2;0;2}
2

a“+a+3
Vay voi a € {—4;-2;0;2} thi 1 la sé nguyén
a+

a)Tr Xx—2xy+y=0=(1-2y)(2x-1)=-1
Vi X, Y la cac s6 nguyén nén (1—2y)va (2x—1)Ia cac s nguyén , do d6 ta c6 céc truang hop
sau:

1-2y=1 x=0 1-2y=-1 Xx=1
= hoac =
2x-1=-1 y=0 2x—-1=1 y=1

Vay ¢6 2 cap s6 X, Y nhu trén thoa man diéu kién dau bai

Cau 329. (Pé thi HSG 7 PGD Tan Ky 2015-2016)
2x—3
X—2

Tim cac s6 nguyén X dé biéu thirc sau c6 gia tri 1a mot s6 nguyén y =
Loi gidi

5 c6 gia tri nguyén <> 2X—3:X—2

Biéu thuc y =

3
x=1

—_
X—2=-1
Cau 330. (bé thi HSG 7 Huyén Tan Ky 2015-2016)
Chang minh rang véi moi s6 nguyén duong Nta ludn co:
5™2 43" _3" —5" chia hét cho 25.

. . x—2=1 X
<:>2(x—2)+1:x—2<:>1:x—2:{ {

Loi giai
Ta co:
5n+2 n 3n+2 _3_g— (5n+2 _gn ) n (3n+2 . 3n)
=5"24+3"8

Cau 331. (Pé thi HSG 7 Huyén Tan Ky 2015-2016)
Cho cac sb nguyén duong a,b,Cthéa man a+b+ ¢ =2016. Chiing minh rang gié tri biéu thic
sau khdng phai 1a mot s6 nguyén
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a b c
A= + +
2016 -c 2016—a 2016-b
Loi giai
a b C a b c
A= + + + + +
2016-c 2016—a 2016-b a+b b+c c+a
Ta co: a > a X b > i X ¢ > ¢ = A>1
a+b a+b+c b+c a+b+c c+a a+b+c
Mat khéc : a < atc . b < atb . ¢ < b+c = A<?2

a+b a+b+c'b+c a+b+c'c+a a+b+c

Vay 1< A< 2nén Akhdng phai 12 mot s6 nguyén.

Cau 332. (bé thi HSG 7 THCS Van Long - 2018-2019)

a) Tim cac sb nguyén X, y biét x> +2x —8y* =41

b) Biét Xxe Qva 0< x <1.Chtng minh X" <Xvéi neN,n>2.
Loi gidi

a) Viét dugc (X +1)2 =42 +8y°

Suyra (X + 1)2 lasé chin, dé c6 (X + 1)2 chia hét cho 4 nén 42 + 8y? khong chia hét cho 4

Vay khong c6 s6 nguyén X, y thoa man dé bai

b) Xét X" — X = x(x”‘1 —1)

0<x<1=>x"-1<0;x>0=>x%x"-x<0

Suy ra diéu phai chizng minh

Cau 333. (bé thi HSG 7 truong Hong Dwong 2017-2018 )

Véi gia tri nao caa x thi biéu thiac: P =—x?—8x+5 c0 gia tri 16n nhat ? Tim gid tri l6n nhat do.
Loi giai

Tacd: P=—x*—8x+5=—x"—4x—4x-16+21

- —(x2 +4x)—(4x +16)+21

=—x(x+4)-4(x+4)+21

=—(x+4)(x+4)+21

=—(x+4)" +21

Do —(x+4)2 <0 Vvéi moi gia tri cia X nén —(x+4)2 +21< 21 vé&i moi gia tri cua X

Suy ra: MaxP =21 < x=-4

vayvsi X=—4 thibieu thic: P =—x*—8x+5 cd gid tri I6n nhat bang 21.

Cau 334. (bé thi HSG 7 huyén Huong Son 2017-2018)

R . X ~ Z , o m+n
Cho m,ne N*va p laso nguyén to thoa man: P

m-1 p

@)

Chting minh rang: p?> =n+2
Loi gidi
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+)Néu m+nip=pim-1
Do p lasbnguyéntéva m, ne N*
m=2. ()= p°=n+2
m=p+1. (1):>p2=(m—1).(m+n):>p2:p.(p+1+n):>p+pn:()(loai)
+) Néu m+n khong chia hét cho p , tir (1) suy ra (m+n).(m—1)=p’
Do p lasé nguyéntéva m, ne N*nénsuyra m+n>m-1. Suy ra:
= =2
mEn=p = m :>p2:n+2
m-1=1 m+n=p’

£ \ . X P , ~ m+n N
Vayneu m, ne N* va p la so nguyén to thoa mén : Ll: thi p®>=n+2.
m-— p

Cau 335. (bé thi HSG 7 huyén Nam Cin 2017-2018)
Cho a>2,b>2.Chang minh ab>a+b

Loi gidi
Tacé:a>2:>1<1; b>2:>l<1
a 2 b 2
Suyra£+l<1:>a—+b<1
a b ab

=ab>a+b
Cau 336. (Dé thi HSG 7 huyén Nam Can 2017-2018)

R R T

Cho cac s6 O<a, <a, <@, <......< a,. Chitng minh rang:
i 8 + 8y, + 8

Loi gidi
Ta co:

a+a,+a,+a, +a;, <53,
8 +a; +85+a, +a,, <da,

8y + 8y, T A+, +a; <S3,
A A, . +a, <5(a5+ay, +a)

8 +a, Tty
85+ 8y + 8y
Cau 337. (Pé thi HSG 7 treong Nguyén Trai 2018-2019)
Ching minh rang néu mva n la cac sé tu nhién thi sé: A=(5m+n-+1)(3m-n-+4)Iasé chin

Suyra

Loi gidi

Taxét hieu (5m+n+1)—(3m-n+4)=..=2m+2n-3

Vé6i m,neNthi 2m+2n—-31a mot s 1é. Do dé trong hai s6 5m-+n+1va 3m—n-+4phai c6 mot s6
chin. Suy ra tich cia ching 1a mot sé chan.

Vay A=(5m+n+1)(3m—n+4) lasé chin
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Cau 338. (Dé thi HSG 7 huyén Triéu Son 2017-2018)

1) Tim s6 ty nhién n d phan sb ;” 3 c6 gi4 tri 16n nhat

2) Goi a,b,c 1a do dai cac canh cua mot tam giac. Chang minh rang: a_ . b LY
b+c c+a a+b

Loi gidi
n-8 2(7n-8) 7(2n-3)+5 7 5

1) Ta co: = = -

) 2n-3 2(2n-3) 2(2n-3) 2 2(2n-3)

Phan sé di cho co gia tri 16n nhat khi va chi khi __ % |onnhit
2(2n-3)

T dosuyra n=2
Vay gia tri 16n nhat caa phan sé da cho bang 6 khi n=2.
a a+a

2) Vi a<b+cnén 2 1o < @
b+c b+c b+c+a

Tuong tu ta co:

b 1= b - b+b @)
c+a c+a c+a+b

C 1= c B c+cC 3
a+b a+b a+b+c

b N c <26.+2b+2C:
b+c c+a a+b a+b+c
Cau 339. (Dé thi HSG 7 huyén B Trach 2017-2018)
Cho basb a,b,c thoaman 0<a<b+1<c+2 va a+b+c=1.Tim gia tri nho nhat cua c.

Loi gidai
Vi 0<a<b+l<c+2nén 0<a+b+l+c+2<c+2+C+2+C+2
=0<4<3c+6 (Vi g+b+c=1)

Tu (1) (2), () suyra: 2

:>302—2:>c2—§
O SR .2
Vay gia tri nho nhat caa cla -3

CAu 340. (D& thi HSG 7 tinh Bac Giang 2012-2013)

Tim gia tri nho nhét cua biéu thic P =|x—2012|+|x—2013| véi x 1a sb tu nhién
Loi gidi

P =|x—2012|+|x—2013|

Néu x=2012 hoic x=2013 thi P=1

Néu x>2013thi P =|x—2012|+|x—2013>1+|x—2013 >1

Néu x<2012thi P =|x—2012|+|x—2013|>|x—2012|+1>1

Do d6 gia tri nho nhat cia P béng 1, dat duoc khi x=2012 hoac x=2013

Cau 341. (Pé thi HSG 7 tinh Bac Giang 2012-2013)

1) Cho p lasé nguyén tb 16n hon 3. Ching minh ring p? +2012 1a hop s6

2) Cho n 1 s6 tu nhién c6 2 chix s6. Tim n biét n+4va 2n déu la céc sé chinh phuong.
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Loi gidgi
1) Vi p lasd nguyén to I6n hon 3 nén p c6 dang p=3k+1(k eN,k >1)
Véi p=3k+1
Suyra p’+2012=(3k+1)" +2012 =9k’ + 6k + 2013 = ( p’ +2012):3
Véi p=3k-1
Suyra p?+2012 =(3k —1)" + 2012 = 9k — 6k + 2013 = (p?+2012):3
Do d6 p?+2012 chia hét cho 3,ma p?+2012>3nén p?+20121a hop sb.

Vay p?+20121a hop sb

2) Vi nla sb c6 hai chir s6 nén 9<n <100 =18 <2n <200

Mt khac 2n1a s chinh phuong chin nén 2nc6 thé nhan cac gia tri: 36;64;100;144;196

Véi 2n =36 =n=18=n+4=22khong la s6 chinh phuong

V6i 2n=64=n=232=n+4=2361a 6 chinh phuong

V6i 2n=100=n=50= n+4=>54 khong la s6 chinh phuong

V6i 2n=144=n=72=n+4=76 khong la s6 chinh phuong

Véi 2n=196=n=98=n+4=102 khdng la sé chinh phuong

Vay s6 can tim 1a n=32

Cau 342. (bé thi HSG 7 huyén Nhw Xuén 2018-2019)

Tim s6 tu nhién c6 ba chir sb. Biét rang s6 do chia hét cho 7 va tong cac chir sé cua né bang 14.
Lo gidi

Ta co: Goi abc la sé tu nhién c6 3 chit sé cAn tim, a,b,ce N;0<a<9:0<b,c<9.

abc:7 < (100a+10b+c):7

< (98a+7h+2a+3b+c)i7
< (2a+3b+c)i7(1)
M3t khac theo bai ra: 5, 4 c =14
= (a+b+c)i7
= (2a+2b+2c):7(2)
Tu (1) va (2) suyra (b—c):7=(b—c)e{-7;0;7}
c=0=b=7,a=7
+)b-c=7 =>b=c+7=|c=1=b=8;a=5
c=2=>b=9a=3
b=c=6a=2
b=c=5 =4
+)b-c=0=> c=>=a
b=c=4=a=6
b=c=3=a=8
b=0=c=7;a=7
+)b-c=-7=c=b+7=|b=1=c=8;a=5
b=2=c=9a=3
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Vay c6 10 s6 thoa méan : 770;581;392; 266; 644;833;707;518;329

Cau 343. (Pé HSG toan 7 huyén Thanh Chwong 2018 - 2019)
Cho N =0,7.(2007°* —2013"* ). Ching minh ring N 1a mot s6 nguyén
Loi gidi
Chtrng minh N 1a s6 nguyén ta can chang minh: 2007%°%° —2013"* ¢4 chix s6 tan cing 12 0.

502 502 ’ N
Taco: 20072 = 2007.[(20072)2} = 2007.[(....9)2} = 2007.(....1) c6 chit sb tan ciing bing 7

1999 3 22 T 27499 PRSTTPVY SRR X
2013 :2013.[(2013)} = (7). [(--9) ] =(.7).(-1)c6 chi s6 tan cing bing 7

Vay 20077 —2013"% ¢6 chir s6 tan cing bang 0= N la mot s6 nguyén
Cau 344. (D& HSG toan 7 huyén Thai Thuy 2017 - 2018)

Cho a,bla céc sb tu nhién thoa man: a+4b chia hét cho 13

Chuang minh rang 10a +bciing chia hét cho 13

Loi gidi
Taco: (a+4b):13=10(a+4b):13
10.(a+4b)—(10a+b) =10a+40b—10a—b =39b:13
Do 10(a+4b):13= (10a+b):13
Cau 345. (P& HSG toan 7 huyén Phi Ninh 2018 - 2019)
a)Chtng minh rang: 3"? — 2?2 4+ 3" — 2" chia hét cho 10 v&i moi s6 nguyén duong n
b)Tim gié tri nho nhét cua bicu thic A=|2014— x|+ |2015 — x|+ |2016 — |
¢)Tim x,ythugc Z biét: 25— y? =8(x—2015)’
Loi gidi
a) Taco: 3"?—2"2 43" -2"=3"9-2"44+3"-2"
=3"10-2"5=3"10-2""10=10.(3" -2"*):10
Vay 3% —2"2 4 3" _ 2" chia hét cho 10 véi moi s6 nguyén duong n
b) Vi [2015—X| >0 nén A=|2014—x|+|2015—X|+|2016 — X| > |2014 — x| +|2016 — |
Dau “=" xay ra khi va chi khi x = 2015 (1)
2014 X|+|2016 — X| =[x — 2014| +|2016 — X| > |x — 2014+ 2016 — X| = 2
Dau “=> xay ra khi va chi khi (x—2014)(2016—x)>0, suy ra 2014 < x < 2016(2)

Tur (1) va (2) suy ra A>2. Dau “="xay ra khi va chi khi x=2015
Vay A nho nhét bang 2 khi x=2015

c)Taco: 25— y? < 25=8(x—2015)" < 25=(x—2015)" <4

Ta co:

Do xnguyén nén (x— 2015)2 1a s6 chinh phuong. C6 2 trudng hop xay ra:
THI: (x—2015)2 =0=x=2015, khid6 y=5hoac y=-5

x—2015=1 {x=2016

TH2: (x-2015)" =1= =
x—-2015=-1" | x=2014
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Véi x=2016hoic x=2014thi y* =17 (loai)
Vay x=2015,y=5va x=2015,y=-5
Cau 346. (Pé thi HSG 7 huyén Song L6 2017 - 2018)

< p S, ~ ) 2 ~ £ 3n-1 , ., ... A
Tim cac gia tri nguyén cua ndé phanso M = P c6 gia tri la so nguyén
Loi gidi

Taco: M =21"=¢4 gid tri 1a mot sé nguyén = 3n—-1:(n—1)

=3(n-1)+2i(n-1)=2i(n-1)=(n-1)eU(2) = {£1;+2}

= ne{0;2;—1;3} thi M nguyén

Cau 347. (Pé thi HSG 7 huyén Song L6 2017 - 2018)
n—2016|+n—2016

Loi gidi

Tim tat ca c4c sb ty nhién m,nsao cho: 2™ +2015 =

Nhén xét: Véi x>0thi [X|+x =2x

Vé6i x<0thi [x[+x=0

Do d6 ||+ X ludn 12 s6 chin VxeZ

Ap dung nhan xét trén thi [n—2016|+n—2016 la s6 chin véi n—2016 € Z

Suy ra 2" +20151a s6 chin = 2" lé<>m=0
Khi d6 [n—2016|+n—2016 = 2016

Néu n <2016, ta c6: —(n—2016)+n—2016 = 2016 <> 0 = 2016 (loai)

Néu n> 2016, ta co: 2(n — 2016) =2016 < n—-2016 =1008 < n = 3024 (thoa man)
Vay (m,n)=(0,3024)

Cau 348. (Pé thi HSG 7 huyén Song L6 2017 - 2018)

a)Tim gia tri nho nhat cua biéu thuc P = |x —2015|+|x — 2016|+

X —2017|
b)Cho bén s6 nguyén duong khac nhau thoa man tong cia hai s6 bt ky chia hét cho 2 va tong cua
ba s6 bat ky chia hét cho 3. Tinh gia tri nho nhit cua téng bén s nay
Loi gidi
a) P =|x—2015/+|2016 — X +|x—2017| = (|x — 2015|+[2017 — X|) +|x — 2016
Taco: |x—2015/+|2017 — x| > |x— 2015+ 2017 — x| = 2.
Dau "="xay ra khi 2015 < x <2017 )
Lai c6 |x—2016|>0.Dau "="xay ra khi x =2016 2)
Tu (1) va (2) tacé minP =2« x=2016
b) Nhan xét: Bon sé phai ciing s6 du khi chia cho 2 va 3. Bé ¢6 tong nho nhat, mdi trong hai sé dur
nay la 1l
Tur d6 ta co cac sb 1,7,13,19. Tong caa ching 1a 1+7+13+19 =40.
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Cau 349. (bé HSG huyén Bén Litc nam hoc 2018 - 2019)
Tim gia tri nhé nhét cua biéu thic C = [x~2017]+2018
|x—2017]+2019
Lo gidi
_ [x-2017|+2018 (|x-2017|+2019)-1 1
[x—2017|+2019  |x—2017|+2019 [x—2017]+ 2019

Biéu thic C dat gia tri nho nhat khi [x —2017|+ 2019 ¢6 gié tri nhé nhét
Ma |x—2017| > 0nén |x—2017|+2019 > 2019

Dau "="xay ra khi x=2017=C _ 2018
2019

Vay gid tri nho nhit cia C I3 % khi x = 2017

Cau 350. (Pé HSG huyén Bén Litc nam hoc 2018 - 2019)
Tim tat ca cac cap so nguyén x,ysao cho X—xy+y =0

Loi gidi
Taco:x—xy+y=0
=x(1-y)+y=0
=(1-y)-x(1-y)=1
< (1-x)(1-y)=1=11=(-1).(-1)
1-x 1 -1
1-y 1 -1
X 0 2
y 0 2

Vay (xy)={(0:0):(2:2)}
Cau 351. (Pé thi HSG 7 truong THCS Nguyén Khuyén)
Tim s6 tu nhién n. Biét rang néu gach bo di mot chit s6 cua n thi dugc sé6 méi nho hon sé n l1a 2012
don vi.
Loi gidi

Goi chir s6 bi gach di 1a x, va sé méi 1a m.Néu x khdng phai la chi s6 tan cling caa n thi sé m va
n ¢6 cuing chir sb tan cing. Do d6 n—mtan cung 1a 0= n—mchia hét cho 10 ma 2012 khéng chia
hét cho 10. Vay x Ia chi s6 tan cing cua n
Taco: n=Ax=> Ax—A=2012 < 9A+x =2012 = 201210 < 9A < 2012
Ma Ala sd tu nhién nén A=223=x=5.Vay n=2235.
Cau 352. (Pée thi HSG 7)
Cho x,y,z,te N*

X y z

Chung minh ring: M = + + - c6 gia tri khong phai la sé tu
X+y+z2 X+y+t y+z+t x+z4+t

nhién.
Loi gidi
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X X X . y y y
< < ; < <
X+y+z+t X+y+zZ X+y X+y+z+t X+y+t X+Yy

Z z z t t z
< < ; < <
X+Y+Z+t y+Z4+t Z+t X+y+zZ4+t X+Z4+t  z+t
o Xkyszst o [ oX Ly J{ 2zt ]
X+y+z+t Xx+y x+y) lz+t z+t

=1<M<2
Cau 353. (bé thi HSG 7 PGD huyén Chau Dédc 2018-2019)
Tim mét s tu nhién c6 3 chir 6, biét rang néu ting chit s6 hang tram thém n don vi déng thoi giam
chir s6 hang chuc va giam chi s6 hang don vi di n don vi thi dugc mot s ¢ 3 chir sé gap nlan sb
c6 3chir s6 ban dau.

Loi giai
Goi 6 ¢6 3 chi s can tim 1a abc (a,b,c e N,a = 0)

Theo bai rata cé: (a+n)(b—n)(c—n)= n.abc
=100(a+n)+10(b—n)+(c—n)=n(100a+10b+c)
—100a+100n+10b—-10n+c—n=2100an+10bn+cn
=100(n-1)a+10(n—1)b+(n—1)c=89n
=89n:n-1
Ma (89;n—1)=1nén nin—-1=n=2
S6 ¢6 3 chir s can tim 13 178.
Cau 354. (Pé thi HSG 7 huyén Cam Pha 2017-2018)
Tim cac s6 nguyén x, y biét x—2xy+y-3=0

Loi giai
Tacd: x—2xy+y-3=0
< 2X—4xy+2y-6=02x-4xy+2y-1=5
< 2x(1-2y)—(1-2y)=5<(2x-1)(1-2y)=5

Lap bang:
2x-1 1 5 -1 -5
1-2y 5 1 -5 -1
X 1 3 0 -2
y -2 0 3 1
Thoa méan Thoa méan Thoa méan Thoa méan

Cau 355. (Dé thi HSG 7 huyén Cam Pha 2017-2018)
Chang minh rang tir 8 s6 nguyén dwong tity ¥ khong 16n hon 20, luén chon dugc ba sé x,y,z1a do
dai ba canh ciia mot tam giac

Loi giai
Gia sir 8 s6 nguyén duong tiy y da cho 13 a,,a,,a;,....,8,V6i 1<a <a, <....... <a, <20
Nhan thiy rang voi ba sé duong a,b,cthéa mén a>b>cva b+c>athi a,b,c1a do dai ba canh
cta mot tam giac. Tur do, ta thay néu trong cac s6 a,,a,,a,, ......, 8 khong chon dugc 3 s6 1a do dai
ba canh cua mot tam giac thi:
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ag=>a, +a,=21+1=2

a8, >a;,+a,>2+1=3

a,>2a;,+a;=23+2=5

a,>2a,+a,>25+3=8

a,>a,+a,>8+5=13

a=>a,+a,213+8=21

(trai voi gia thiét)

Vay diéu gia st trén 1a sai.Do do, trong 8 s6 nguyén trén di cho ludn chon dugc 356 x,y,z1a do
dai ba canh ciia mét tam giac

Cau 356. (Dé thi HSG 7 huyén Cam Pha 2017-2018)

2 2
Cho x+y=1,x>0,y>0.Tim gia tri nho nhit caa biéu thirc P:a—+b—(ava b 12 hang s6 duong
Xy
da cho).
Loi giai
Ta co:
2 2 2 2 2 bz 2 2
P:a—+b—:a 'l+b 1_2 .(x+y)+ .(x+y): 2, 8 y+b2+M
Xy X y X y X y
2 2
:(ﬂ+ﬂj+a2+b2
X y
Lk azy\ZX,, A e Rr oA LR, , b Ae et s n b Dot
Cac so duong —=va — c0 tich khong doi nén tong cua ching nho nhat khi va chi khi
X y
2 2
ﬂzucazyz:b2x2<:>ay:bx<:>a(1—x):bx<:>x:i
X a+b
Suy ra y:L
a+b
Vay gié tri nho nhat cua biéu thic P:(a+b)2khix: a_.y_ b
a+b a+b

Cau 357. (Dé thi HSG 7 huyén Tam Dy 2017-2018)
Tim c4c s ty nhién a,bsao cho: (2008a+30-+1)(2008" +2008a +b) = 225
Loi giai
Theo d& bai = 2008a+3b +1va 2008° +2008a+ b 14 hai sb 1
Néu a = 0= 2008 +2008a la s chin
Pé 2008% +2008a+blé¢ =blé, néub I¢ = 3b+1chin, do d6 2008a+3b+1chan (khong thoa
man), vay a=0
Véi a=0=(30+1)(b+1)=225
Vi beN=(30+1)(b+1)=3.75=5.45=9.25

A . . 3b+1=25
3b+1khong chia hetcho 3va 3b+1>b+1= bil—g =b=8



GIAO VIEN: LE THI NGA

Cau 358. (Pé thi HSG 7 huyén HUONG KHE 2017-2018)
Cho a,b,c,d la céc s6 duong. Tim gia trj nho nhét cua biéu thic:
A=|x—a|+|x—b|+|x—c|+|x—d|
Loi giai
Khong mét tinh téng quét, gia st a<b<c<d.Ap dung BDT |a|+|b| > |a+b|, diu bing xay ra
< ab>0, taco:
|x—a|+[x—d|>|x—a|+|d x| >|x—a+d —x|=d -a ()]
|x=b|+|x—¢|=[x-b|+|c—X|=|[x—b+c—x|=c—b (2)
Suyra A>c+d—-a-b.
Dau "="xay ra khi va chi khi dau "="¢ (1) va (2) xay ra
< (x—a)(d—-x)=0va (x—b)(c—x)>0
<as<x<dvab<x<c.
Do d6 MinA=c+d—-a-b<b<x<c
Cau 359. (Pé thi HSG 7 huyén HUONG KHE 2017-2018)
Tim chir s6 tan cung cia Abiét: A=3"2-2"2 43" _2"
Loi giai
Chting minh A chia hét cho 10 suy ra chir s tan cing caa A 1a chit s6 0
Cau 360. (Pé thi HSG 7 huyén Hau Loc 2016 - 2017)
Tim cdp s6 nguyén (X,y) biét x+y=x.y.

Loi giai
x+y:xy:>xy—x:y:>x(y—1):y:>x:i1
y=L.
. . . . y=2=>x=2
VixeZ=y:y-1=-y-1+1:y-1=1:y-1,dodo y-1=t1=
y=0=x=0

Vay céc cip so nguyén (x;y)1a (0,0);(2,2).

Cau 361. (Pé thi HSG 7 huyén Hau Ljc 2016 - 2017)

Cho ba s6 a,b,cthoaméin 0<a<b+1<c+2va a+b+c=1.Tim gia tri nho nhit caa c.
Loi giai

Vi 0<a<b+l<c+2nén 0<a+b+l+c+2<C+2+C+2+C+2

=0<4<3c+6(via+b+c=1).

Hay 3c2—2:>02—§.

Vay gia tri nho nhét cua c la —%khi do a+b=g.

Cau 362. (Pé thi HSG 7 huyén Dirc Tho 2015 - 2016)
Tim gi4 tri nho nhat hoic gia tri 16n nht caa cac biéu thic sau:
x? +17

A= 5+5 B=
a) X +5[+ b) N

Loi gidi
Taco: [x+5>0. Dau "="xay ra <>x=-5=A>5.
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Vay MinA=5<x=-5.
x?+17 x*+7+10 10
B: 7 = 7 :1+ 7
X“+7 X +7 X +7

Taco: x*>0,Dau "="xayra < x=0=>x*+7>7.

le37 nghle; S1+§:>Bsg,déu "="xdy ra <>x=0.

Vay MaxB:gax:O.
Cau 363. (Pé thi HSG 7 huyén Dwong Tho 2017 - 2018)

Tim s6 nguyén x dé tich hai phan sb v XT_l 1a mot s6 nguyén.

X+1
Loi giai
6 x-1 2 x-1 2(x-1) 2x-2
Tx+10 3 x+10 1 x+1  x+1
2(x+1)-4 4
B X+1 B _x_+l

Dé Anhan gia tri nguyén thi x+1e U(4) = {+1;+2;+4} .
Suyra x €{0;,-2;1,-3;3;,-5} .
Cau 364. (Pé thi HSG 7 Khao sat chat lwgng 2016 - 2017)

2004 11 khong la s6 chinh phuong.
Loi gidi

+11a s6 chinh phuong véi Na sb lé ta co:

n +1=a*> (aeN¥

2
a2 _(nlOOZ) -1

<:>(a—n1°°2)(a+n1°°2)=1

1002 )

Cho nlé. Chang minh rang n

Gia st n?*

:>1E(a +nt% ) = (a +n'?) =1diéu nay vo ly vi (a + nl‘m) > 2Vv6in lasé lé.

Vay n®* +1khong la sé chinh phuong véi nlasé le.
Cau 365. (Pé thi HSG 7 treong THCS Tén Pirc Thing 2018 - 2019)
a) Tim cac s nguyén x,ybiét x? +2x —8y? = 41.
b) Biét x e Qva 0< x <1.Chung minh X" <xvéi neN,n>2.
Loi gidi
a) Viét dugc (x+1)" =42+8y?.
Suy ra (x+1)°1a s6 chin , dé ¢6 (x+1)”chia hét cho 4 nén 42+8y?khong chia hét cho 4.
Vay khong c6 s6 nguyén x, ythoa mén dé bai.
b) Xét x" —x = x(x“‘1 —1)
0<x<l=>x""-1<0;x>0=>x"-x<0

Suy ra diéu phai ching minh.
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Cau 366. (Pé thi HSG 7 huyén Dwong Nam 2017 - 2018 )
Cho a>2,b>2.Chang minh ab>a+b.

Loi giai
Tira>2:£<1; b>2:>1<1
a 2 b 2
Suyra1+l<1:>ﬂ<l.
a b ab

Vay ab>a+b.
Cau 367. (D& thi HSG 7 huyén Vinh Twong 2015 - 2016)
Chting minh rang: Trong 45 s6 tu nhién lién tiép ton tai 9 s6 c6 tong chia hét cho 45.
Loi giai
Ta c6 45 s6 ty nhién lién tiép chia cho 45 ta dugc céc s6 du 1a 0,1,2,3,...,44
Do 1+2+3+...+49=45
Suy ra c4c s chia cho 45 theo thir tu du: 1,2,3,...,9 thi tong caa 9 s nay chia hét cho 45
Cau 368. (Pé thi HSG 7 truwomg THCS Ly Tw Trong 2018 - 2019)
a)Tim céc s6 nguyén té p thoa man 2° + p?1a cac s nguyén tb
b)Trong mét bang & vudng gom cd 5x56 vudng, ngudi ta viét vao mdi & vudng chir mot trong 3 sd
1;0;—1. Chang minh rang trong céc tong cta 5 sé theo mdi cot, mi hang, mdi dudng chéo phai c¢é
it nhat hai tong sé bang nhau.
Loi giai
a)V6i p=2thi 2° + p? =4+4=8khong la s6 nguyén to
Vé6i p=3thi 2° + p?> =8+9=17 12 56 nguyén té
Voi p > 3thi p lasé nguyén té nén p Ié nén 2° = 22! = 2(mod 3)
Va p®=1(mod3)nén 2° + p?:3
Ma 2° + p? >3nén 2P + p?la hop sb
Vay véi p=3thi 2° + p?lahop s6
Vay véi p =3thi 2° + p?la sé nguyén té.
b)Ta c6 5 cot, 5 hang va 2 dudng chéo nén sé& co 12 tong
MJbi 6 vudng chi nhan mot trong 3 s6 1;0 hodc — 1 nén mdi tong chi nhan cac gia tri tir - 5 dén 5. Ta
c6 11sé nguyéntir-5dén51a—5;-4;....;0;1;....5
Vay theo nguyén Iy Dirichle phai cd it nhat hai tong bang nhau (dpcm).
Cau 369. (Pé thi HSG 7 trwong THCS Hong Pa 2015 - 2016)
x* +15
x*+3
Loi giai

Tim gid tri I6n nhit cua biéu thac B =

x* +15 12
= > :1—|— >
X“+3 X“+3
Taco: x> >0.Dau “=" xay ra khi va chi khi x=0= x*+3>3(2 vé duong)
212 SE:} 212 <4=1+ 32
x“+3 3 X +3 X“+3
Vay MaxB =5« x=0.

B

<1+4=B<5
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Cau 370. (Pé thi HSG 7 truwomg THCS Ly Tw Trong 2018 - 2019)

Tim gi4 tri nguyén caa x dé biéu thic M = % c6 gia tri nho nhat
_l’_
Loi gidi
\ _ 2016x-2016 _672,(3x+2)-2016-1344 _ 3360
O 3x+2 3X+2 - 3X+2
M nhé nhit < 3360 I6n nhat
3X+2

*Xét 3x+2<0thi @<0 @

3X+2
*Xét 3x+2>0thi 3360 >0

3X+2

3360
3X+2
X+2=2<=x=0

3360 _ 3360
3x+2 3.0+2

I6n nhat khi 3x+2nho nhat . Ma x nguyén, 3x+2dwong va 3x+ 2chia 3 du 2 nén

Khi d6 -1680 (2)

c6 gi tri 16n nhat bang 1680

So sanh (1) va (2) thi 3360
3X+2

Vay M, =-1008 < x=0.

Cau 371. (P& thi HSG 7 huyén Vinh Twong 2015 - 2016)

Tim tat ca cac s6 chinh phuong c6 4 chir s chia hét cho 153
Loi giai

Goi s6 can tim 1a a(a e N*,1000 < a <9999)

o a5 |x=3° s .
Taco: a:153=3 . = = a:51" = a:2601
a:3 y =5

=a=51"k*=>k=1=a=2601

Cau 372. (Pé thi HSG 7 huyén Vinh Twong 2015 - 2016)

a) Tim s6 du khi chia 3* cho 11

b) Cho (a,b)=1. Chiing minh réng (a””,b**)=1
Loi gidi

a) Theo dinh ly Fermat

3° =1(mod11) = 3* =3.(3°)" =3.1* = 3(mod 1)

Suy ra 3* chia cho 11 du 3
b) Gia sir ™ va b*® déu chia hét cho sé nguyénté d = a:d va b:d
Ma (a,b)=1=>d =1(vo Iy ). Vay (™" ,b™* )=1
Cau373. (P& thi HSG 7 trudng THCS Ly Tu Trong 2018 - 2019)
Cho XY,z la cac sb thuc thoa man: 2x =3y =5z va |[x—2y|=5
Tim gid tri 16n nhit cua 3x—2z

Loi giai
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Taco: =2 222 3y 5,
3 4 1
Néu x—2y=5=x=-15y=-10, z=-6.Khi d6 3x—2z =-45+12=-33
Néu x—2y=-5=x=15;y=10;z =6. Khi d6 3x—2z =45-12=33
Vay gié tri 16n nhat cua 3x—2z 14 33
Cau 374. (Pé thi HSG 7 huyén Pirc Tho 2017 - 2018)
Tim gi4 tri nho nhat hodc 16n nhit cua cac biéu thie sau:

a)A=|x+5/+5
x* +17
b)B =
) X*+7
Loi gidi
a) A=|x+5+5
taco: [x+5/>0.Dau "="xdyra <>x=-5=>A>5
Vay MinA=5<x=-5
2 x*+7)+10
b)B:x2+17:( 2) L1, 10
X“+7 X“+7 X“+7
Taco: x*>0.dau "="xayra < X=0=>x*+7>7 (2 vé duong)
210 SE:>1+ 210 £1+9:>B££<:>x:0
X“+7 7 X“+7 7

Vay MaxB:gQX:O

Cau 375. (P& thi HSG 7 truong Nguyén Khuyén 2015 - 2016)
Cho x,y,z,te N*

s X z e La Sy g
Chung minh rang: M = Y + t c6 gia tri khong phai la so tu
X+y+z X+y+t y+z+t X+z+t
nhién.
Loi giai
Ta co:
X X< X; y Yy Y
X+y+z+t X+y+z X+Yy X+y+z+t X+y+t X+y
Z z z t t t
< < ; <

; <
X+y+z+t y+z+t z4t X+y+z4+t X+z+t zZ4t

X+Y+z+t X y [ z t J
=>—<Mc< + + +
X+y+z+t X+y X+Yy Z+t  z+t
=1<M <2
Vay M c6 gia tri khong phai 1a sb tu nhién.
Cau 376. (Pé thi HSG 7 cap truwong 2017 - 2018)
Tim gia tri nho nhat cua biéu thic A=|x+1,45/-3

Loi giai
A=|x+1,45/-3
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Vi [x+1,45/>0=|x+1,45/-3>-3
Vay MinA=-3<x+145=0=x=-145.
Cau 377. (bé HSG 7 - Huyén Son Dwong 2015-2016)
Chang minh rang: 31 + 32+ 33+ ..+ 3% chia hét cho 120 (vai x N)
Loi giai
3X+1 + 3X+2 + 3X+3 +.... + 3X+100
_ (3x+l + 3x+2 n 3x+3 n 3x+4) + (3x+5 + 3x+6 n 3x+7 + 3x+8)+ Cx (3x+97 +
3x+98 + 3x+99 + 3x+100)

= 3 (3+3°+3+3") + 3 (3+37+3°+3") +...+3"% (343 +3°+3")
= 3120 + 3*%120 +...+3*%.120
= 120(3" + 3**+...+3%*):120 (dpcm)
Cau 378. (beé thi HSG 7 - Truong Nguyén Chich — Huyén Dong Son 2017 — 2018)
a) Tim hai s6 nguyén duong x va y biét rang tong, hiéu va tich caa ching lan luot ti I& nghich véi
35; 210;12.

X y z t

b) Cho - - -
Y+zZ+t ZHt+X t+X+Y X+Y+2Z

x+y+y+z+ z+t +t+x

Chuang minh rang biéu thuc P =
2+t t+X  X+Yy y+z

O gia tri nguyén

c) Choab,c,d €Z théaman a’*+b’ = 2(c3 —8d3) .Chung minh a+b+c+d chia hét cho 3
Loi gidi

a) Do tong, hiéu va tich cia x va y lan luot ti 1é nghich veéi 35; 210; 12.

Taco (x +y)35 = (x —y).210 = 12.xy

Tir(x+y)35=(x-y).210 = XY XY _ X+y _Xx-y _2x_2y _ X y_ Ty
210 35 210 35 245 175 7 5 5
thay vao dang thuc ( X + y).35 = 12.xy ta dugc
= y'-5y =0=>y(y - 5) =0=>ye{0;5/may>0 nény=5
Voiy=5thix=7.
b) Xy z _ t :>y+z+t_z+t+x_t+x+y_x+y+z
y+z+t z+t+X t+X+y X+Yy+z X y z t
y+z+t+1:z+t+x+1:t+x+y+1:x+y+z+1
X y z t
X+y+zZ+t Z+t+X+y t+X+y+Z X+y+z+t
X y z t

Néu X +y +z +t=0thi P=-4

Néu x +y +z +t # Othix=y=z=t=P=4
Vay P nguyén

c) Tach a'°’+b3:2(03—8d3)<:>a3+b3+03+d3=3c3—15d3

Ma 3c¢®-15d°:3 nén a®+b°+c®+d*:3 (1)
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Du trong phép chia a cho 3 1a {O; il} suy ra du trong phép chia a® cho 3 ciing 1a {0; il} hay
a =a’(mod3)
Tuong tytacd b =b’(mod3); ¢ =c*(mod3); d = d3(mod3) —a+b+c+d =a’+b’+c’+d’(mod3)

2
EI'i (1) va (2) suyraa+b + c +d chia hét cho 3
Cau 379. .(bé thi HSG 7 - Cap Huyén ma T21 - 2019 - 2020)
1)Tim gi4 tri nhé nhét cua biéu thirc A = |2x—2|+|2x —2013| véi x Ia s6 nguyén.
2)Tim nghiém nguyén duong cta phuong trinh X+y+2z=xyz.

Loi gidi

1) Taco: A=|2x—2|+[2x—2013)=[2x~2|+|2013-2x| =|2x—2+2013-2x] = 2011
2013

DAu “=> xay ra khi (2x—2)(2013-2x)>0<1<x <

2) Vi x,y,z nguyén duong nén ta giasu 1 < x<y<z

Theobéira1:i+i+i giz+i2 +i2
yz  yx o zX X°  x° X X

3

2

= x<3=>x=1

Thay vao dau bai ta co:

1+y+z=y7 =>y-yz+1+z=0

y(l1-z) - (1-z) + 2 =0

= (y-1) (z -1)=2

TH1: y -1=1=y =2vaz -1=2 =z =3

TH2: y -1=2 =y =3vaz-1=1=1z =2

Vay c0 hai cap nghiép nguyén thoa man (1,2,3); (1,3,2)

Cau 380. (Dé thi HSG 7 — Huyén Séng L6 2015 - 2016)

. ) 3n -1 .
Tim céc gia tri nguyén cia n d¢ phan so M = N c6 gid tri la so6 nguyén.
Loi gii
3n -1 ) , ]
M= 1 cogidtrilasonguyén=>3n-1: n-1

=>3N-1)+2in-1=>2 in-1=>n-1€UQ) = {~-11-2;2}

Tacobang n-1 -1 1| 2 2
n0 2|1 3
Thir lai ta cé n e {0;2,—1,3} thi M nhan gié tri nguyén.
Cau 381. (Dé thi HSG 7 — Huyén Song L6 2015 — 2016)
Tim tat ca cac s6 tw nhién m, nsao cho : 2"+ 2015 =|n—2016|+ n — 2016.

Loi gidi
Nhan xét:
-Vé&i x >0 thi |x| +x =2x
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-Véix <0thi |x| +x= 0.
Do d6 |x| +x ludn 1a s chin véi V xeZ.

n—2016] +n - 2016 14 s6 chin véi n -2016 < Z.

Ap dung nhan xét trén thi

Suyra 2"+ 2015lasbchin=2"l¢é<m=0.
Khi do|n —2016| +n - 2016 = 2016
+Néun <2016, tacod — (n— 2016) +n — 2016 = 2016 < 0 =2016 (loai)
+Néun=2016,tacé 2(n— 2016)= 2016 <> n— 2016 = 1008 <> n = 3024 (théa man)
Vay (m; n) = (0; 3024)
Cau 382. (Dé thi HSG 7 - Huyén Séng L6 2015 - 2016)
a. Tim gi tri nho nhét cua biéu thic P = |x — 2015|+ |x — 2016 +|x — 2017| .
b. Cho bén sé nguyén duong khéc nhau thoa mén téng cua hai sb bat ki chia hét cho 2 va tong cua
ba s6 bat ki chia hét cho 3. Tinh gia tri nho nhat cua téng bdn sé nay ?
Loi gii
a. P=|x—2015|+|2016 — x| +|x— 2017 = ()x—2015|+R017 —x} + [x—2016 |
Ta co: |x—2015|+|2017 —x
Lai c: |x—2016|> 0. Dau “="xay ra khi x = 2016 (2).
Tir (1) va (2) ta c6 minP = 2. Dau “=" xay ra khi x = 2016
b. Nhan xét : B6n s phai c6 cting s du khi chia cho 2 va 3. Dé ¢6 tong nho nhat, mdi trong hai s6
dunaylal.
Tir d6 ta co cac s6 1, 7, 13 va 19. Tong cua ching 1a : 1+7+13+19 = 40.
Céu 383. (Dé thi HSG 7 — Huyén Séng L6 2015 — 2016)
C6 séu tai lan luot chira 18, 19, 21, 23, 25 va 34 bong. Mat tdi chi chira bong do6 trong khi nam tti
kia chi chtra bong xanh. Ban Toan Iy ba tdi, ban Hoc lay hai tdi. TGi con lai chira bong do. Biét lic
nay ban Toan c6 sb bong xanh gip doi sé bong xanh caa ban Hoc. Tim s6 bong do trong tdi con lai.
Loi gidi
Tong s6 bong trong 6 thi 1a : 18+19+21+23+25+34=140
Vi sb bong cua Toan gap hai 1an s bong caa hoc nén tong sé bong cua hai ban 1a boi cua 3. Ta co :
140 chia 3 bang 46 du 2. Do d6 sb bong dé ciing 1a s chia 3 du 2.
Trong séu s6 da cho chi c¢6 23 chia 3 du 2, d6 chinh 1a s6 bong do trong tdi con lai. Tir d6 ta tim
duoc s bong cua Toén 1a : 18+21=39.56 bong cua hoc 1a : 19+25+34=78.
Cau 384. (Dé thi HSG 7 — Huyén Yén Lac 2019 2020)
Tim céc sé khong am x, y, zthoaman: x + 3z = 8, x + 2y = 9vax + y + z lén nhat.

>|x—2015+ 2017 — x| = 2. Dau “=" xdy ra khi: 2015< x < 2017 (1)

Loi giai
Taco: x + 32 =8 x +2y =9
Suy ra: 2x+2y+3z=17

=2(x+y+2)=17-2<17 = (x+ y+z)£%

Ding thtc xay ra khi va chi khi z=0 khi @6 x=8; y :%
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i, fe 17
=>Gi4 tri lon nhat cua (x+y+z)la >

Vay cac sd X, y, z can tim 1a (x, Y, z) =(8; %; 0)

Cau 385. (Pé thi HSG 7 - Huyén Y Yén 2019 2020)

NS . 22-3X  , ., .. ;
Tim céac gia tri nguyén cua x dé biéu thirc C= ? X ¢6 gia tri lon nhat.
-X
Loi gii
N 22-3 3(4-x)+10 10
Biénaéic = 273 o 30 _, 10
4-x 4-x 4-x

ST S |
C co gia tri lon nhat khi va chi khi - CO gia tri 16n nhat
CO X eZ , taxét cac truong hop sau

Véi X > 4=4 — x < 0 thi %<O 1)

Vé6i X > 4=4 — x > 0.Phansé c6 tr v mau déu duong, tir khong d6i nén o gia tri lon

4-x
nhat khi mau nho nhat
CoxeZSuyra 4 —x €Z
Suy ra 4 — x la s6 nguyén duong nhé nhat = 4 —x = 1=x = 3

10 . s
4—kh1 do cogiatrila 10 (2)
- X

Tur (1) va (2) , phan sb % I6n nhat bang 10

Vay GTLN cua C bang 13 khi va chi khi x = 3

Cau 386. (D@ thi HSG 7 - Huyén Pha Thién 2009 — 2010)

Chirng minh ring sé c6 dang abcabc ludn chia hét cho 11.
Loi giai

abcabc= a.10° + b.10* + ¢.10°+ a.10*+ b.10 + ¢

= a10°(10°+ 1) + b.10(10°+ 1) + ¢(10°+ 1)

= (10°+ 1)( @10’ + b.10 + c)

= (1000 + 1)( 210+ b.10 + c)

= 1001( a.10* + b.10 + c)

= 11.91( a10° + b.10 + c}i11

Vay abcabc : 11

Cau 387. (bé HSG 7 - Huyén Hoai Nhon 2019 - 2020)

Chtng minh rang: S6 A = 11n+2 + 122n+1chia hét cho 133, véi moin €N
Loi gidi

Taco: A = 1In+2 + 122n+1 =112.11n + 12.(122)n: 121.11n + 12.144n

= (133 — 12).11n + 12.144n = 133.11n — 12.11n + 12.144n
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= 133.11n + 12.(144n — 11n)

Tathdy: 133.11n: 133
(144n — 11n): (144 — 11) = 133= 12.(144n - 11n): 133
Do d6 suy ra: 133.11n + 12.(144n — 11n)chia hét cho 133
Vay: sé6 A = 1In+2 + 122n+1chia hét cho 133, véi moin €N
Cau 388. (Dé thi HSG 7 - Huyén Vi Thu 2015 - 2026)
2 3
x-2/+2  [6-3x/+1
b) Tim hinh chir nhat c6 kich thudc cac canh 1a sé nguyén sao cho sé do dién tich bang sé do chu
VI.
¢) Tim c4c s6 nguyén duong x; y; z thoa man:

(x— y)3 +(y—z)2 +2015.|x — z| = 2017

a) Tim x biét:

Loi gii
a) Tim x biét : 2 __ 3
x-2|+2 [6-3x+1
2 3

Xx—2[+2  3[x—2[+1
> 6|x—2|+2=3[x-2|+6
< 3x-2|=4

<:>|x—2|:4

Vay XG{E;E}
3'3

b) Goi kich thuéc hinh chix nhat can tim 1a x,y (don vi do dai ), (x,y € N; x>y)
Ta c6 dién tich va chu vi hinh chix nhat lan luot 1a : x.y va 2(x+Y)
Theobdiratacod: x.y= 2(x+y)vsi (x,yeN; x>y)

< Xy—-2x-2y=0

o x(y-2)-2(y-2)=4

< (y-2)(x-2)=4

Véi x,yeN tacod (y-2);(x—-2)eZ
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= y-2,X-2€u(4)= {£1;£2;+4} nhungVi Xx-2;y-2>-2va x>y
Ta c6 2 truong hop sau :
X—2=4 X=06 _ [x=2=2 Xx=4
= hoac =
{y—2=1 {y:S {y—2=2 {y:4
C0 hai hinh chir nhat théa man bai toan :
Hinh chir nhat ¢6 kich thudc 6 va 3; 4 va 4.
¢) Chang minh: (x— y)3 —(x—y) chia hét cho 2
(y—z)2 —(y—12) chiahét cho 2
|z—x|—(z-x) chia hét cho 2
(x—y)3+(y—z)2+2015|x—z|
=(x- y)3 —(x— y)+(y—z)2 —(y—-2)+|z—X—(z—x)+2014|z—x| Chia hét cho 2
Ma 2017 khéng chia hét cho 2 nén khdng ton tai cac sé nguyén duong x; y; z thoa min dé bai
Cau 389. (Pé thi HSG 7 - Huyén Vi Thw 2015 - 2026)
Chuang minh rang véi moi s6 ty nhién n> 2 thi tong:

3 8 15 n—
ot
4 9 16 n2

1 .. 2 1s ; R
khong thé la mot so nguyén.

Loi gii
S C6 (n-1) sé hang:

2_
S:§+§+E+...+n 21:[1—%)+(1—%)+(1—i2}+...+(1—i2j
4 9 16 n 2 3 4 n

S = n—l—[%+3i2+4i2+...+%j< n-1

e 111 1 1 1 1 1 1
Matkhac -+ +—+..+ 5 <—+——+—+..+ =
22 3 4 n® 12 23 34 (n=Dn n

S >n—1—1+£:n—2+1>n—2
n n

Tr(l)va(2)tacd n—-2<S<n-1
Vay S khong c6 gié tri nguyén véi moi sé ty nhién
Cau 390. (Pé thi HSG 7 — Thi xa Chi Linh 2016 - 2017)
Cho a, b, ¢, d 1a c4c s6 nguyén duong thoa min a+b=c+d =25.
Tim gia tri I6n nhit caa M :E+9.
b a

Loi gii

Via+b=c+d=25nén1<a,b,c,d <24

. .o ,c d a2
Neéu ca hai phan so b va ’ deu I6n hon 1 thic+d>a+b. Trai gia thiét.
Vay c6 mot phan sé khong vuot qua 1.

A VI A C
Khéng mat tinh tong quat gia st ™ <1
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+Néuo|=24th‘|c:1:>|v|=1+E
b a
Z . 24
-Néua>1thi =M 31+7=13 (2)
Néua=1thib=24— M <~ 24577 3)
24 1 24
577

T (1), (2) va (3) suy ra Max(M) = -1
Diu“="xayrakhia=c=1;b=d=24
hoaca=c=24;b=d=1.

Cau 391. (beé thi HSG 7 - Huyén Yén Mo 2017 - 2018)

1) Vi gia tri nguyén nao cua x thi biéu thirc A= c6 gia tri Ion nhat? Hay tim gia tri I6n cua

A tai x?
- . 1 2 )
2) Timx;y;zbiét: X—E + y+§ + ‘x +xz‘: 0
L X y z t .. < .z .
3) Cho biéu thac M = + + + Véi X, Y, z, tla cac so tu nhién

X+Y+Z X+Y+t y+z+t X+z+t
khéac 0. Ching minh rang : M < 2017
Loi giai
1.
Az1s0 Alén nhélt:>£ I6n nhat
4-—X 4-—x
10
4—X

Xét TH x > 4 thi <0

- Xét 4 < x thi >0 —>AI6nnhit =4 - x nho nhat =>x =3

Giai voi x=3 thi A=11

2.
x—l 4 y+g + ‘x2+xz‘: 0
2 3
Ap dung tinh chat |A| > 0
1 1 1
X——=0 _T -
5 X =0 X =
2 2 2
S3Y+-=0=y+-—=0 oy=—
Y 3 y 3 Y 3
‘xzxz‘:o X(x+2)=0 z:—x:—l
2
Vayx =1/2;y=-213;z2=-1/2
3.
+ Ta co: x X

X+y+Z X+Yy
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y _Y

X+y+t X+y

z Z
<
y+z+t z+t
t t
<
X+z+t z+t
X .Y )+ ( z_ t
X+y X+Vy z+t z+t
+Co M < 2°(ViM > 0) ma 2 = 1024 < 2017
Vay M*¥ < 2017
Cau 392. (bé thi HSG 7 - Huyén Vinh Béo 2017 - 2018)
Tim X, biét: [2017 — x| +[2018 — x| +[2019 - x| = 2.
Loi giai
CO |2018—x|>0 va [2017 - x| +[2019 - x| =|x — 2017| +|2019 — x| >[x - 2017 + 2019 - X| = 2
=>[2017 — x| +[2018 — x| +[2019 — x| > 2
Dau “=” xay ra khi va chi khi (x — 2017)(2019 — x) > 0 va 2018—x=0, suy ra:
2017 < x < 2019 va x = 2018=>x=2018
Vay x = 2018.
Cau 393. (Dé thi HSG 7 - Huyén Thanh Chuong 2019 - 2020)

a)Chirng minh: 5% — 522 1 522¢hija hét cho 105.
b)Tim s6 nguyénté psao cho p + 2vap + 4déu la sé nguyén té.

=M< =>M<2
( )

Loi giai
q. 52014 _ 2013, 52012 52011(537 52+5)
= 5%1(125 — 25 + 5) = 5”105 chia hét cho 105
b.*)Néu p = 3k +1tace: 2p +1 = 2(3k + 1) +1 = 6k + 3 = 3(2k +1)lahopso (trai

gt)

*)Néu p = 3k + 2taco 2p + 4 = 2(3k + 2) + 2 = 6(k + 1) lahop so ( tréi gt)
Vay p = 3k , mit khac p la sé nguyénténén p =3

Cau 394. (Dé thi HSG 7 — Huyén Thanh Chuong 2019 - 2020)

Tim gia tri nho nhat cia A = |x—2013)+|2014 — x| +|x - 2015|.

Loi giai
A = [x—2013/+|2014 - X|+|x—2015| = (|x —2013|+|2015— X|) +|x — 2014
Ta co: [x—2013)+[2015— x| > [x — 2013+ 2015~ x| = 2. Dau “=" xay ra khi: 2013 < x <2015 (1)
Lai c6: |[x—2014|>0. Déu “="xdy rakhi x = 2014 (2). Tr (1) va (2) Ta cé minA = 2. Dau “=”
xay rakhi x = 2014
Cau 395. (bé thi HSG 7 - Huyén Thai Thuy 2015 - 2016)

a) Tim gia tri nho nhét cia P = x +/x +1

=
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b) Tim tét ca cac s6 ty nhiéna, bsaocho: 2*+7=|b -5 +b-5.
Loi giai

a) bPK: x>0

Tacox>0; VX 20=>X+AUX20=>P=x++X+1>1

Déu “=" xay ra khi x = 0 (tmdk)

b) Nhén xét: Vi x >0 thi [X|+x =2x

V6ix <0thi |x|+Xx=0.Dod6 |X|+xludn la s chén véi V xeZ.

Ap dyung nhan xét trén thi |b—5|+b—5 1a s6 chin véi b —5¢ Z.

Suyra 2*+ 7lasdchin =>2°1é<=a=0.

Khi do[b—5/+b-5=8

+Néub <5, tacd [b-5/+b-5=8« 0= 8 (loai)

+Néub>5,taco 2(b — 5)= 8< b — 5 = 4<b = 9 (théa man)

vay (a; b) = (0; 9)

Cau 396. (Pé thi HSG 7 - Huyén Thai Thuy 2015 - 2016)

Cho a, b, c 1a do dai ba canh cia mot tam giac.

Chtng minh rang: ab +bc+ca<a’+b’* + ¢’ < 2(ab + bc + ca)
Loi giai

+)0<(a-b)’=(a-b)a—b)=a’-2ab+b’=a’+b*>2ab

Tuwong tu: b® +¢” > 2bc; ¢’ +a° > 2ca;

=a’+b’+b*+c’+c’+a’ >2ab+2bc+2ca

= 2(a’ +b* +c*)>2(ab +bc + ca)

=a’ +b’+c’>ab+bc+ca (1)

+) Theo bat dang thirc tam gidctacod: a < b + ¢

Nhan ca hai vé voi a duong ta duge: a> < ab + ac

Tuong ty: b®> < ba + bc; ¢® < ca + cb

= a’+b’+c’*< ab +ac + ba + bc + ca + cb =2(ab+bc+ca) (2)

Tir (1) va (2) suy ra diéu phai chimg minh



