GIAO VIEN: LE THI NGA

HH7-CHU PE 4.CAC PUONG PONG QUY TRONG TAM GIAC
PHAN L. TRONG TAM HSG CAN PAT
Chuyén dé 1. TINH CHAT BA PUONG TRUNG TUYEN CUA TAM GIAC
A. Kién thirc can nhé
1. Puodng trung tuyén cua tam giac 1a doan thiang ndi mot A
dinh cua tam gi4c voi trung diém cua canh ddi dién.
2. Ba duong trung tuyén cua mot tam giac cing di qua mot

diém (diém nay goi la trong tdm cua tam giac).

Trong tdm cach mdi dinh mot khoang bang %dé dai duong

trung tuyén di qua diém do (h.18.1). Hinh 18.1

B. Mét s6 vi du
Vi du 1: Cho tam giac ABC, hai duong trung tuyén BM va CN cat nhau tai G. Trén tia GB va GC
lay cac diém F va E sao cho G 1a trung diém cua FM dong thoi 1a trung diém cua EN. Chang minh
rang ba dudng thang AG, BE va CF dong quy.
Giai (h.18.2)
* Tim céch giai.
Pé chimg minh ba duong thang AG, BE va CF déng quy ta
c6 thé chimg minh chung 1a ba duong trung tuyén cua tam
giac GBC.
* Trinh bay loi giai. N M
Goi D 1a giao diém cua AG va BC. Vi G Ia trong tam cua
AABCnén AD la duong trung tuyén, suy ra DB = DC.

Ta co GF:GM:%BM;GE:GN:%CN. B D

1 1 Hinh 18.2
Do do6 GF = FB(ZgBM J;GE = EC(ZgCNj.
Xét AGBC c¢6 GD, BE, CF 1a ba duong trung tuyén nén chiing dong quy suy ra ba duong thang AD,
BE, CF dong quy.
Vi du 2: Cho tam gi4c ABC. Trén nira mat phang bo AB khéng chira C vé tia Bx // AC . Liy diém
D e Bx va diém E thudc tia d6i cua tia CA sao cho BD = CE. Chang minh raing AABC va AADE c6
cung mot trong tam.

Giai (h.18.3)

* Tim cach giai
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Tam giac ABC va ADE c6 chung dinh A nén muon chirng minh ching c¢6 cung moét trong tam, chi

can ching minh ching ¢ chung mot duong trung tuyén xuat phét tir dinh A.
* Trinh bay loi giai.

Vi Bx// ACnén CBx = BCE (so le trong).
Goi M la trung diém cua BC.

Tacdé ABMD = ACME (c.g.c).

Suy ra MD = ME (1)va BMD =CME.

Tacod BME +CME =180° (ké bu).

Do d6 BME + BMD =180° = D, M, E thiang hang. (2)
Tur (1) va (2) suy ra M 1a trung diém cua DE.

Hinh 18.3

AABCVa AADE chung dinh A, chung duong trung tuyén AM nén trong tdm G cua hai tam giac nay
trung nhau.

* Nhdn xét: Bé chitng minh hai tam giac c6 cuing trong tam ta c6 thé chirng minh chiing c6 chung
mot dinh va chung duong trung tuyén di qua dinh ay.

Vi du 3: Cho tam giac ABC, dudng trung tuyén AD. Trén tia ddi cua tia DA ldy diém K sao cho
DK :%AD.Qua B vé mot dudng thang song song véi CK cat AC tai M. Chang minh rang M la

trung diém ctia AC.
Giai (h.18.4)
* Tim cach gidi.
Pé ching minh M 14 trung diém cua AC ta chimg minh BM la duong trung tuyén. Mudn vay, chi

can chimg minh BM di qua trong tam G.

A
* Trinh bay loi giai. of
Goi G 1a giao diém ctia BM va AD.
Ta c6 ABDG = ACDK (g.C.9). B C
K

Xét AABCc6 diém G nam trén duong trung tuyén AD ma GD = % AD nén G la trong tam. Suy ra

BM la duong trung tuyén do d6 MA = MC.
Vi du 4: Chiing minh rang ba duong trung tuyén ciia mot tam giac c6 thé 1a ba canh cua mot tam
giac khéc.

Giai (h.18.5)

* Tim cach giai.
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bé chirng minh ba duong trung tuyén cua tam giac nay co thé la ba canh cia mot tam gidc khéc, ta

chang minh ba duong trung tuyén do ti 1& voi ba canh cua mot tam giac.

* Trinh bay loi giai.

Goi AD, BE, CF 1a ba dudng trung tuyén caa AABC . Ba duong trung tuyén cat nhau tai G. Trén tia
d6i cua tia DG lay diém H sao cho DH = DG.

Tacéd ACDG = ABDH (c.g.c) = GC = HB.

Theo tinh chit ba dudng trung tuyén cia AABC ta co:

ADZEGAZEGH;BEZEGB;CF ZEGC:EBH.
2 2 2 2 2

AD BE CF 3 B
Suyra —=—=—>=—.
GH GB BH 2

Viy ba duong trung tuyén AD, BE, CF ti 1¢ vai ba canh cua

H

., e, Hinh 185
tam giac GHB, do d6 ba duong trung tuyén nay co thé la ba

canh cua mét tam giac.

C. Bai tap van dung

e  Chitng minh dong quy, thang hang

1.1. Chitng minh rang trong mot tam giac ¢ hai canh khdng biang nhau thi dudng trung tuyén ung

véi canh 16n hon s& nho hon duong trung tuyén ang voi canh bé.

1.2. Cho tam giac nhon ABC. V& AH LBC.Cho biét AB=+/10cm, AC =+/13cm,va

AH =3cm.Goi O 1a mot diém trén AH sao cho AO =2cm.Goi M va N lan luot 14 trung diém cua

AB va HC.

Chung minh ba diém M, O, N thang hang.

e Chung minh trong tam

1.3. Cho tam giac ABC. Goi D va E 1a hai diém trén canh BC sao cho BD = DE = EC. V& duong

trung tuyén AO ciia tam giac ABC. Trén tia ddi cua tia OA lay diém F sao cho OF =OA

a) Chang minh rang D 1a trong tdm cua tam giac BAF; E la trong tam cua tam giac CAF.

b) Tia AD cit BF tai N, tia FE cat AC tai M. Chting minh rang tam giac ABC va tam giac AMN c6
cung trong tam.

1.4. Cho tam gi4c ABC. Qua A vé& duong thiang a // BC.Qua B v& duong thang b // AC va qua C vé&

duong thang ¢ // AB.Cac duong thang b va ¢ cat nhau tai A’ va cat duong thang a lan luot tai C va

B’.

Chang minh ring AABCva AA'B'C’cd cling mét trong tam.

1.5. Cho goéc xOy va mot diém G & trong goc d6. Hiy xac dinh diém A e Ox;B e Oysao cho G Ia

trong tdm cua tam giac AOB.

e Tinh dj dai cdc dwong trung tuyén



GIAO VIEN: LE THI NGA
1.6. Cho tam giac ABC can tai A, AB =3y/41cm, BC = 24cm.

Tinh d6 dai duong trung tuyén BM.

1.7. Cho tam giac ABC vudng tai A. Cac duong trung tuyén BE, CF cit nhau tai G. Biét
GB = 4/61cm, GC = 24/601cm. Tinh chu vi tam giac ABC.

1.8. Cho tam giac ABC vuong tai A, AB? =2AC?.

Chutng minh ring cac duong trung tuyén AM va CN vudng géc véi nhau.

1.9. Chitng minh ring téng ba duong trung tuyén cua mot tam giac thi 16n hon %chu vi cia tam

giac do.

e Ching minh trung tuyén, trung diém

1.10. Tam gi4c ABC c6 hai duong trung tuyén BE va CF bang nhau. Goi G la trong tdm cua tam
giac ABC. Chang minh rang AG L BC.

1.11. Cho tam giac ABC. Trén canh AC lay diém D sao cho AD = % AC.Trén tia d6i cua tia CB lay

diém E sao cho CE =CB.Tia BD cat AE tai diém M. Trén tia CM lay diém N sao cho M la trung
diém cua NC. Chting minh rang AN = BC.

1.12. Cho tam giac ABC va trong tam G caa n6. Ching minh rang tam giac ABC Ia tam giac can
khi va chi khi AB+GB = AC +GC.

1.13. Cho tam giac ABC, dudng trung tuyén AM.

Chuang minh rang AM > % BC khi va chi khi A<90°.

1.14. Cho tam giac ABC trong tam G.

Chung minh rang néu BGC <90°thi AB+ AC >3BC.

Huéng din giai

1.1. (h.18.6) A
A
Xét tam giac ABC c6 BE va CF 1a hai duong trung tuyén cat nhau tai / \
/
° TRDY
e . , . ~G
Gia sir AC > AB, ta phai ching minh BE < CF. / \
Ta v& thém dudng trung tuyén AD, theo tinh chit ba duong trung // \ \ -
. B* ;
tuyén ta c6 AD di qua G. O
Hinh 18.6

e Xét AADBva AADC co:
DB = DC, AD chung vd AB< ACnén ADB < ADC (dinh Ii hai tam giac cd hai cip canh bang

nhau).
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e Xét AGDBva AGDCcé: DB=DC,GD chung va ADB < ADC (chung minh trén) nén

GB <GC,suy ra %BE <§CF,do do BE <CF.

1.2. (h.18.7)
Ap dung dinh li Py-ta-go vao céc tam giac vuéng ABH va ACH ta tinh dugc HB = 1cm, HC = 2cm.
Vi N la trung diém ctia HC nén HN = NC =1cm.
Do d6 HN =HB =1cm.

Vay AH la duong trung tuyén cua AABN.

Mat khac AH =3cm, AO =2cmnén AO :gAH,suy ra O la trong

tam cua AABN.
Ta c6 NM la mot duong trung tuyén caa ANAB, do d6 NM phai di

qua trong tdm O. Vay ba diém M, N, O thiang hang.
1.3. (h18.8)
a) Xét ABAF c6 OA=OF nén BO la duong trung tuyén.

Diém D nam trén duong trung tuyén BO ma BD = % BC = % BO (vi BC =2BO) nén D la trong tam

llt'/!/) /‘\. 7

cua ABAF.
Chung minh tuong tu ta dugc E |a trong tdm cua ACAF.
b) Vi D latrong tim cua ABAF nén duong thang AD 1a mét duong trung tuyén.

Vi AD cit BF tai N nén FN = BN :%BF. (1)

A
Chutng minh tuong tu ta dwoc AM = MC = % AC. (2) »
G

Tacd AOFB =AOAC (c.g.c).

B QV L
Suy ra BF = AC(3)va OFB =0AC. ‘ E
Tu (1), (2), (3) suyra AM =FN. N
AAOM = AFON (c.g.c),suy ra OM =ON(4)va AOM = FON.
Taco AOM +FOM =180° (ké bu).

Hinh IS8

Suy ra FON +FOM =180°, do d6 ba diém M, O, N thing hang. (5)
Tir (4) va (5) suy ra O 1a trung diém ciia MN do d6 AO la dudng trung tuyén cua AAMN.
AABCva AAMN c6 chung dinh A, chung duong trung tuyén AO nén c6 cling trong tam G.
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1.4. (h.18.9)

Theo tinh chat doan chin song song ta c6 AB' = BC, AC' = BC suy

ra AB'=AC".
Chung minh tuong tu ta dugc BC'=BA'va CA'=CB'.
Xét AA'B'C',ba duong thing A'A B'B,C'Cla ba duong trung

tuyén nén chung dong quy tai mot diém G.

Goi M 1a giao diém cua AA'véi BC; N 1a giao diém cua BB’ véi
AC; P 1a giao diém cua CC' véi AB.
Taco AAMC = AA'MB(c.g.c)suy ra MC = MB.

A

Hinh 189

Vay AM la dudng trung tuyén ung véi canh BC cua AABC.

Chung minh tuong tu ta duoc BN, CP 1a dudng trung tuyén twong tng véi canh AC, AB cua
AABC.

Ba duong trung tuyén AM, BN, CP cia AABCgap nhau tai mot diém. Mat khac ba duong thang
AM, BN, CP ciing la ba dudng thang A'A, B'B,C'C.Do d6 trong tam G cua AA'B'C’ciing 14 trong
tam cua AABC.

1.5. (h.18.10)

e Tim cach gidi

Gia sir da vé& duoc tam giac AOB sao cho G 14 trong tam cua no. Tia OG cat AB tai trung diém M.
Trén tia OG lay diém K sao cho OK =30G. Ta chimg minh dugc

AAMK = ABMO(c.g.c); AAMO = ABMK (c.g.c).

Suy ra KA /I Oy;KB //Ox. Do d6 xac dinh dugc A va B.

X
e Trinh bay loi giai. /
- V& tia OG, trén d6 lay diém K sao cho OK =30G. A K

- TuKvé KA//Oy(AeOx)va KB // Ox(B eOy)

- V@& doan thang AB cit OK tai M. Khi d6 G 1a trong tdm cua
AAOB. 0

Thuc vay, ta c6 AK = OB (tinh chat doan chin song song).

AAMK = ABMO(g.c.g),suy ra MA=MB(1)va MK =MO.

B y
Hinh 18.10

Vi OK =30Gnén OM :gOG hay OG :§OM. (2)

Tu (1) va (2) suy ra G la trong tam cua AAOB.
1.6. (h.18.11)
V& cac dudng trung tuyén AD, BM cit nhau tai G.
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Taco AADB =AADC(c.c.c).Suy ra DB =DC =12cm; ADB = ADC =180°:2=90".

Ap dung dinh Ii Py-ta-go vao AABD vudng tai D ta dugc
AD? = AB? — BD? = (3\/41)? —12% = 225 = AD =15(cm)

Vi G la trong tam cua AABCnén GD = % AD = 5cm.

Ap dung dinh li Py-ta-go vao tam giac GBD vuéng tai D ta
duoc

GB? =GD’ +BD? =5° +12” =169 = GB =13(cm).

Suy ra BM :gBG = 2.13:19,5(cm).

1.7. (h.18.12)
Vi G la trong tdm cia AABCnén

BE :280 :2.4\/6_1:6\/a(cm).

CF = gCG = 2.2\/601 =3601(cm).

e Xét AABE vuong tai A ta co:

2
BE? = AB + AE” = AB’ + Af = (6V61) =2196. (1)

e Xét AACF vudng tai A ta co:

2
CF?=AF?+AC?= %+ AC? =(3\/601)2 —5409. (2)

Tir (1) va (2), suy ra %(ABZ +AC? ) =7605.
Mat khac AB®+AC®=BC®. (3)

Suy ra %BC2 =7605= BC” =6084 = BC = 78(cm).

2 2
Taviét (3) thanh AB? + 2C_ , 3AC

=6084. (*)

AC’?

Matheo (1) thi AB?+=—=2196.  (**)

So sanh (*) va (**) ta dugc %AC2 =6084 —2196 =3888

= AC? =5184 = AC =72(cm).

Tir d6 ta tinh dugc AB* = BC® — AC? = 60845184 =900

/

Hinh I8.11

Hinh 18.12
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= AB =30cm.

Vay chu vi AABC Ia: 78+72+30=180(cm).

1.8. (h.18.13)
DPiat AC =b.Ap dung dinh li Py-ta-go cho AABC vuong tai A ta co:

BC2 = AB? + AC2 = 2AC2 + AC?=3AC? =3h? = (J_b)

— BC =+/3b = AM :%BC:% .

Ap dung dinh Ii Py-ta-go cho AACN vudng tai A ta co:

2
2 2 2
CN2=AC2+AN2:AC2+%:AC2+2AC 6b :(ﬁbJ :CNng_

4

Goi G la trong tam cua AABC, ta co

C
co-2on-2 8y By cer 2 )
3 3 3 |
. M
AG =2 AM =3.£.b =£b:> AG? = 1p?.
3 3 2 3 3 g

) 1 A N B
Xét AGAC c6 CG? + AG® ==b*+=b? =b” ma

3 3 Hinh 18.13

=b*nén AC? =CG” + AG”.
Do d6 theo dinh i Py-ta-go dao ta dugc AGAC vudng tai G. Suy ra AM L CN.
1.9. (h.18.14)
Xét AABC c6 cac duong trung tuyén AD, BE, CF cit nhau tai G.
Xét AGBC ta cé GB+GC > BC :%(BE+CF)> BC
A
3

= BE+CF >EBC.(1)

3 F 3
Tuong tu, tacéd CF + AD > ECA; (2)
AD +BE > AB (3) B

2" D

Cong ting vé cac bat dang thie (1) (2) (3) ta duoc: Hinh 18.14
2(BE+CF+AD)> g(BC +CA+AB).

Suy ra BE+CF +AD >%(BC +CA+AB).
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Nhdn xét: Trong bai 17.7 ta da chirng minh dugc AD + BE + CF I6n hon ntra chu vi tam giac. Nhu

vay két qua bai nay “manh” hon két qua ¢ bai 17.7.
1.10. (h.18.15)
Xét AABCcO BE va CF la hai duong trung tuyén va

A
BE =CF.
- 5 A . 2 2 ,
Vi G la trong ttm nén GB=—-BE,GC=—-CF do do F E
3 3 G
GB =GC;GE =GF.
Taco AGBF = AGCE(c.g.c) B D C

N . Hinh I8.15
= BF =CE, dan t6i AB= AC.

Goi D 1a giao diém cua duong thang AG véi BC.

Do G la trong tdm nén AG la dudng trung tuyén. Suy ra DB = DC.
Ta co AADB = AADC(c.c.c), do do
ADB = ADC =180°:2=90°.VVay AG L BC.

1.11. (h.18.16)
Xét AABE c6 AC la duodng trung tuyén. Mat khdac D e ACva

AD = % ACnén D latrong tdm cua AABE.

Hinh I8.16

Suy ra dudng thang BD chtra duong trung tuyén ang véi canh AE,

do d6 MA=ME.

Taco AAMN = AEMC (c.g.c)=> AN = EC.Do d6 AN =BC (vi BC =EC).
1.12. (h.18.17)

e Chung minh ménh d@é néu AB+GB = AC +GC thi AABCcan tai A.

Ta ching minh bang phan ching.

A
Giasit AB<AC. (1)
V& tia AG cit BC tai D.
F E
Khi d6 AD 1a duong trung tuyén nén DB = DC.
Xét AADBva AADCc6: AD chung; DB=DCva "
B

D

AB < ACnén ADB < ADC (dinh Ii hai tam giac c6 hai cap
Hinki 18.17

canh bang nhau).
Xét AGDBva AGDC c6: GD chung; DB =DC va GDB < GDC (chaing minh trén) nén
GB<GC. (2)

Tur (1) va (2) suy ra AB+GB < AC +GC (tréi gia thiét).
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Vay diéu gia sir AB < AC la sai. *)

Néu AB > AC ta ciing di dén mau thudn vay AB >AC lasai  (**)
Tu (*) va (**) suy ra AB=AC do d6 AABCcan tai A.

e Ching minh ménh dé néu AABCcan tai A thi AB+GB=AC+GC.
Goi E 1a giao diém cua BG voi AC; F 1a giao diém cua CG véi AB.
Khi d6 EA=EC;FA=FB.

AABE = AACF (c.g.c) = BE =CF, do d6 %BE = %CF,de:m toi GB =GC.

Suyra AB+GB=AC+GC.
1.13. (h.18.18)

e Ching minh ménh dé néu A<90°thi AM > % BC.
Ta ching minh bang phan chimng.

Gia st AM :%Bc,khi do A=90°,trai gia thiét.

A
Gid s AM <%BC,tﬁ:C 4 AM <BM va AM <MC., ‘

1\2
Xét AABM c6 AM < BM = B < A. Xét AACM co \
AM <CM = C<A,. \

B M '
Do dé B+C <A +A, =BAC. Hinh 1818
180° Ownss ia LA
Suyra A+B+C<2A= A> =90°trai gia thiet.
A A 0 11n 1

Vay néu A<90°thi AM >§BC.

A

e Ching minh ménh dé néu AM > % BC thi A<90°.

Taco AM >%BC tec la AM >BM va AM >CM.

Xét AABMc6 AM>BM =B>A.Xét AACM co
AM >CM = C>A,.

Do do B+C > A +A, =BAC.Suy ra

180°

A+B+C>2A= A< =90°.

1.14. (h.18.19)

K

Hinh 18.19
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Goi D 1a giao diém cua tia AG véi BC.

Tacod DB=DC do d6 GD la dudng trung tuyén cua tam giac GBC.
Xét AGBC c6 BGC < 90° (gia thiét) suy ra GD > % BC (xem bai 17.13) do d6 AD > g BC. (1)

Trén tia AD ldy diém sao cho DK = DA..
AACD = AKBD(c.g.c).Suy ra AC =BK.
Xét AABK c6 AB+BK > AK.

Do d6 AB+AC > 2AD. (2)

Tu (1) va (2), suyra AB+AC > Z.g.BC =3BC.

Chuyén dé 2. TINH CHAT TIA PHAN GIAC CUA MQT GOC. TINH CHAT BA PUONG
PHAN GIAC CUA TAM GIAC

A. Kién thic can nhé

1. Biém nam trén tia phan giac caa mot goc thi cach déu hai canh caa "

goc d6 (h.19.1),

2. Pao lai, diém nam bén trong mot goc va cach déu hai canh cua goc thi t
nam trén tia phan giac cua goc do.

3. Ba duong phan giac cia mot tam giac cung di qua mot diém. Piém

nay cach déu ba canh cua tam giac d6 (h.19.2). 0

A A
[
B G
B H C
K

Hinh 19.2

Hinh 194

Hinh 19.3

4. Trong mot tam giac, hai dwong phan giac cua hai goc ngoai va duong phan giac cua goc trong
khong ké cung di qua mot diém (h.19.3).
B. Mét s vi du
Vi du 1. Cho tam gi4c ABC can tai A. Trén nira mat phang bd AC khong chtra B vé tia Ax//BC.
Lay diém O trén tia Ax, diém M trén AB va diém N trén AC sao cho AMO = ANO. Ching minh
raing AOMN la tam giac can.

Giai (h.19.4)
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Hinkh 194

* Tim cach gidi.
Taco Ax//BC nén dé thiy Ax la tia phan gi4c cua goc ngoai tai dinh A caa tam giac ABC. Vi diém
O nam trén tia phan giac nay nén ta vé OH L AB, OK L AC dé van dung tinh chét cach déu hai
canh cua diém O. Tir d6 ding phuong phap tam gidc bang nhau dé ching minh OM = ON.
* Trinh bay loi giai.
Taco Ax//BC nén Au=B (cip goc dong vi); A> =C (cap goc so le trong).
Mat khac, B =C (hai goc ¢ day cua tam giac can) nén Ac = A..
V& OH L AB, OK L AC ta duoc OH =OK (tinh chat diém nam trén tia phan giac).
Ta chirg minh dugc AHOM =AKON (g.c.g). Suy ra OM =ON, do d6 AOMN céan.
Vi du 2. Cho tam giac ABC vudng tai A, AB < AC. Trén canh AC lay diém D sao cho AD = AB.
Goi E 1a mot diém nam giira A va D sao cho tia BD Ia tia phan giac cua goc CBE. V& EH L BC.
Tinh s6 do ctia géc CHD.

Giai (h.19.5)

Hinh 19.5

* Tim cach gidi.

V& hinh chinh xéc, ta du doan CHD = 45°. Do dé can chiing minh HD 1a dudng phan giac cua goc
CHE. Mudn vay phai chitng minh EC 1a dudng phén gidc ngoai tai dinh E cua tam giac EBH.

* Trinh bay loi giai.

Tacd E1= ABC (cung phu vai goc C). Do d6 Ex = ABD +Bai. (1)

Lai c6 E, =D, +B, (2) (tinh chat géc ngoai cua AEBD).

Mat khac, ABD = D1(= 450) va B:1 =B: nén E: = E..
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Xét AEBH c6 D la giao diém cua duong phén giac goc B véi duong phén gidc goc ngoai tai dinh E

nén HD la duong phén giac gdc ngoai tai dinh H.
Suy ra CHD =90°:2 =45°.
Vi du 3. Cho tam giac ABC vuong tai A. V& AH L BC. Tia phan giac cua géc HAC cit BC tai K.
Céc dudng phén giac cia goc BAH va goc BHA cit nhau tai O. Goi M 1a trung diém cua AK. Chiing
minh ba diém B, O, M thang hang.

Giai (h.19.6)
* Tim cach gidi.
Xét tam gidc ABH c6 O 1a giao diém cua hai dudng phan giac nén O nam trén dudng phan giac cua
goc B. Bé chimg minh ba diém B, O, M thang hang ta chi can chitng minh M ciing nam trén duong
phan gi4c caa goc B. Mudn thé ta phai chitng minh tam giac BAK can tai B.

* Trinh bay loi giai.

Hinh 1963
Taco: BAK + KAC =90° (vi BAC =90°) ;

BKA+ KAH =90° (vi AHK =90°).

Mat khac, KAC = KAH nén BAK = BKA, suy ra ABAK cén tai B.

Xét AABH c6 O 1a giao diém cua hai duong phan giac cua goc A va goc H. Suy ra BO 1a duong
phan giéc cua goc B.

Xét ABAK can tai B c6 BO la dudng phan giac nén dong thoi 1a duong trung tuyén, do dé BO di
qua trung diém M cua AK.

Viy ba diém B, O, M thang hang.

C. Bai tap van dung

* Tinh goc do, tinh d¢ dai

2.1. Cho tam gi4c ABC. Goi K 1a giao diém cua duong phan giac goc B véi duong phan giac goc
ngoai tai dinh C.

Cho biét AKC =65°, tinh s6 do cua goc ABC.

2.2. Cho tam gi4c ABC. Ba dudng phan giac AD, BE, CF cat nhau tai O. Cho biét BOC =150°, tinh

s6 do cua goc EDF.
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2.3. Cho tam giac ABC vudng tai A. Céc tia phan giac cua goc B, goc C cat nhau Tai O. Cho biét

OA = /8cm.

Tinh khoang céch tir O dén ba canh cua tam giéc.

2.4. Cho tam giac ABC, AB=3cm, AC =5cm, BC =6cm. Goi O 1a giao diém cac duong phan giac
cua goc B, goc C. Vé OH L BC.

Tinh cac d6 dai HB va HC.

» Chirng minh tia phan giac

2.5. Cho tam giac ABC vudng cén tai A. Vé tam giac OBC vuong tai O sao cho O va A thudc hai
nira mat phang doi nhau bo BC.

Chutng minh ring tia OA 1a tia phan giac cua géc BOC.

2.6. Cho tam giac ABC vudng can tai A. Goi M la trung diém cua BC. Liy diém N nam giira M va
C. V& BH L AN. Chuang minh rang khi diém N di dong thi tia phan giac caa géc BHN ludn di qua
mot diém cd dinh.

2.7. Cho tam giac ABC. Trén tia d6i cua tia BC lay diém M, trén tia d6i cua tia CB lay diém N sao
cho BM =BA va CN =CA Vé BH L AM, CK L AN. Hai duong thang BH va CK cat nhau tai O.

Chung minh ring tia AO 1a tia phan giac cua géc BAC.

2.8. Cho tam giac ABC, A=120°. Cac dudng phan giac cua goc B, goc C cat nhau tai O. V& tia Bx
sao cho BA la tia phan giac cua goc OBx. V¢ tia Cy sao cho CA la tia phan giac cua géc OCy. Hai
tia Bx va CA cat nhau tai E; hai tia Cy va BA cat nhau tai D. Chiang minh rang:

a) Tam giac ODE 1a tam giac déu;

b) Tia OA la tia phén giac cua géc DOE.

2.9. Cho tam gidc ABC. Néu cach vé& doan thang MN//BC (MeAB, NeAC) sao cho
BM +CN =BC.

2.10. Cho tam giac ABC, A=105°, B =40°. V& diém D, diém M trén canh BC sao cho AD L AC
va AD la duong phén giac cua goc BAM.

Chutng minh ring AB+AM = BC.

 Chitng minh thang hang, dong quy

2.11. Cho tam gi4c ABC. Goi D, E, F lan luot 1a cac diém nam trén cac canh BC, CA va AB sao cho
BF = BD va CE =CD. Puong thang qua B va vudng goc véi DF cit duong thang qua C va vubng
g6c véi DE tai 1. Buong thang qua B va song song véi DF cat duong thang qua C va song song Véi
DE tai K. Ching minh rang ba diém A, |, K thang hang.

2.12. Cho tam giac ABC vuodng tai A, tam giac DBC vudng tai D trong d6 A va D thudc cung mot
nira mit phang b BC. V& tia Ax sao cho AC la tia phan giac caa goc DAX. Vé tia Dy sao cho DB la
tia phan giac cua goc ADy. Hai tia Ax va Dy cit nhau tai K.
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Chung minh rang ba diém B, K, C thang hang.

2.13. Hay néu cach vé mot duong thang chira tia phan giac cua mot goc co dinh nam ngoai to gidy
2.14. Cho tam giac ABC can tai A. Qua A vé& duong thang xy//BC. Cac duong phan giac cua goc
B, gc C cit nhau tai O va cit xy lan luot tai D va E.
Chang minh ring cac duong thang BE, CD va AO cung di qua mot diém.

Huéng dan giai
2.1. (h.19.7)
Xét AABC c6 dudng phan giac caa goc B va duong phan giac ngoai tai dinh C cit nhau tai K. Suy
ra AK la duong phan giac ngoai tai dinh A.

Ta dit ABC = x (d0) thi CAx =x+Ci;

A K
ACy=x+A..
Do d6 CAx+ACy = x+Ci +x + Ar = x +180°. \
CAx+AC X T e d
Suyra —2XTARY 90°+ Hinh 19.7

Xét AMKC co AKC:18O°—w:1800—(90°+§j:90°—§

Vi AKC = 65° nén 90°—§=65°:>x:50°.

2.2. (h.19.8)

Xét ABOC c6 BOC =180°—2+€

:1800_M=900+¥

Ma BOC =150° nén 90°+¥= 150°

= BAC =120°
V& céc tia Ax, Ay lan luot 1a tia d6i cua cac tia AB, AC.

Dé& thdy Ai =A» = As = As = 60°.
Xét AABD c6 AC la duong phén giac ngoai tai dinh A; BO

Hinh 19.8

la dwong phan giac trong khdng ké&. Hai duong phan gidc nay cit nhau tai E, suy ra DE 1a duong
phén gié&c goc ngoai tai dinh D cia AABD
Chtng minh tuong tu ta dugc DF 1a dwong phén giac goc ngoai tai dinh D cua AACD.

Suy ra DE L DF (hai dudng phan gi4c cua hai goc ké bu), do d6 EDF = 90°.
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2.3.(h.19.9)

Vi O 1a giao diém cac duong phan gic cua goc B, goc C nén

AO la duong phan giac goc A, do do A
OAB =0AC =45°.

V& OH 1. AC thi AHAO vubng can tai H, suy ra AH =OH. 0

Ap dung dinh Ii Py-ta-go, ta co: B G

2
AH? +OH? = OA” = 20H” = (Jg) —8— OH’ =4 = OH =2. Hinh 19.9

Vay khoang céach tir O t&i mdi canh cua tam giéc la 2cm. A

2.4. (h.19.10) |
Veé thém OK L AB; OI 1. AC.

AAOK = AAOI (canh huyén, goc nhon) = AK = Al
Chtng minh tuong ty ta dugc BK =BH; CI =CH.

@

H C

Suy ra BK +CI = BH+CH = BC =6cm.
Hinh 19 [()
Do dé AK+AI=(3+5)—6=2cm ma AK=AI nén

AK=AI=1cm. Vay BK =3—1=2cm=>BH =2cm va CH=6-2= 4cm.
2.5. (h.19.11)
V& AH 1 OB, AK 1 OC, ta duoc

ABH =ACK (hai g6c c6 canh twong tng B
vudng gac).
AABH = AACK (canh huyén, goc nhon). s
Suyra AH = AK.

A + C

Diém A ¢ trong goc BOC va cach déu hai canh
cta goc nay nén A nam trén tia phan giac cua Hinlt 19.11
goc d6. Nhu vay tia OA la tia phén giac cua
goc BOC.

2.6. (h.19.12)

Vé MD | BH, ME | AN.

ADBM va AEAM co:

D =E=90%

BM:AM[:%BCJ;

Hinh 19.12
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Bi=A: (cung phuvéi Ny).

Do d6 ADBM = AEAM (canh huyén, géc nhon).

Suyra MD = ME.

Diém M cach déu hai canh cua géc BHN nén HM Ia tia phan giac caa goc BHN.

Noi cach khac tia phan gi4c caa géc BHN ludn di qua mot diém cb dinh 1a diém M.

2.7.(h. 19.13)

AABH = AMBH (canh huyén, canh goc vudng). A

Suyra ABH = MBH. K
Chang minh tuong tu ta dugc ACK = NCK. M B\/C
Xét AABC c6 BH va CK la hai duong phan giac ngoai tai dinh B 0

va dinh C cat nhau tai O nén AO la dudng phan giac cua géc BAC. Hinh 19.13

2.8.(h.19.14)
a) Xét AABC c6 hai dudng phan gi4c goc B, goc C cat nhau tai O. Suy ra tia AO 1a dudng phan giac
thu ba.

Tu d6 ta dwoc BAO =CAO =CAD

= BAE = 60°.

ABAE = ABAO (g.c.g)=> BE = BO.
ACAD = ACAO (g.c.g)= CD =CO.

Do d6 ABDE = ABDO (c.g.C)

= DE =DO. (1)

ACED =ACEO (c.g.c) = DE=0E. (2)

Tir (1) va (2) suy ra OD = OE = DE nén AODE déu.

Hinh 19.14

b) Tacd BDE = BDO (hai goc tuong ng cua hai tam giac bang nhau).

CED = CEO (hai goc tuong tng cia hai tam giac bang nhau).

Xét AODE c¢6 hai dudng phan giac cua goc D, goc E cat nhau tai A, suy ra OA 1a duong phan giac
cua géc DOE.

2.9. (h.19.15)

* Tim cach giai

Gia str da vé duoc MN// BC sao cho BM +CN = BC.

Lay diém D e BC sao cho BD = BM, khi &6 CD =CN.

ABMD can tai B= M1 =D, ma M. =D, (cap goc so le trong) nén M, =M

Chtng minh tuong tu ta dugc Ny = N..
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Xét AAMN c0 D la giao diém cua hai duwong phéan giac géc ngoai tai dinh M va N, suy ra AD la

duong phan giac cua goc A.

» Cach vée MN

- V& duong phan giac AD cua AABC

- Trén canh BA liy diém M sao cho BM = BD;

-TeMVE MN// BC (NeAC).

Khi d6 MN 1a doan thing can ve.

Hinle 19,15

 Chzzng minh
Theo céch vé tacdé MN// BC, do d6 M2 =D (50 le trong) ma M= D, (hai goc & day cua tam

giac can) nén M, = M,

Xét AAMN c¢6 D 1a giao diém cua duong phan gidc goc A va duong phan giac goc ngoai tai dinh M
nén ND la duong phan giac ngoai tai dinh N,do d6 Ni = N-.

Mat khac, D2 = N> (so le trong) nén N, = D>, suy ra ACND cén, dan téi CN = CD.

Vay BM +CN =BD +CD =BC.

2.10. (h.19.16)

Trén tia d6i cua tia AB ldy diém N sao cho AN = AM.

Xét AABM c6 AD 1. AC ma AD la duong phan giéc trong ctua goc A nén AC la duong phén giac
ngoai tai dinh A.

Tu d6 suy ra AANC = AAMC (C.9.C)

M

— ANC = AMC. -
2
Tacod BAD =105°-90°=15°, do d6 BAM =30°.
Xét AABM c6 goc AMC la g6c ngoai nén B SERT] i

AMC =BAM +B="70° suyra N =70°.
¢ +B =70 suy Hinli 19.16

Xét ABCN c6 BCN = 180°—(B +N) - 180°—(40°+ 70°) =70°.

Vay BCN =N (=70°), suy ra ABCN can tai B. A

Do d6 BN =BC, dan téi AB+ AN = BC hay AB+AM = BC.
2.11. (h.19.17)

ABDF va ACDE la nhiing tam gidc can. Mat Kkhac, /
BI 1 DF, CI 1. DE nén ta c6 Bl va ClI lan luot 1 cac dudng phan gi4c z

ctia goc B va goc C. Suy ra | nam trén dudng phan giac cua goc A. (1)

Hinh 19.17
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Tacd BK// DF ma BI 1. DF nén BI 1 BK, do do BK la duong phén giac ngoai tai dinh B cua

AABC

Chung minh tuong tu ta dugc CK la dwong phéan giac ngoai tai dinh C cua AABC.
Do d6 K nam trén dudng phan giéc caa goc A. (2)

Tir (1) va (2), suy ra ba diém A, 1, K thing hang

2.12. (h.19.18)

" Hinh 19.18

Xét AADK c6 AC la duong phén giac cua goc trong tai dinh A.

Mat khac, AB L AC nén AB la duong phén giac goc ngoai tai dinh A.

Xét AADK ¢6 B la giao diém cua mot duong phan giac goc trong va dudng phan giac géc ngoai
khong ké nén tia KB 1a duong phan gidc géc ngoai tai dinh K.

Goi O 1a giao diém cua AC va BD.

Xét AADK ¢6 O 1a giao diém cua hai dudng phan giac nén KO 1a dudng phan gi4c cua goc K.
Suy ra KO L KB (tinh chat hai tia phan gi4c cua hai goc ké bu). (1)

Chirng minh tuong tu ta dugc KO 1 KC . (2)

Tir (1) va (2), suy ra ba diém B, K, C thang hang.

2.13. (H.19.19)

Gia str goc xOy c6 dinh O nam ngoai to gidy, con lai mot

phan cua hai canh nam trong to gidy. Ta vé duong thang
chira tia phan giac cua géc xOy nhu sau:
- Lay AeMx va Be Ny; M K

- V& céc tia phan gidc cia g6c MAB va NBA, ching cit Saems

A - - - -

nhau tai I;

- V& céc tia phan giac cua goc BAx va ABy, chling cit nhau Hinh 19.19
tai K;
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- V& duong thang IK, duong thang nay chua tia phan giac cua goc xOy. That vay, xét AOAB ¢O | la

giao diém cua cac duong phan gic cua goc A, goc B. con K 1a giao diém cua cac dudng phan giac
ngodi tai dinh A, dinh B. Do d6 |, K ciing nam trén duong phan giac cua goc xOy, tic 1a duong
thang IK chira tia phan giac cta goc xOy.

2.14. (h.19.20)

Diém O 1a giao diém hai dudng phan gi4c cua goc B

va goc C nén AO la duong phén giéc cua goc A. Ve tia t
At 1a tia ddi cua tia AB. A

R . . % B 1 D
Vi xy//BC nén A = ABC (cap goc dong vi); 2

A>» =ACB (cap goc so le trong)

ma ABC = ACB nén A = As.

Xét AABC c6 D la giao diém cua duong phan giac C
goc B va duong phan giac goc ngoai tai dinh A nén

CD la duong phén giac goc ngoai tai dinh C. Chung

minh twong tu ta duwoc BE la duong phén giac goc :
ngoai tai dinh B. Ba duong thang BE, CD, AO Ia hai Hinh 19.20
duong phan giac goc ngoai va duong phan giac cua

goc trong khdng ké nén chung cung di qua mot diém.

Chuyén dé 3. TINH CHAT BA PUONG TRUNG TRUC, BA PUONG CAO CUA TAM
GIAC

A. Kién thic can nhé

1. Biém nam trén duong trung truc ciia mot doan thang thi cach déu hai mat cua doan thang do.

2. Piém cach déu hai mat caa mot doan thang thi nam trén duong trung trec cia doan thang do.

3. Ba duong trung truc cia mot tam giac cing di qua mot diém. Diém nay cach déu ba dinh cua tam
giac d6 va la tim cua duong tron di qua ba dinh cua tam giac (goi 1a duong tron ngoai tiép tam gi4c)
(h.20.1).

Hinh 20.1

H

&
O

Hinh 20.2
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4. Trong mot tam giac, doan vudng goc veé tur mot dinh dén duong thang chira canh doi dién goi la

duong cao cua tam giac do.
5. Ba duong cao ciia mot tam giac cung di qua mot diém (h.20.2). Biém nay goi la truc tdm cua tam
giac.
6. B4 sung tinh chdt ciia tam giac can
- Trong mét tam giac can, dudng trung truc ¢ng véi canh day, dong thoi 1a duong phan giéce, duong
trung tuyén va dudng cao ciing xuat phat tir dinh di dién véi canh do.
- Trong mot tam giac, néu hai trong bén loai dudng tring nhau thi tam gidc d6 1a mot tam giac can.
B. Mot s6 vi du
Vi du 1: Cho tam gidc ABC, AB< AC. Trén canh AC liy diém M sao cho CM = AB. V& duong
trung truc cia AC, cit duong phan gidc cua goc A tai diém O. Chang minh rang O ndm trén duong
trung truc cua BM.

Giai (h.20.3)

* Tim céch gidi.

Mudn chimg minh diém O nam trén duong trung truc cua BM ta can A

/\

ching minh diém O cach déu hai dau ciia doan thang BM, nghia 1a
phai ching minh OB=OM. Muén vay phai chang minh
AABO = ACMO.

Dé& thdy hai tam gi4c nay c6 hai cip canh bing nhau nén chi can B o C

chang minh cap goc xen giira bang nhau 1a du
N R L Hinh 20.3
* Trinh bay loi giai
Piém O nam trén duong trung truc cua AC nén OA=OC.
Do @6 AOAC cantai O, suyra A, =0CA
Mat khac A: = Ac nén A. =OCA.
AABO va ACMO c6: AB=CM; Ai=0CA; OA=0C nén AABO=ACMO (c.g.c). Suy ra
OB =0M.
Diém O cach déu hai dau cia doan thang BM nén O nam trén dudng trung truc caa BM.
Vi du 2: Cho tam giac ABC vudng tai A, duong cao AH. Tia phan giac cua goc HAB va HAC cit
BC lan luot tai M va N. Cac duong phan giac cia goc B, goc C cit nhau tai O. Ching minh rang O
1a tam duong tron ngoai tiép tam giac AMN.
Gii (h.20.4)

* Tim cach gidi.

Hinh 204
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Muon chitng minh O la tam duong tron ngoai tiép tam giac AMN, ta phai chirng minh O la giao

diém cac duong trung truc cua cac canh AM va AN.

Xét AABN c¢6 BO 1a duong phan giac goc B nén dé chitng minh BO 1a duong trung truc caa AN thi
chi can ching minh AABN 14 tam gié4c can tai B.

* Trinh bay loi giai.

Taco BAN +CAN =90° (vi BAC =90°). (1)

BNA+NAH =90° (vi H =90°). (2)

Mat khac, CAN = NAH nén tur (1) va (2) suy ra BAN = BNA do d6 AABN cén tai B.
Xét AABN can tai B c6 BO la duong phan giac cia goc B nén BO ciing la duong trung truc cua
canh AN.

Chung minh tuong tu ta dugc CO la duong trung truc cua canh AM.

Xét AAMN c6 O 1a giao diém cuaa hai dudng trung truc cua hai canh AN va AM nén O I tam
duong tron ngoai tiép AAMN

Vi du 3. Cho tam giac ABC vuéng tai A, duong trung tuyén BM. Qua M vé mot duong thang vudng
g6c véi BC cit duong thang AB tai D. V& diém E sao cho M 1a trung diém cua DE. Chiing minh
raing AE L BM.

D
Giai (h.20.5)
* Tim cach gidi. %
Xét ADBC, dé thay M la tryc tam, suy ra BM L CD. Do d6 mudn chang minh
BM L AE ta chi can ching minh CD//AE. Mj
* Trinh bay loi gisi. " aNt ¢
Xét ADBC c6 CA va DM la hai duong cao cit nhau tai M nén M Ia truc tam. Suy
ra BM la duong cao tht ba, do d6 BM 1L.CD. Tacé AMEA=AMDC (c.g.c). /'/'(“2/') 3“»5E

Suy ra MEA=MDC. Do d6 AE//CD.
Tu (1) va (2) ta dugc AE L BM.
Vi du 4. Cho tam giadc ABC can tai A, A=45°. V& duong trung tuyén AM. Pudng trung truc cua
canh AC cat AB tai D. Trén canh AC liy diém E sao cho CE =BD. Chung minh rang ba duong
thang AM, BE, CD dong quy.

Giai (h.20.6) A
* Tim cach gidi.
V& hinh chinh xac ta du doan ba duong thang AM, BE, CD 1a ba duong
cao cua tam giac ABC nén ching dong quy. Do d6 ta can chiing minh
AM 1 BC, CD L AB va BE L AC.

Hinh 20.6
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* Trinh bay loi giai.

Diém D nam trén dudng trung truc cia AC nén DA = DC.
Do d6 ADAC cénsuy ra ACD =CAD =45°.

Xét ADAC c6 ADC =180° —(45° + 45°) =90°. Vay CD L AB.

Talai cO0 ABCD=ACEB (c.g.c) = E=D=90°. Do d6 BE L AC.

Mt khac, AM 1a duong trung tuyén tng véi canh day cua tam giac can nén AM L BC.

Xét AABC c6 AM, BE va CD la ba duong cao nén chung dong quy.

C. Bai tap van dung

* Tinh chét dwdng trung truc

3.1. Cho tam gi4c ABC, goc A ti. Cac duong trung truc ciaa AB va AC cit BC lan luot tai D va E.
Biét goc DAE c6 s6 do bang 30°, tinh sé do cua géc BAC.

3.2. Cho tam giac ABC. Trén céac tia BA va CA lan luot liy cac diém D va E sao cho
BD+CE = BC. Chang minh rang khi D va E di dong thi duong trung truc cia DE ludn di qua mot
diém co dinh & trong tam giac ABC.

3.3. Cho gbc vudng xOy va mot diém A ¢ dinh & trong goc d6. V& géc BAC bang 90° sao cho
BeOx, CeOy. Goi M la trung diém cua BC. Chitng minh rang M nam trén mot duong thang ¢b
dinh.

3.4. Cho tam giac ABC vuong tai A. Trén canh BC lay diém M bat ki. V& cac diém D va E sao cho
AB 1a duong trung tryc caa MD, AC 1a duong trung truc cua ME.

Xéc dinh vj tri cua diém M dé cho doan thang DE ¢ d6 dai ngin nhét.

3.5. Cho tam giac ABC vudng tai A, duong cao AH. Trén canh AB lay diém M, trén canh AC liy
diém N sao cho MHN =90°.

a) Goi O 1a trung diém ciia MN. Chang minh rang khi M va N di dong thi diém O di dong trén mot
duong thang ¢ dinh.

b) Xac dinh vi tri cia M va N dé& MN c6 d6 dai nho nhat.

3.6. Cho goc xOy khac gdc bet. Lay diem M trén tia Ox, diém N trén tia Oy sao cho OM +ON =a
khong dbi. Chirng minh rang khi M va N di dong trén cac tia Ox,Oy thi dudng trung truc cia MN

ludn di qua mot diém cé dinh.
3.7. Cho tam giac ABC sao cho B <90° vaC >%B. . Hay tim diém M trén canh AB, diém N trén

canh BC sao cho BM =MN = NC.
« Chirng minh déng quy thing hang
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3.8. Cho tam giac ABC, AB < AC. Trén cac tia BA va CA lan luot lay cac diém M va N sao cho

BM =CN. Trén canh AC lay diém D sao cho CD = AB. Chting minh rang cac duong trung truc
cua AD, BC va MN cung di qua mot diém.

3.9. Cho céc tam giac ABC vubng tai A, tam giac DBC vudng tai D trong d6 A va D cung thuoc mot
nira mat phang bo BC. Goi M va N lan luot 1a trung diém caa AD va BC. V& AE L DN; DF L AN.
Ching minh rang ba duong thang AE, DF, MN cuing di qua mot diém.

3.10. Cho tam giac nhon ABC, duong cao AD. Trén tia DA liy diém H sao cho DH = DB. Trén tia
DC lay diém K sao cho DK = DA

Chang minh ring KH L AB.

3.11. Cho tam giac ABC vuong tai A. Trén canh AB lay diém H, trén canh BC liy diém D sao cho

AHD + ACD =180°. Buong thang DH cét duong thang AC tai O.

Chtng minh rang hai duong thang OB va CH vudng goc véi nhau.

3.12. Cho tam giac nhon ABC, A=60°. Hai duong cao BE, CF cit nhau tai H. Pudng trung truc
ciia HB cat AB tai M, duong trung tryc cia HC cat AC tai N. Chiing minh ring ba diém M, H, N
thang hang.

3.13. Cho tam giac nhon ABC. Goi O 1a tam dudng tron ngoai tiép tam giac va H Ia tryc tam cua
tam giéac.

Chuang minh rang BOC +2BHC = 360°.

* Tam giac can

3.14. Cho tam giac ABC, duong phan giac AD. Mot duong thang song song voi AD cit céc duong
thang AB va AC lan luot tai E va F.

Chuang minh rang duong trung truc cia EF ludn di qua mot diém ¢ dinh.

3.15. Cho tam giac nhon ABC, duong cao AH, duong trung tuyén BM va duong phan giac CD cat
nhau tai ba diém phan biét E, F, G.

Hoi tam giac EFG c6 thé 1a tam giac déu khong?

Hudéng dan giai

3.1. (h.20.7)
Piém D nidm trén dudng trung truc cua AB nén DA = DB. A
Suy ra ADAB can, do d6 A = B. 5

Chtng minh tuong ty, ta dugoc A2 =C.

Tacd Ai+A>=B+C=180°-BAC. B D E
Hinli 20.7
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Mit khac, As = BAC—(A1 +A2) nén 30° = BAC—(180°—BAC).

Suy ra 2BAC —180° =30° = BAC =105°.
3.2. (h.20.8)

V& tia phan giac cua goc B, goc C, ching cit nhau tai diém O & trong tam gidc ABC. D6 1a mot
diém cb dinh.

Trén canh BC lay mot diém M sao cho BM =BD, khi do
CM =CE.

ABOD = ABOM (c.g.c)=>0D=0M. (1)

ACOE = ACOM (c.g.c)=OE=0M. (2)

Tu (1) va (2) suy ra OD =OE.
Diém O cach déu hai ¢au doan thang DE nén O nam trén duong Hinh 20.8

trung truc cua DE. N6i cach khéac, duong trung truc cia DE ludn di qua mot diém cé dinh 1a diém
O.

3.3. (h.20.9)

Tam giac ABC vubng tai A, tam giac OBC vuéng ¢ O c6 AM, OM la

X
. X A
cac duong trung tuyen rng véi canh huyén nén MA = MO = %BC.
Diém M cach déu hai diu doan thang OA c¢b dinh nén M nam trén B
duong trung tryc caa OA. Do d¢6 M nam trén mot duong thang cb M
dinh. O C
Hinh 20.9
3.4. (h.20.10)
Vi AB, AC la duong trung truc cia MD, ME nén
A
AD =AM va AE = AM. A E
AAMD va AAME céan tai A, suy ra
Al = Az, Az = As.
Do d6 MAD =2A:; MAE =2As B M C
Tacd DAE = MAD + MAE Hinh 20.10)

- 2(A2 +As ) — 2BAC = 2.90° = 180°,

Suy ra ba diém D, A, E thang hang va DE = AD+ AE =2AM.

DE ngén nhat < AM ngan nhat < AM L BC.

Vay khi M Ia hinh chiéu cua A trén BC thi DE ngin nhat hay khi AM 1a dudng cao xuat phét tir dinh
A cia AABC thi DE ngan nhat.
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3.5. (h.20.11)

a) Theo tinh chit duong trung tuyén tng véi canh A
huyén cua tam giac vuodng ta cé M

1 1 X y
OA=—MN;OH =—MN. o)

2 2 N
Viy OA =OH.
Piém O c4ch déu hai diu doan thing AH nén O di dong B H C
trén duong trung truc xy cua AH. Vi AH ¢b dinh nén xy Hinh 20.11
cd dinh.
b) Tacé MN =OM +ON =0OA+OH A
> AH (bat ding thirc tam giac mo rong) Dau "=" xay ra
<O nam gitra A va H va OA=0H < O la trung diém M o
cua AH 2
MO la duong trung tuyén ing

. X 1 B H
vol AH cua AAMH va MO =—AH.
2 Hinh 20.12

< HM 1 AB;HN 1 AC.

Vay MN c6 do dai nho nhat 12 bang AH khi M va N lan luot 1a hinh chiéu cua H trén AB, AC (hinh
20.12).

3.6. (h.20.13)

Hinh 20.13

Trén tia Oy lay diém A sao cho OA=a. Vi OM +ON =a nén OM = NA. V& duong phan giac Ot
cia goc xOy va vé duong trung truc cua OA chlng cat nhau tai K. Ta phai chitng minh K 1a mot
diém ¢ dinh va duong trung truc caa MN di qua K.

Ta c6 OA trén tia Oy ma OA = a khong dbi nén A 1a mot diém cb dinh, do d6 duong trung truc cua
OA ciing c6 dinh. Tia Ot 4 tia phan giac cua goc xOy nén Ot ciing cb dinh. Piém K 1a giao diém

cua hai duong thang c¢b dinh nén K ¢é dinh.
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Diém K nam trén dudng trung truc cia OA nén KO = KA, do d6 AKOA can = A, =0,. Mit khéc,

01 =0, nén A =0,
AKMO va AKNA c0: OM = NA; O, = A1 va KO = KA. Do d6 AKMO = AKNA

= KM =KN.

Vay K nam trén duong trung truc cia MN, noi cach khac, duong trung truc cia MN di qua diém cb
dinh la diém K.

3.7. (h.20.14)

* Tim cach gidi

Gia sir da x4c dinh dugc diém M e AB, diém N e BC sao cho
BM = MN = NC.

Tacd6 AMBN cantai M nén B=N,.

AMNC can tai N nén M, =C..

Xét AMNC c6 N lagoc ngoai nén Ny =C,+M, =2C,.

Suyra C; =%N1 =lB.

2 Hinlh 20.14
Do d6 xé4c dinh duoc diém M roi diém N.

e Cach xdc dinh diém M, diém N
- O trong gbc C, v& tia Cx sao cho BCx = %B. Tia Cx cat canh AB tai M.

- V& duong trung truc cua MC cit canh BC tai N. Khi d6 ta c0 BM = MN = NC.
 Chitng minh
Diém N nam trén duong trung truc cia MC nén NM = NC. (1)

AMNC cantai N= M, =C,. Do d6 N, =2C, :2.%.B:B.

Suy ra A MBN la tam giac can = MB=MN. (2)

Tu (1) va (2), suy ra MB=MN = NC.

3.8. (h.20.15)

V& cac duong trung truc caa AD va BC, ching cat nhau tai O.
Piém O nidm trén dudng trung truc caa AD nén OA = OD.
Piém O nidm trén dudng trung tryc cua BC nén OB =OC.
Tacd AOBA =AOCD (c.c.c).

Suy ra OBA=0CD.
Do d6 AOBM = AOCN (c.g.c)

Hinh 20.15
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= OM =ON. biém O cach d¢u hai dau doan thang MN nén O nam trén duong trung truc cua MN.

Vay ba duong trung tryc caa AD, BC va MN cung di qua diém O.

3.9. (h.20.16)
Xét AABC vubng tai A,ADBC vudng tai D co AN

va DN la cac duong trung tuyén Gng voi canh

huyén BC nén AN = DN = %BC.

Suy ra ANAD can tai N, do d6 duong trung tuyén ‘
F
NM cling 14 duong cao. E "

Ba duong thang AE, DF, MN 1a ba duong cao cua

9 \ 2
A NAD nén chang cung di qua mot diem. Hinh 20.16

3.10. (h.20.17)

Goi E 1a giao diém cua BH va AK. ADBH vuéng can tai D
nén DBH =45°. ADKA vudng can tai D nén DAK =45°.
Xét AEBK cO DBE + BKE = 45°+45° =90°

suy ra BEK =90°, do d6 BE | AK.

Xét AABK c6 AD va BE 1a hai dudng cao cit nhau tai H
Suy ra HK 1a duong cao thir ba, do d6 KH 1 AB

3.11. (h.20.18)

Hinh 20.17

. ek O
Taco AHD+ ACD =180° (gia thiéet) (1)

va AHD +BHD =180° (ké bu). (2)
Tu (1) va (2), suy ra ACD = BHD.

Xét AABC vuobng tai A c6 ABC +ACB =90°.

Do d6 ABC+ BHD =90°. Suy ra BDH =90°. \Vay HD 1 BC. B D e
Xét AOBC c6 OD va BA 1a hai duong cao cit nhau tai H, suy HiiEia

ra CH la duong cao thir ba. Do d6 CH 1 OB.

3.12. (h.20.19)

Hai goc BAC va BHC la hai géc c6 canh tuwong trng vubéng goc,

mot gbec nhon, mot goc tu nén ching bu nhau:

Hinlh 20.19
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A+ BHC =180° = BHC =180°—-60° =120°.

DPiém M nim trén dudng trung truc caa HB nén MH = MB.

Do d6 AMHB cén tai M = MHB = MBH =30°.

Chtrng minh tuong ty ta dugc CHN =30°.

Vay MHB +BHC +CHN =30° +120°+30°=180°.

Suy ra MHN =180°, do d6 ba diém M, H, N thang hang.

3.13. (.20.20) A

Vi AABC nhon nén O va H nam trong tam giac. \

DPiém O cach déu ba dinh cia AABC nén
OA=0B=0C,

do d6 AAOB, AAOC cén tai O. & "
Suy ra Oy =241;0: =2A.. ’/ A\
! .

Do d6 0, +0: :2(A1 +A2) hay BOC =2BAC.

Hinl 20.20
Diém H Ia truc tim cia AABC nén BH 1 AC, CH L AB.

Hai goc BAC va BHC la hai goc cé canh tuong trng vudéng goc, mot goc nhon, mot goc tu nén
BHC + BAC =180°= BHC =180°—BAC, do d6 2BHC =360°—-2BAC.

Vay BOC +2BHC = 2BAC + (360° _2BAC )= 360°

3.14. (h.20.21)
Tacd EF//AD nén FEA=A;F = A,.

Mit khac, A1 =A, nén FEA=F.
Suy ra AAEF can tai A.

Trong tam giac can, dudng trung truc cua canh day dong thoi 1a

duong phéan giac cua goc ¢ dinh nén duong trung truc d cua EF

D

di qua dinh A. D6 1a mot diém cb dinh.
Hinh 20.21

3.15. (h.20.22)

Gia st AEFG 1a tam giac déu, suy ra CEH = 60° nén Ci =30°,C» =30°.
Tacon cd CGM = EGF =60°.

Do d6 CMG =180°—(30°+60°) =90°. Suy ra BM L AC.

Xét AABC c6 duong trung tuyén BM ddng thoi 1a dudng cao nén
AABC can.

Hinh 2022
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Mat khac, ACB =30°+30°=60° nén AABC la tam giac déu.
Do d6 ba dudng AH, BM, CD phai dong quy, tie 1a ba diém E, F, G trung nhau, tréi gia thiét. Vay
AEFG khong thé 13 tam giac déu.
Chuyén dé 4 . CHUNG MINH
BA PIEM THANG HANG

A. Kién thic can nhé

Ba diém cung thudoc mot duong thang goi 1a ba diém thing hang. Dé chimg minh ba diém thing
hang, chdng ta cé thé sir dung mot sé phuong phép sau day:

1. Phwong phap 1.

Néu ABD + DBC =180° thi ba

Diém A; B; C thang hang.

2. Phuong phap 2.
Néu AB // ava AC // a thi ba
diém A; B; C thang hang. "

(Co sé cua phuong phap nay
1a: tién dé O-Clit) i ” &
3. Phwong phap 3.

Néu AB | a; AC L a thiba A
diém A; B; C thang hang.

(Co so cua phuong phap nay a

la: Co6 mgt va chi mét dwong

thang a’ di qua diém O va vudng goc véi dwong thang a cho trwéc)
Hoic A; B; C cuing thugc mot dudng trung truc caa mot doan thang.
4. Phuwong phap 4.

Néu tia OA va tia OB la hai tia phan giac cua

goc xOy thi ba diém O; A; B thang hang.

(Co s¢ cua phuong phap nay la:

Méi goc khac goc bet c6 mgt va chi mat tia B

phan giac). o

* Hoic: Hai tia OA va OB ciing nam trén ntra mat phang bo chia
tia Ox, xOA = xOB thi ba diém O, A, B thang hang.

5. Néu K 14 trung diém BD, K’ 1a giao diém cua BD va AC. Néu K’ 1 trung diém BD thi K'=K
va A, K, C thang hang.
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(Co s& clia phwong phap nay 1a: Méi doan thang chi c6 mét trung diém).

B. Mot s6 vi du
Vi du 1. Cho tam gidc ABC vubng ¢ A, M la trung diém AC. Ké tia Cx vubng goc CA (tia Cx va
diém B & hai nira mat phang dbi nhau bo AC).Trén tia Cx lay diém D sao cho CD = AB. Chung
minh ba diém B, M, D thang hang.

Gidi
* Tim céch gidgi. Muén B, M, D thang hang B
can chiang minh BMC + CMD =180°. Do "

AMB + BMC =180° nén can chitng minh

AMB = DMC L 5

* Trinh bay loi gidi \
AAMBva ACMD cbé:

AB = DC (gt), BAM = DCM = 90°,
MA =MC (M la trung diém AC) 2

Do d6: AAMB = ACMD (c.g.c), suy ra: AMB = DMC

Ma AMB + BMC =180° (ké bu) nén BMC +CMD =180°
Viy ba diém B; M; D thang hang.
Vi du 2. Cho hai doan thang AC va BD cit nhau tai trung diém O cia mdi doan. Trén tia AB lay
diém M sao cho B 1a trung diém AM, trén tia AD ldy diém N sao cho D la trung diém AN. Chiing
minh ba diém M, C, N thang hang.
Gidi
* Tim céch gidgi. Chung minh: CM // BD va CN // BD tir d6 suy ra M, C, N thang hang.
* Trinh bay loi gidi
AAOD va ACOB c6 OA =0C

(vi O 14 trung diém AC)
X
AOD = COB (hai goc dbi dinh) w\
_ B 4 2 D
OD = 0B
(vi O 13 trung diém BD) /\M

Do d6 AAOD =ACOB(c.g.c) M C N

Suy ra: DAO =OCB . Ma hai goc ¢ vi tri so le trong,
do do: AD // BC, nén DAB =CBM (& vi tri dong vi)
ADAB va ACBM c6: AD = BC (do AAOD = ACOB), DAB = CBM , AB = BM (B la trung diém

AM). Vay ADAB = ACBM (c.g.c). Suy ra ABD = BMC .Do d6 BD // CM. (1)
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Lap luan tuong tu ta dugc BD // CN. (2)

Tir (1) va (2), theo tién dé O-Clit suy ra ba diém M, C, N thiang hang.
Vi du 3: Cho tam giac ABC c6 AB = AC. Goi M la trung diém BC.
a) Chirng minh AM 1 BC.

b) Vé hai duong tron tdm B va

tdm C c6 cung ban kinh sao cho

ching cit nhau tai hai diém P va

Q. Chimg minh ba diém A, P, Q

thang hang.

Gidi
* Tim céch gidi. Ching minh ba diém A, P, Q thang hang, ching ta cé thé:
- Chung minh AM, PM, QM cung vudng géc BC
- Hoac AP, AQ la tia phéan giac cua goc BAC.
* Trinh bay loi giai
a) AABM va AACMc6: AB =AC (gia thiét), AM chung, MB = MC (M la trung diém BC)
Vay AABM = AACM (c.c.c), do d6 AMB = AMC (hai goc tuong (ing).
Ma AMB+ AMC =180° (hai goc ké bu) nén AMB = AMC = 90°
Do d6: AM L BC(diéu phai chizng minh).
b) Cach 1. Chirng minh twong tu ta dugc: ABPM = ACPM (c.c.c).
Suy ra: PMB = PMC (hai goc tuong tng), ma PMB+ PMC =180° nén PMB = PMC =90°
Do do: PM | BC.
Lap luan twong tu OM | BC.
Tir diém M trén BC ¢c6 AM L BC, PM 1 BC, OM 1 BC nén ba diém A, P, Q thang hang (diéu phai
chirng minh).
- Cach 2. ABPA va ACPAc6 AB = AC, AP la canh chung, BP = CP (cung ban kinh)
= ABPA = ACPA (c.c.c) = BAP = CAP . VVay AP la tia phan giac cua BAC . (1)
AABQ va AACQ cb6 AB = AC, AQ la canh chung, BQ = CQ (cung ban kinh) = AABQ = AACQ

(c.c.c) = BAQ =CAQ.

Vay AQ la tia phé&n giac cua BAC . (2)
Tir (1) va (2) suy ra ba diém A; P; Q thang hang.
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Vi du 4. Cho tam gidc ABC céan ¢ A. Trén canh AB lay diém M, trén tia doi tia CA lay diém N sao

cho BM = CN. Goi K 1a trung diém MN. Chting minh ba diém B, K, C thang hang.
Gidi

- Céch 1. Ké ME 1 BC;NF 1 BC E;F € BC

ABME va ACNF vubng tai E va F cé: A

BM = CN (gt), MBE = NCF (cung bang ACB)

Do d6: ABME = ACNF (canh huyén-géc nhon)

Suy ra: ME = NF.

Goi K’ 1a giao diém cua BC va MN.

AMEK' va ANFK'vubng ¢ E va F c6: ME = NF (cmt), EMK' = FNK' K X¢ F

B E
(so le trong cia ME // FN). Vay AMEK' = ANFK' (g-c-9). K\L]
Do d6: MK' = NK'. N

Vay K’ 1a trung diém MN, ma K 1a trung diém MN nén K =K’
Do d6 ba diém B, K, C thang hang.
- Céach 2. K¢ ME // AC (E € BC)

= ACB = MEB (hai goc ddng Vi)
Ma ACB = ABC nén MBE = MEB
Vay AMBE céan ¢ M.

Do d6: MB = ME, két hop voi gia
thiét MB = NC ta dwgc ME = CN. K \C
Goi K’ 1a giao diém cua BC va MN. B E

AMEK'va ANCK' c6: K'ME = K'NC \ N

(so le trong cua ME //AC)

ME = CN (chttng minh trén), MEK’' = NCK' (so le trong cua ME //AC).
Do d6: AMEK' = ANCK’ (g.c.g) = MK’ = NK'
Vay K’ 1a trung diém MN, ma K 1a trung diém MN nén K =K’ .
Do d6 ba diém B, K, C thiang hang.
- Luu y. Ca hai céch giai trén, c6 nhiéu ban chang minh AMEK = ANCK V0 tinh thira nhan B, K,
C thang hang, viéc chitng minh nghe c6 ly lam nhung khong biét 1a chua chinh xAc.
Vi du 5. Cho tam giac ABC can & A, BAC =108°. Goi O la mot diém nam trén tia phan giac cua
g6c C sao cho CBO =12°. V& tam giac déu BOM (M va A cuing thuoc mot nira mat phang bo BO).
Chumg minh ba diém C, A, M thing hang.

Gidi
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* Tim cach giai. Chitng minh OCA = OCM tir d6 suy ra tia CA va tia CM trung nhau.
* Trinh bay loi giai

Tam giac ABC can ¢ A nén

ABC = ACB:M:%O

(tinh chit cua tam giac can).

Ma CO la tia phan giac cia ACB | M
nén ACO = BCO =18°. Do &6 BOC =150°

ABOM déu nén BOM = 60°.

Vay: MOC =360°— 150°+60° =150°

‘ 0
ABOC va AMOC c6: OB = OM (Vi ABOM déu);

BOC = MOC =150°%
OC chung, do d6: ABOC = AMOC (c.9.c)
Suy ra: OCB=0CM ma OCB=O0CA (gt) nén OCA=O0CM
Hai tia CA va CM cling nam trén nira mat phang bo CO va OCA = OCM
nén tia CA va tia CM triing nhau. Vay ba diém C, A, M thiang hang. (dpcm).
Vi du 6. Cho tam giac ABC vudng tai A va B=60°.Vé tia Cx L BC va liy CE = CA (CE va CA
cuing phia véi BC). Trén tia ddi tia BC va liy F sao cho BF = BA. Chting minh rang:
a) AACE déu;
b) E, A, F thang hang.
Gidi
* Tim cach gidgi. Nhan thay tam giac
ABC vubng tai Ava B=60° nén
ACB =30°= ACE = 60°
ACAE déu.
Do d6 mudn chiing to B, A, F
thang hang thi ching ta chi can
ching t6 BAF = 30°. F
* Trinh bay lo1i gidi.
a) ABC vubng tai Ava B=60° nén ACB =30°

— ACE = 60°ma CA = CB nén ACAE déu.

b) Ta c6: BA = BF (gt) = ABFA can = ABC =2.BAF .
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Suy ra: BAF =30°.

Vay: FAB+ BAC + CAE =30°+90° +60° = 180°

Ta suy ra ba diém F; A; E thang hang.

C. Bai Tap van dung

4.1. Cho tam giac ABC, M 1a trung diém cua BC. Trén tia dbi cua tia MA lay diém E sao cho
ME = MA.

a) Chitng minh rang AC = EB va AC // BE.

b) Goi | 1a mot diém trén AC; K 1a mét diém trén EB sao cho Al = EK.

Chtng minh ba diém I, M, K thang hang.

4.2. Cho AABC céan tai A, c6 goc A <90°. Ké BD vudng goc vai AC, ké CE vubng goc véi AB.
Goi K 1a giao diém cua BD va CE. Chang minh rang:

a) ABCE = ACBD:

b) ABEK = ACDK;

¢) AK la phan giac géc BAC.

d) Ba diém A, K, | thang hang (véi I 1a trung diém BC).

4.3. Cho AABC c6 AB < AC. K¢ tia phan giac AD ciia BAC (D thudc BC). Trén canh AC lay diém
E sao cho AE = AB, trén tia AB lay diém F sao cho AF = AC. Chiing minh rang:

a) ABDF = AEDC;

b) F, D E thang hang;

¢) AD LFC

4. 4. Cho tam gidc ABC vuodng cén tai A. V& ra phia ngoai tam giac ABC tam giac BCM can tai M
c6 goc & day 1a 15°. Trén nira mat phang bd AB chua diém C, vé tam giac déu ABN. Ching minh
ba diém B, M, N thang hang.

45. Cho tam giac ABC. V& vé phia ngoai tam giac ABC cac tam giac vudng tai A la
AADB; AACE c6 AB = AD, AC= AE. Ké AH vubng goc BC; DM vubng goc AH va EN vubng goc
AH. Chitng minh rang:

a) DM= AH.

b) Goi I 14 trung diém ciia MN. Chting minh rang D, I, E thang hang.

4.6. Cho goc xOy. Trén hai canh Ox va Oy lay lan luot hai diém B va C sao cho OB = OC. V&
dudng tron tm B va tam C c6 cling béan kinh sao cho chiing cit nhau tai hai diém A va D nam trong
g6c xOy. Ching minh ba diém O, A, D thing hang.

4.7. Cho tam giac ABC vudng tai A. Trén nira mat phang bo BC khong chia diém A, vé cac diém
D, E sao cho BD vuéng goc va bang BA, BE vudng gdc va bang BC. Goi M 1a trung diém cua doan
thang CE. Chung minh A, D, M thing hang.
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4.8. Cho AABC vudng tai A, BC = 2AB. Goi D la diém trén canh AC sao cho ABD = %ABC. Lay

E 1a mot diém trén canh AB sao cho ACE = %ACB. BD va CE cit nhau tai F; | va K theo tht tu 1a

chan cac duong vudng goc ké tir F dén BC va AC. V& cic diém G va H sao cho I 12 trung diém cua

FG, K 1a trung diém cua FH. Chiing minh rang ba diém H, D, G thang hang.

4.9. Cho tam giac ABC vuong tai A. Ké AH vubng géc vai BC tai H; ACB =30°. Dung tam giac

ACD déu (D va B nam khac phia déi véi AC). Ké HK vudng géc véi AC tai K. Puong thiang qua H

va song song véi AD cit AB kéo dai tai M. Chang minh ring ba diém M, K, D thang hang.
HUONG DAN GIAl

4.1.

a) AAMC va AEMB c6é MA = ME,

AMC = EMB;MB = MC

= AAMC = AEMB (c.g.c)

= AC = EB;CAM = MEB

= AC//BD.

b) AAIM va AEKM c6 AM = EM,;

CAM = MEB; Al = EK = AAIM = AEKM (c.9.C)

= AMI = EMK ma AMI + IME =180° = EMK + IME =180°
= |, M, K thang hang.

4.2.

a) ABCE va ACBD c6 BEC =CDB =90 EBC = DCB; BC la canh chung
= ABCE = ACBD (canh huyén, géc nhon)

b) ABCE = ACBD =- BE =CD.

ABKE va ACDK c6

BEK = CDK =90°% BE = CD; BKE = CKD

= ABKE = ACKD (g6c nhon, canh goc vudng) E D
¢) ABKE = ACKD = KE = KD.

AAEK va AADK c6 AEK = ADK =90°;

Al chung; KE = KD = AAEK = AADK = EAK = DAK
Hay AK la tia phan giac BAC (1).

d) AABI va AACI cé AB = AC; Al la canh chung; Bl = ClI
= AABI = AACI (c.c.c)
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= BAI = CAI hay Al la tia phan giac cua BAC (2)

Tur (1) va (2) suy ra A; K; | thang hang.

4.3.

a) AABD va AAED c6 AB = AE; BAD = EAD ; AD la canh chung

= AABD = AAED (c.g.c) = BD = ED;ABD = AED.

Mat khdc ABD + DBF =180°%,AED + DEC =180° nén DBF = DEC .
Tacd AF = AC;AB=AE = BF = EC.

ABDF va AEDC c6 BF = CF;

DBF = DEC;DB = DE

= ABDF = AEDC (c.g.c) A
b) ABDF = AEDC

= BDF = EDC ma
BDF + FDC =180°

= EDC + FDC =180° B

D

= F,D,E thing hang.
¢) Goi H 14 giao diém ciia AD va CF &

AAHF va AAHC c6 AF = AC; FAH = CAH ; AH chung F
AAHF = AAHC (c.g.c) = AHF = AHC ma AHF + AHC =180°
= AHF = AHC =90°

Vay AH 1 FChay AD | FC.

4.4,

Goi y: Tinh géoc ABN = 60°

= ABM = ABC +CBM = 60° ma BN,;

BM thugc cling mot nira mat phing

bo AB nén tia BM trung vai tia BN,

Vay B, M, N thang hang.

4.5.

a) Tacd ADMAvubng tai M nén MDA + MAD =90° ma BAH + MAD = 90° (vi BAD =90°)
= MDA = BAH
Xét ADMA va AAHB c6 DMA = AHB =90°;

MDA = BAH;AD = AB nén ADMA = AAHB

[);< M
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(canh huyén, goc nhon) = DM = AH .

b) Chirng minh tuwong tu cau a, ta co:

AANE = ACHA, suy ra AH = EN.

Xét AMID va ANIE c6 IMD = INE =90° ,

IM =IN, DM =DN (= AH), suy ra

AMID = ANIE (c.g.c) = MID = NIE .

Mat khac MID + NID = 180° = NIE + NID = 180°

Vay D, I, E thang hang.

4.6. ABOD va ACOD c6: OB = OC (gt); OD canh chung;

BD = CD (D la giao diém cua hai duong tron thm B va tdm C cung ban kinh). Vay
ABOD = ACOD (c.c.c), suy ra: BOD =COD.

Diém D nim trong géc xOy nén tia X
OD nam giira hai tia Ox va Oy.

Do d6 OD Ia tia phan giac cia xOy .

Chung minh tuong tu ta dugc OA la

tia phén giac cua xOy .

Géc xOy chi c6 mét tia phan giac nén D

hai tia OD va OA trung nhau. o
Viy ba diém O, D, A thang hang.

47. Ké MK 1 AB; MH 1 AC,

Ta c6 M la trung diém cua CE nén ABME = ABMC (c.c.c)

= EBM = CBM = 45°
Mat khac EBC =90° = KBE + ABC =90°

Ma ACB+ ABC =90° ,suy ra: KBE = ACB=- KBM = HCM .
Lai c6 BM = MC = AKBM = AHCM

(canh huyén, goc nhon) = MK = MH

= AAKM = AAHM (canh huyén, canh

goc vubng) = KAM = HAM = AM

la tia phan giac cua goc A. K
Mat khac, ABAD vudng can tai A
= BAD = 45° = AD la tia phan giac

cua goc A
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= A; D; M thang hang (vi A; D; M

cung thudc tia phéan giac cua géc A).
4.8. Theo dé bai AABC vuong tai A ¢6 BC = 2AB nén ABC = 60° ACB = 30°.
ABD = %ABC — 20° = DBC = 40° N

ABD = %ABC =10°= BCE =20°

ACIF va ACIG ¢6 IF = 1G (gt)

CIF = CIG =90°; IC: canh chung

- e
= ACIF = ACIG (c.g.c) - "M

= CG=CF va ICG = ICF =20°
Tuong ty ACKF = ACKH (c.g.c)

= CF =CH va KCH = KCF =10°

Tur d6 suy ra CG = CH va GCF + FCH =2ACB =60°, do 46 CHG =60° (1)

ADKF = ADKH Vi ¢6 KF = KH (gia thiét), DKF = DKH =90°, KD: canh chung, do d6 DF =
DH, vi thé ACDF = ACDH (c.c.c) suy ra CHD = CFD .

AABD vubng tai A c6 ABD =20°= ADB=70°=-CDF =110°

= CFD =180°— CDF — FCD =180°—110°—10° = 60° Vi thé CHD = 60° (2).

Tir (1) va (2) suy ra CHD = 60° = CHG . Ma hai tia HD, HG cliing nam trén mot nira mat phang bo
1a duong thang HC nén HD tring voi HG, nghia 1a ba diém H, D, G thang hang.
4.9. Goi F 14 trung diém ciia AC D

:>AH:%=>AAHF déu

= HF //AD = M, H, F thang hang. A
Ma AK = KF; AAMF = AFDA g.c.g = AM = DF

= AAMK = AFDK(c.g.c)

C
— AKM = DKF %n

= M, K, D thang hang. M
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Chuyén dé 5. CHUNG MINH BA PUONG THANG CUNG PI QUA MQT DIEM (PONG

QUY)
A. Kién thic can nhé
Trong cac chuyén dé trudc ta gap mot s bai toan vé chimg minh ba dudng thing a, b, ¢ déng quy.
Phuong phép giai céc bai toan nay Ia van dung dinh Ii v& cac duong dong quy caa tam giac:
- Ba dudng trung tuyén caa mot tam giac ddng quy;
- Ba duong phan giac cia mot tam giac déng quy;
- Ba duong trung truc cia mot tam giac déng quy;
- Ba duong cao cua mot tam giac dong quy.
Néu ba duong thang a, b, ¢ di cho khong phai 1a cac duong chu yéu caa tam giac thi d&é chang minh
a, b, ¢ dong quy, ta c6 thé goi giao diém cua a va b 1a O réi ching minh dudng thang ¢ di qua O hay
chtng minh O nam trén duong thang c.
Mot s truong hop ¢ thé dua bai toan chimg minh ba duong dong quy vé ching minh ba diém
thang hang.
B. Mét s6 vi du
Vi du 1: Cho tam giac ABC, goc A tu. V& cac duong thang m va n lan luot 1a dudng trung truc cua
AB va AC, cit BC theo thir ty tai E va F. V& tia phan giac Ax cia goc EAF. Ching minh rang cac
duong thang m, n va Ax déng quy

Giai (h.21.1)
* Tim cach gidi.
Goi O la giao diém ciia m va n. Ta phai chang minh tia Ax di qua O. Muén vay phai chiang minh
OAE = OAF.
* Trinh bay loi giai.
Goi O 1a giao diém cua hai duong thang m va n.
Taco: OB=0C =0A

AAOE = ABOE (c.c.c). Suy ra Ai=Bu.
AAOF = ACOF (c.c.c). Suyra Az =C..

Mat khéc, B: =C: (vi ABOC cén tai O) nén Ar = Az
Do do6 tia AO la tia phan giac cua goc EAF.

Hinh 21.1

Suy ra ba duong thang m, n va Ax dong quy tai O.

Vi du 2: Cho tam giac ABC cén tai A. Trén céc canh AB, AC lan luot ldy cac diém D va E sao cho

AD = AE. Goi M 1a trung diém cua BC. Chuang minh rang ba duong thang AM, BE va CD dong quy
Giai (h.21.2)

* Tim cach gidi.
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Goi O la giao diém cua BE va CD. Ta phai ching minh AM di qua O tac la phai chung minh ba

diém A, O, M thang hang.
* Trinh bay loi giai. A
Taco AB=AC, AD = AE, suy ra BD=CE.

AEBC =ADCB (c.g.c) = B =Cu.
Goi O 1a giao diém cua BE va CD. 5 £
Vi AOBC can tai O nén OB=0C. (1)

Mit khac, AB = AC (gia thiét) (2) va MB =MC (gia thiét) (3)

Tir (1), (2), (3) suy ra ba diém A, O, M thang hang (vi cing nam trén

duong trung truc cua BC). Do d6 ba duong thang AM, BE, CD dong

quy.
Vi du 3. Cho tam gi4c ABC. Céac dudng phan giac cac goc ngoai cua tam giac cat nhau tai D, E, F

Hinh 21.2

(D nam trong goc A, E nam trong goc B, F nam trong géc C).
a) Chung minh riang cac duong thang AD, BE, CF ddng quy tai mot diém O.
b) Biém O ¢6 vi tri nhu thé nao doi véi tam gidc DEF?
Gii (h.21.3)
* Tim céch gidi.
Tur gia thiét cac duong phan gidc ngoai cat nhau ta nghi dén dinh 1i ba duong phan giac cua tam
gidc ddng quy. Vi vay dé chiing minh AD, BE, CF dong quy ta chi can chang minh AD, BE, CF la
ba duong phéan giac cua tam giac ABC.

* Trinh bay loi giai.

a) Xét tam giac ABC, cac duong phén giac ngoai tai dinh B va dinh C A

cit nhau tai D. Suy ra AD 1a duong phan giéc trong tai dinh A. 3

Chung minh tuong ty ta dugc BE, CF lan luot 1a cac dudng phan giac B

trong tai dinh B, dinh C cua tam giac ABC.

Do d6 ba duong thang AD, BE, CF dong quy tai O.

b) Ba diém F, B, D thang hang; ba diém E, C, D thiang hang; ba diém F,

A, E thang hang.

Xét ADEF c6 AD L EF (hai duong phan gi4c cua hai goc ké bu). D
Tuong tw BE L DF, CF L DE nén AD, BE, CF la ba duong cao gip Hinh 21.3

nhau tai O. Do d6 O la tryc tdm cua tam giac DEF.
Vi du 4. Cho tam giac ABC c6 A=135°. V& ra ngoai tam giac nay cac tam giac DAB va EAC
vudng can tai D va E. V& AH L BC. Chtng minh riang ba dudng thang AH, BD, CE dong quy.

Giai (h.21.4)
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* Tim cach giai.

Trong dé bai c6 yéu t6 goc vudng, ¢ yéu té duong cao nén ta c6 thé dung dinh 1i ba duong cao cua
tam giac dong quy.

* Trinh bay loi giai.

Tam giac DAB vudng céan tai D = A = 45°.

Tam giac EAC vudng can tai E = Az =45°.

Ta c0 BAD+BAC =45°+135°=180°, suy ra ba diém D, A, C
thang hang. Ching minh twong tu ta duoc ba diém B, A, E thang
hang.

Xét AABC c6 AH, BD, CE 14 ba dudng cao nén chiing dong quy.

* Luu y: Truc tm ciia tam giac td nam ngoai tam giéc.

C. Bai tap van dung

* Pura chitng minh déng quy vé chieng minh thang hang " M agdi

5.1. Trong hinh 21.5 c6: AB//CD, AB=CD, AM =CN. Chtrng minh

rang ba duong thang AC, BD va MN dong quy. D . C
Hinh 21.5

5.2. Cho tam gi4c ABC vudng tai A, B=60°. Goi M la mot diém & trong tam giac sao cho

MBC = 40°, MCB = 20°. V& diém D va E sao cho dudng thang BC 1a duong trung truc cia MD va
duong thang AC 1a duong trung truc cia ME. Chang minh rang ba duong thang BM, AC va DE
dong quy.

5.3. Cho tam gi4c nhon ABC va diém M nam trong tam giac sao cho AMB = AMC =120°. Trén nta
mat phang b BC khong chira A vé cac tia Bx va Cy sao cho CBx = BCy = 60°.
Chuang minh rang ba duong thang AM, Bx, Cy dong quy.

5.4. Hinh 21.6 c6 BAx= ABy <90°. Goi d la duong trung truc cua AB.
Chuang minh riang cac duong thang Ax, By va d dong quy.

ALY Ag

Hinh 21.6

5.5. Cho tam giac ABC va mét diém O & trong tam giéc.
5.6. Goi F va G lan luot 1 trong tdm cua cac tam giac AOB va AOC.
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Chang minh rang ba duong thang AO, BF, CG dong quy.

e Ba dwong phan giac dong quy

5.7. Trong hinh 21.7, hai duong thang AB va CD khéng song song. Chuang

minh ring ba duong thang AB, CD, MN dong quy. A

5.8. Cho tam giac ABC, A=120°. V& cac duong phan giac AD va CE cit M N

nhau tai O. Tur B v& duong thang xy L BO. Chang minh rang ba duong \L‘L
C
D

thang xy, DE va AC dong quy.

5.9. Cho tam giac nhon ABC, duong cao AD. V& cac diém M va N sao cho Hinh 21.7
AB va AC theo thtr tu 13 cac dudng trung truc cia DM va DN. Goi giao diém cua MN véi AB va AC
theo tha tu la F va E.

Chuang minh rang ba duong thang AD, BE, CF dong quy.

* Ba dwong cao dong quy

5.10. Cho tam gi4c ABC vudng & A, duong cao AH. Goi O va K lan luot 13 giao diém céc duong
phén giéac cua tam gidc ABH va tam giac ACH. Vé AD 1 OK.

Chuang minh ring cac duong thang AD, BO, CK ddng quy.

5.11. Cho tam giac ABC, duong cao AD. Trén nira mat phang bo AB khdng chira C vé doan thang
BF L BA va BF =BA Trén nia mat phang bd AC khong chira B vé doan thang CE sao cho
CE L CA va CE =CA Chang minh ring ba duong thang AD, BE, CF dong quy.

5.12. Cho tam giac ABC vudng tai A, duong phan giac AD. Tir A, B, C vé cac duong thang d,,d,,d,
vudng goc véi AD. Cac duong thang d, va d, lan luot cat AD tai E va F.

Chitng minh rang cac duong thang d,, BF, CE ddong quy.

* (Ba dwong trung trwe dong quy, ba dwong trung tuyén dong quy

5.13. Cho tam giac ABC vuong tai A, duong cao AH. Vé cac duong phén giac cua géc BAH va goc
CAH cit BC tai E va F. Goi M 1a trung diém caa EF. Qua M vé duong thang d //AH. Ching minh
rang cac duong phan giac cua goc B, goc C va duong thang d ddng quy.

5.14. Cho tam giac ABC vudng tai A, AB=4cm; AC =6cm. Trén canh BC liy diém D sao cho
CAD = ACD. Trén canh AC lay diém E, trén canh AB liy diém F sao cho BE=5cm va
CF= \/Ecm.

Chuang minh rang ba duong thang AD, BE, CF dong quy.

5.15. Cho tam gi4c nhon ABC, duong cao AH, duong phan giac BD va duong trung tuyén CM. Cho
biét tam giac HDM 1a tam giac déu, ching minh rang ba duong thang AH, BD, CM dong quy.
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Hwdéng dan gial
5.1. (h.21.8)
Goi O la giao diém cua AC va BD, ta phai chizng minh MN di qua O, tic 1a phai ching minh ba
diém M, O, N thang hang.

Tacd AMAOB=ACOD (g.c.g) =>0OA=0C va A=C.

A M 5

AMOA = ANOC (c.g.c)= MOA = NOC. e
'“"-H-H__H_h Ir /

Tacd MOA+MOC =180° (ké bu) ;G\
— NOC + MOC =180° = MON 14 géc bet. ST TR C
Do d6 ba diém M, O, N thang hang, dan téi ba duong thing AC, Hinh 21 .8
BD va MN dong quy.
5.2. (h.21.9)

lll;’JI'l' 3/ 9

Goi O 1a giao diém cuia hai duong thang BM va AC.
Ta phai chitng minh DE di qua O.

Xét AABC vubng tai A, B =60°= C =30°

Tacd BOC = 1800—(4O°+30°) =110°.

Do d6 CMO = 180°—(1 10°+10°) = 60°.
Diém C nam trén duong trung tryc cia MD va ME nén CD = CM =CE.

Tacd ACEO=ACMO (c.c.c) = CEO=CMO =60°.
Xét tam giac CDE cén tai C c6

DCE = DCM + ECM = Z(BCM + ACM) —2.ACB = 60°.

Vay ACDE la tam giac déu = CED = 60°.
Vay CED =CEO (= 60°), hai tia ED va EO triing nhau dan t6i ba diém D, O, E thing hang. Do d6

ba duong thang BM, AC va DE dong quy.
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5.3. (h.21.10)

Goi O 1a giao diém cua cac tia Bx va Cy.
Ta phai ching minh duong thing AM di qua O. V&
OH 1 MB; OK 1 MC.

Tam giac BOC 14 tam giac déu nén BOC =60°. (1)
Ta c6 tong AMB+ AMC + BMC =360°

= BMC =360°—(120° +120°)=120°. (2)

Tir (1) va (2), ta tinh dwoc MBO+MCO =180°.

Mat khac, MBO+HBO =180° nén MCO =HBO (cung bu vai Hinh 21.10
MBO).
Tacd AKCO =AHBO (canh huyén, goc nhon)

= OK =0OH.

AMOK = AMOH (canh huyeén, canh géc  vudng) )

= KMO = HMO =120°:2 =60°. y /x
Do d6 AMC + KMO =120°+60° =180°. o)

Suy ra ba diém A, M, O thang hang, din téi ba duong thang AM, Bx, Cy dong

quy.

5.4. (h.21.11)

Goi O 1a giao diém cua hai tia Ax va By.

Xét AAOB c6 A =B nén OA =OB, suy ra diém O nam trén duong trung truc ” | S .

d cuia AB. Vay cac duong thang Ax, By va d dong quy.

Hinh 21.11
5.5. (h.21.12)
Goi M 1a trung diém cua OA. A
Xét AAOB ¢6 F la trong tdm nén duong thang BF di qua trung diém M cua
AO.
Xét AAOC c6 G la trong tim nén duong thang CG di qua trung diém M cia 2
AO. 2 Z
Do d6 ba duong thang AO, BF, CG ddng quy tai trung diém M cua AO. 56 i
5.6. (h.21.7)

Hai duong thang AB va CD khong song song nén ching cat nhau tao thanh mét goc. Hai diém M va
N nam trong goc do, ciing cach déu hai duong thiang nay nén ching nam trén tia phan giac cua goc

nay. Suy ra ba dudng thang AB, CD va MN dong quy tai dinh cua goc.
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5.7. (h.21.13)

Xét tam giac ABC c6 hai duong phéan giac AD, CE

' X
cit nhau tai O nén BO la duong phan giac cua goc '
ABC. a1 A
2 x 3
buong thang xy di qua B va vubng gdc véi BO nén E
Xy la duong phéan giac ngoai tai dinh B ctua géc ABD.
Goi Ax la tia ddi cua tia AD. B\ D G
Vi BAC =120° nén dé thay y
A=A =As = Ay = 60". in o1 13

Xét AADC c0 AE la duong phén giac ngoai tai dinh
A, CE la duong phan giac trong tai dinh C nén DE 1a duong phan giac ngoai tai dinh D.

Xét AABD c6 duong thang AC 1a duong phan giac ngoai tai dinh A, dudng thang xy 1a duong phan
giac ngoai tai dinh B, duong thang DE 1a dudng phan giac trong tai dinh D. Do d6 ba duong thang
xy, DE va AC dong quy.

5.8. (h.21.14)

Diém F nim trén duong trung truc cia DM nén FD = FM.
Suy ra AFDM céan tai F do d6 FB la duong phén giac tai
dinh F cia ADEF. Ching minh tuong tu ta dugc EC la
duong phén gidc ngoai tai dinh E cia ADEF.

Xét ADEF c6 hai duong phan giac ngoai cit nhau tai A nén

DA la duong phan giac cua géc EDF. (1)
Mat khac, DB 1 DA nén DB la duong phén giac ngoai tai D.

Diém B 1a giao diém cua hai dudng phan giac ngoai tai dinh Hinh 21.14
F va D cua ADEF nén EB la duong phén giac cua goc DEF. (2)

Chung minh tuong tu ta dugc FC 1a duong phén giac cua géc DFE. (3)

Tu (1), (2), (3), suy ra AD, BE, CF dong quy.

* Luu y: Néu bo diéu kién nhon cua tam giac ABC thi bai toan van dung.

5.9. (h.21.15)
Xét AABC vudng tai A,AH L BC nén BAH = ACB A
(cung phu véi ABC).
Goi M 1a giao diém cua AO va CK, goi N 1a giao diém
0 a glao diem Cu go a glao die §
cua AK va BO. D
] —

Vi O 1a giao diém ciia cac duong phan gidc cia AABH & i e

Hinh 21.15
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nén BAO = HAO.

Vi K 14 giao diém cua cac duong phan giac cia AACH nén ACK = BCK

Xét AAMC ¢6 MAC + MCA = MAC+¥ = MAC+¥ = MAC + MAB = BAC =90".
Suy ra AMC =90° =CM L AO.

Chang minh tuong tu ta dugc BN L AK.

Xét AAOK c6 AD, BO va CK 4 ba dudng cao nén dong quy.

5.10. (h.21.16)

Trén tia d6i cua tia AD lay diém K sao cho AK = BC.

Xét AADC c6 goc KAC la goc ngoai nén KAC =D+ ACB =90°+ ACB.
Mat khac, BCE =90°+ACB nén KAC = BCE.
Taco AKAC =ABCE (c.g.c) =>C, =E.

Vi Ci+C> =90° nén E+C> =90°.

Goi G 1a giao diém cua BE véi KC.

Xét AGCE ¢6 E+C>=90° nén G=90°= BE | KC.

Chung minh tuong tu, ta c6 CF 1 AB.

Xét AKBC c6 AD, BE, CF 1a ba dudng cao nén chiing dong quy.
K

al
B D C
Hinh 21.16

5.11. (h.21.17)
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Hinh 21.17

Tam giac EAB vudng tai E, A1 =45° nén la tam giac vudng can.

Suy ra EA = EB. Tuong ty, ta c6: FA=FC.
Tu F vé mot duong thang vudng goc voi CE cit d, tai G.
Goi K 1a giao diém cua duong thang EG véi BF.

Taco AFG = FCE (hai goc c0 canh tuong ung vudng goc).
AFG =AFCE (9.c.g) = AG=FE.

AAGE = AEFB (c.g.c) = AGE = EFB.

Tacd AGE+AEG =90°= EFB+ KEF =90° = EK | BF.

Xét AEFG c6 CE, BF va d, 1 ba dudng cao do d6 ba duong thang nay dong quy.

5.12. (h.21.18)

Tam giac ABC vuéng tai A,AH 1 BC nén BAH = ACB
(cung phu véi goc ABC)

Tacd CAH = ABC (cung phu véi ACB).
Xét AAFC c¢6 AFB la g6c ngoai nén

AFB=FAC+ FCA=FAH + BAH = FAB.

Suy ra ABAF can tai B do d6 duong phan giac cua goc B
cling 1a duong trung tryc cua AF.

Chimg minh tuong tu ta dugc ACAE cén tai C do do
duong phéan giac cua goc C ciing la duong trung truc caa
AE.

Taco d//AH ma AH 1L EF nén d 1 EF.

Mat khac, ME = MF nén d la duong trung tryc cua EF.

Hinh 21.18
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Xét AAEF cé cac duong phan giac cua goéc B, goc C cung véi duong thang d 1a ba duong trung

truc nén ching dong quy.
5.13. (h.21.19)

B

Fle\ D%

A - E C
Hinh 21.19

Taco CAD =ACD = ADAC can = DC = DA. (1)
Tam giac ABC vudng tai A= ABC + ACB =90°.

Mit khac, BAD+CAD =90° ma ACB =CAD nén ABC = BAD.

Do d6 ADAB can = DB = DA. (2)

Tur (1) va (2) suy ra DC = DB. Vay D 1a trung diém cua BC.

Xét AABE vuong tai A c0 AE” =BE’—AB’ =25-16=9=> AE =3(cm)=E la trung diém cia

AC.
. 2
Xét AAFC vudng tai A cd AF = CF* — AC? =(\/E) _6 =4

= AF = 2(cm)

= F 14 trung diém cua AB.
Xét AABC c6 AD, BE, CF 1a ba dudng trung tuyén nén chung dong quy.
5.14. (h.21.20)

A

H
Hinh 21.20

Tam giac ABH vudng tai H, c6 HM 1a duong trung tuyén nén HM = %AB
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Suy ra DM:%AB (Vi HM = DM).

Do d6 ADAB vuong tai D.
Tam giadc ABC c6 BD vira la duong phan giac vira 1a duong cao nén la tam giac can tai B
= BA=BC (1)dantéi DA=DC.

Xét AHAC va AHAB vuong tai Hc6 HD :%AC; HM =%AB ma HD = HM nén AC = AB. (2)

Tir (1) va (2) suy ra AB=BC =CA do d6 AABC déu.
Trong tam giac déu ABC, dudng cao AH, duong trung tuyén CM ciing 1a dudng phan giac. Suy ra
AH, BD, CM ddng quy.
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PHAN I1.BAI TOAN THUONG GAP TRONG PE THI HSG

Bai 1: Cho tam gi4ac ABC vuong tai A(AB > AC). Tia phén giac goc B cit AC ¢ D. Ké DH
vuong goc voi BC.Trén tia AC ldy diém E sao cho AE = AB.Duong thing vuong goc véi AE tai
E cit tia DH & K. Chtrng minh rang:

a)BA=BH

b) DBK =45°

c¢) Cho AB =4cm, tinh chu vi tam giac DEK

Bai 2: Cho tam giac ABC co duong phan giac AD.Trén doan thing ADIliy cac diém Eva
F sao cho ABE =CBF. Ve cac diém H,K, | sao cho AC,BC, AB theo th ty 1a duong trung
truc cua cac doan thang EH, FK, El

a) Chang minh rang: AD 1a duong trung truc caa 1H.

b) Chung minh rang: AFBI = AKBE

c) Chuang minh rang: ACE = BCF

Bai 3: Cho tam giac nhon ABC.Vé phia ngoai ctia tam giac v& cac tam giac vudng cin

ABE, ACF vuong 6 B va C. C6 AH vuong goc véi BC, trén tia ddi cua tia AH 1ay diém I sao
cho Al = BC. Chirmg minh:

a) AABI = ABEC

b) Bl =CE va Bl vuéng géc voi CE

c) Ba duong thang AH, CE, BF cit nhau tai mot diém

Bai 4: Cho xAy =60°c6 tia phan giac Az. Tir diém B trén Ax ké BH vudng goc vai Ay tai H, ké
BK vubng goc véi Az va Bt song song véi Ay, Bt cat Az tai C. Tir C ké CM vudng gdc vai Ay tai
M. Churng minh:

a) K 1a trung diém cua AC

b) AKMC 1a tam giac déu

C) Cho BK =2cm. Tinh cac canh AAKM

Bai 5: Cho AABC c6 A=120°. Cac tia phan giac BE, CF cia ABC va ACB cit nhau tai I (E, F
lan luot thude cac canh AC, AB). Trén canh BC ldy hai diém M, N sao cho BIM =CIN =30°.

a) Tinh s6 do ciia MIN .
b) Chtirng minh CE + BF <BC
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Bai 6: Cho tam giac ABC c6 A =90°. V& phan giac BDva CE (D e AC,E € AB)chung cit

nhau tai O

a) Tinh s6 do goc BOC

b) Trén BC lay hai diém M va N sao cho BM = BA,CN = CA.Chiing minh EN song song
voi DM

c) Goi | 1a giao diém cua BDva AN.Chting minh tam giac AIM vudng can .

Bai 7: Cho tam giac ABCco ba goc nhon, AB < AC < BC. Céc tia phan giac cua goc A va goc

C cét nhau tai O. Goi F 14 hinh chiéu cta O trén BC; H 14 hinh chiéu cta O trén AC. Lay diém I
trén doan FCsao cho FI = AH. Goi K 1 giao diém cua FHva Al

a) Chung minh tam gidc FCHcéan va AK = Al

b) Chung minh ba diém B, O, K thang hang.

Bai 8: Cho AABC c6 3 goc nhon, AB < AC < BC.Céc tia phan giac ctia goc A va goc C cat nhau
tai O. Goi F1a hinh chiéu ciia Otrén BC; H 1a hinh chiéu cta O trén AC.L4y diém | trén doan
FCsao cho FI=AH.Goi K la giao diém cua FHva All.

a) Chung minh AFCH can

b) Chung minh AK =KI

c) Chung minh 3 diém B, O, K thiang hang.

Bai 9: Cho tam gidc ABCvudng tai A (AB<AC)trén canh AClay diém E sao cho AE = AB.Tia
phan giac cia BAC cat dudng trung truc cia CEtai F

a) Chung minh tam gidc BFCcén

b) Biét ACB =30°. Chung minh ABFE déu

Bai 10: Cho tam giac nhon ABCc6 AB > AC, ba dudng cao BD, CE va AF cit nhau tai H. Lay

diém M trén canh AB sao cho AM =AC. Goi N 14 hinh chiéu ciia M trén AC; K 1a giao diém cua
MNva CE

a) Chang minh hai géc KAH va MCBbing nhau

b) Chung minh AB+CE > AC+BD

Bai 11: Cho tam gi4c vudng ABC(A = 900), duong cao AH, trung tuyén AM. Trén tia ddi tia

MA ldy diém D sao cho DM = MA Trén tia d6i tia CDlay diém 1sao cho Cl=CA,qua | vé

duong thang song song voi AC cit duong thang AH tai E. Ching minh AE = BC.
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Bai 12: Cho tam giadc ABC (AB < AC, B =60°). Hai phan giac ADva CE cia AABCcit nhau 6 I,

tir trung diém M ciia BC ké dudng vudng goc voi duong phan giac Al tai H, cat AB 6 P, cit AC o
K.

a) Tinh AIC
b) Tinh d6 dai canh AK biét PK = 6cm, AH = 4cm.
c) Chang minh AIDE cén

Bai 13: Cho AABCnhon, AD vuéng goc véi BC tai D . Xac dinh |, J sao cho ABIa trung truc
cia DI, AC 1a trung truc caa DJ; 1J cit AB, AC lan luot tai L va K. Chimg minh rang
a) AAI\] can

b) DAI4 tia phan giac cia LDK

0) BK L AC;CL L AB
d)Tryc tam cia AABC chinh 1a giao ctia 3 duong phan giac ADLK

¢)Néu D 1a mot diém tiy ¥ trén canhBC. Ching minh rang 1AJ ¢ sé do khong doi va tim vi tri
diém D trén canh BC dé 1J c6 do dai nho nhét.

Bai 14. Cho tam gi4c can ABC, AB = AC. Trén tia ddi cua cac tia BC,CBlay theo thir ty hai
diém Dva Esao cho BD =CE.

a)Chimg minh tam giac ADE la tam giac can

b)Goi M 12 trung diém cua BC.Chimg minh AM 1a tia phan giac cia DAE

¢)Tu B va C vé BH,CK theo thtr ty vudng goc véi AD, AE . Chimng minh BH =CK

d)Chting minh 3 duong thang AM, BH,CK gip nhau tai 1 diém.

Bai 15: Cho tam giac ABC vuong goc tai A. Phan giac trong ctia B cat canh AC tai diém D. Tir D
ké¢ DE vuong goc voi BC ( Ee BC).Tia EDva tia BAcit nhau tai F.

a)So sanh DAva DC

b)Chirng minh BD LFC

¢)Chtrng minh AE/IFC

Bai 16: Cho tam giac ABC vuong tai A.V& vé phia ngoai tam giac ABC cac tam giac déu ABD
va ACE.Goi | 1a giao diém cua BE va CD.Chiing minh rang:

a)BE =CD

b) ABDE la tam giac can
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c)EIC =60°va IAlatia phan giac cua DIE

Bai 17. Cho tam giac ABC c6 ba géc nhon (AB < AC).Vé vé phia ngoai tam giac ABC cac tam
giac déu ABDva ACE.Goi | la giao cia CD va BE, K la giao cia ABva DC.

a) Chung minh ring AADC = AABE.

b) Goi M va N lan luot 1a trung diém caa CD va BE. Chang minh ring AAMN déu

c) Chuang minh rang 1Ala phan giac caa DIE

Bai 18. Cho tam giac ABC c6 AB < AC. Trén tia d6i ciia tia CAldy diém D sao cho

CD = AB.Goi I 1a giao diém cac dudng trung truc cia BC va AD

a) Chang minh AAIB = ADIC

b) Chirng minh Al la tia phéan giac caa BAC

c) Ké |E vuong goc véi AB,chiang minh AE = % AD

Bai 19. Cho AABC, tia phan giac cia Acit BC tai D. Biét ADB =85°
a) Tinh B—C

b) Tinh cac goc caa AABCnéu 4.B=5.C

Bai 20. Cho AABC c6 ba gdc nhon, trung tuyén AM . Trén nira mat phang bo AB chira diém C,
vé doan thang AE vudng goc va bang AB.Trén nira mat phang bd AC chua diém B, vé doan thang
AD vubng goc va bang AC.

a) Chung minh BD =CE

b) Trén tia d6i cua tia MAIldy N sao cho MN = MA.Chting minh AADE = ACAN

c) Goi | 1a giao diém cua DE va AM .Ching minh % =1

DI° + AE
Bai 21. Cho tam giac ABC vuong tai A, duong trung tuyén AM.Qua Akeé duong thang d vuéng
goc voi AM.Qua M ké cac duong vuong goc véi AB, AC, ching cit d theo thir ty & D va E.
Chtg minh rang :
a) BD//CE b) DE =BD +CE
HUONG DAN
Bai 1: Cho tam giac ABC vuong tai A(AB > AC). Tia phan giac goc B cat AC ¢ D. Ké DH
vuong goc voi BC.Trén tia AC lay diém E sao cho AE = AB.Duong thiang vuong goc véi AE tai
E cit tia DH ¢ K. Ching minh rang;
a)BA=BH
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b) DBK =45°
¢) Cho AB = 4cm, tinh chu vi tam giac DEK

Loi giai

a) AABD = AHBD(ch —gn)

b) Qua B ké duong thang vudng goc véi EK, cat EK tai |

Taco: ABI =90°

Taco: ABI =90°; AB = BH (AABD = AHBD); AE = AB(gt); AE =BI(BA//IE)= BH =Bl
— AHBK = AIBK (ch —cgv) = B, = B, M B, = B, = DBK = 45°

C) AABD = AHBD = AD = DH

AHBK = AIBK = HK = Kl = KD =DH + HK = AD + Kl

Chu vi tam gidc DEK = DE + EK + KD = DE + KE + AD + K
AE + IE=2AB=2.4=8(cm)

Bai 2: Cho tam giac ABC co duong phan giac AD.Trén doan thang ADlay cac diém Eva
F sao cho ABE =CBF. Ve cac diém H,K, | sao cho AC,BC, AB theo th ty 1a duong trung
truc cua cac doan thang EH, FK, El

a) Chtng minh rang: AD 1a duong trung truc caa 1H.
b) Chuang minh rang: AFBI = AKBE

C) Chuang minh rang: ACE = BCF

Léi gidi
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b) Taco: Bl =BE, IBF = EBK,BF = BK = AFBI = AKBE(c.g.c)
c) Taco: CH =CE,CF =CK,EH =EK = El = AFHC = AKEC(c.c.c)

= HCF =ECK = ACE =BCF

Bai 3: Cho tam giac nhon ABC.Vé phia ngoai ctia tam giac v& cac tam giac vudng cin

ABE, ACF vuéng 6 B va C. C6 AH vudng goc voi BC, trén tia dbi cua tia AH lay diém I sao
cho Al = BC. Chiimg minh:

a) AABI = ABEC

b) Bl =CE va Bl vuéng géc voi CE

C) Ba duong thang AH,CE, BF cit nhau tai mot diém

Loi giai:

a)  Taco: IAB =180° — BAH =180° —(90O - ABC) ~90° + ABC = EBC
= AABI = ABEC(c.g.c)

b) AABI = ABEC (cau a) nén Bl = EC (hai canh twong tng)

ECB = BlAhay ECB = BIH
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Goi giao diém cua CE vsi ABla M, ta co:

MCB + MBC = BIH + IBH =90° = BMC =90°

Do d6 CE L Bl.Chung minh tuong tu BF L CI

C) Trong tam giac BIC : AH,CE, BF 1a ba duong cao. Vay AH,CE, BF ddng quy tai mot
diém.

Bai 4: Cho xAy =60°co tia phan giac Az. Tir diém B trén Ax ké BH vudng goc véi Ay tai H, ké
BK vubng géc véi Az va Bt song song véi Ay, Bt ciat Az tai C. Tir C ké CM vudng gdc vai Ay tai
M. Churng minh:

a) K 1a trung diém cua AC

b) AKMC 14 tam giac déu

c) Cho BK =2cm. Tinh cac canh AAKM

Loi giai:
AABC CAB = ACB(=MAC
a) can tai B do va BK la duong cao
= BK =K q
la dudng trung tuyen la trung diém caa AC
AABH = ABAK .
b) (canh huyeén — goc nhon)
= BH =AK AK:lAC:BH:lAC
(hai canh twong ttng ) ma 2
) ) CK:BH:lAC:CM:CK:AMKC
Ta c6 : BH = CM (tinh chat cap doan chan) ma 2 la tam
giac can (1)
MCB=90° ACB=30°= MCK =60° (2)
Mat khac va
= AMKC ‘
Tu (1) va (2) la tam giac deu
AABK KAB=30°= AB=2BK =2.2=4cm

c) Vi vuong tai K ma
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AABK AK =+/AB? —BK? =164 =12
Vi vuong tai K nén theo Pytago ta co:
KC =1 AC = KC = AK =12
Ma 2
AKCM = KC=KM =12
deu

Theo phan b) AB = BC =4; AH =BK=2
HM = BC (HBCM la hinh chir nhat)
=AM =AH +HM =6
Bai 5: Cho AABC c6 A=120°. C4c tia phan giac BE, CF cia ABC va ACB cit nhau tai I (E, F
lan luot thude cac canh AC, AB). Trén canh BC léy hai diém M, N sao cho BIM =CIN =30°.
a) Tinh s6 do cua MIN .

b) Chung minh CE + BF < BC

Loi giai

a) Tinh s6 do cia MIN .
Taco ABC + ACB =180°- A =60°

= 1B+1C:300
2 2

— BIC =150°

Ma BIM =CIN =30°

= MIN =90°

b) Churng minh CE + BF <BC

- BIC =150° = FIB=EIC =30°

Suy ra ABFI = ABMI ( g-c-g) = BF = BM

- ACNI = ACEI ( g-c-g) = CN=CE

Do @6 CE + BF =BM + CN <BM + MN + NC = BC
Vay CE + BF<BC

Bai 6:Cho tam giac ABC c6 A=90".Vé phan gisc BDva CE (D e AC, E € AB)chiing cit
nhau tai O

a) Tinh s6 do goc BOC

b) Trén BC lay hai diém M va N sao cho BM = BA,CN = CA.Chting minh EN song song
voi DM
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C) Goi | 1a giao diém cua BDva AN.Chang minh tam giac AIM vudng can .

0
% =90° +45° =135°

a) BOC=BAC+M:90°+

b) AABM can, nén phan giac BD dong thoi 1a duong trung truc
AACN can, nén phan giac CE dong thoi 1a duong trung truc.

Suyra DA=DM,EA=EN

Dan téi AABD = AMBD, AACE = ANCE(c.c.c)

Suy ra DMB = DAB =90°; ENC = EAC =90°

Hay EN 1 BC,DM 1 BC.Dovay EN//DM

c) Phan giac BDva phan giac CEcit nhau tai O cho ta AOIa phan giac cua
BAC = OAE =45°(1)

AOAE = AONE(c.c.c) = OAE = ONM = 45°

Theo chang minh cau b, ta thdy, O la tam duong tron ngoai tiép tam gi4c
AMN = OM =ON hay AOMN cén tai O(2)

Tu (1) va (2) suy ra AOMN vudng céan tai O

D& chitng minh MON = 2MAI = 2MAI =90° = MAI =45°

AAIM c6 |A=IM (do I thuéc trung truc BD ciia AM) nén can tai I.

Lai c6 MAI =45%vay AAIM vudng can tai |.

Bai 7: Cho tam gidc ABCco ba goc nhon, AB < AC < BC.Céc tia phan giac cta goc A va goc
C cit nhau tai O. Goi F 1a hinh chiéu cta O trén BC; H 1a hinh chiéu cua O trén AC. Léy diém I
trén doan FCsao cho Fl = AH. Goi K 14 giao diém cia FHva Al

a, Chtng minh tam giac FCHcan va AK = Al

b, Chting minh ba diém B,O, K thang hang.

Léi giai
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BS F | C

a) Chang minh ACHO = ACFO(ch —gn)
Suyra CH=CF=AFCHcéan tai C
V& IG//AC(G e FH), chirng minh AFIG cén tai |

- Suy ra AH=IGva IGK = AHK

- Chang minh AAHK = AIGK(g.c.9)

- Suyra AK =KI

b) V& OE L ABtai E. tuong tu ciu a ta c6 AAEH, ABEFtht tu can tai A,B

Suyra: BE=BFva AE =AH

BA =BE +EA =BF+AH =BF+FI =Bl = AABI can tai B

Ma BOla phan gi4c B, va BK la duong trung tuyén cia AABInén B,0, K 1a ba diém thang hang
Bai 8: Cho AABC c6 3 goc nhon, AB < AC < BC.Céc tia phan giac cia goc Ava goc C cat nhau
tai O. Goi F1a hinh chiéu ciia Otrén BC; H 14 hinh chiéu ciia O trén AC.LAy diém | trén doan
FCsao cho Fl=AH.Goi K la giao diém cia FHva Al.

a) Chung minh AFCH cén

b) Chang minh AK =KI

c) Chung minh 3 diém B, O, K thang hang.

Loi giai
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a) Chang minh

Taco CHO =CFO =90°(vi OH 1 AC,OF 1 BC)

Xét ACHO vudng va ACFOvuong cé: OCchung; HCO = FCO(OC la phan giac C)
Viay ACHO = ACFO (canh huyén — géc nhon)

= CH =CF(hai canh twong tng). Vay AFCH can tai C

b)  Qua Iv& IG//AC(GeFH)

Tacd AFCH can tai C (cmt) = CHF = CFH(1)

Ma CHF = FGI (dong vi, 1G//AC) (2)

Tu (1) va (2) = CFH =FGl hay IFG = IGF, Vay AIFG cén tai |

= FI=GlI, mat khac : FI =AHnNnén Gl = AH(=FI)

Talai ¢6: IGK = AHK; HAK =GIK (so le trong, 1G//AC)

Xét AAHKva AIGK c6: IGK = AHK (cmt); Gl = AH(cmt); HAK = GIK (cmt)

= AAHK = AIGK(gcg) = AK = Kl(dfcm)

c) V& OE L AB tai E, Chitng minh dugc BO la tia phan giac cuaa ABC (*)
Chtrng minh dugc AB =Bl

Chung minh dugc: AABK = AIBC(c.c.c) = ABK = IBK

Tur d6 suy ra BK 4 tia phan gidc cua ABC(**)

Tu (*) va (**) suy ratia BK,BO trung nhau

Hay B, O, K la ba diém thang hang.

Bai 9: Cho tam gidc ABCvudng tai A (AB < AC),trén canh AC lay diém E sao cho AE = AB.Tia
phan giac cia BAC cit dudng trung truc cia CEtai F

a) Chtrng minh tam giac BFC can

b) Biét ACB =30°. Chitng minh ABFE déu

Léi gidi
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A E'HC
a) Chi ra dugc Fla giao diém 2 trung truc cia ABEC = F thugc trung truc BC = ABFC can

b) +Tinh duoc EBC =15°
+Ha FK 1L AB = AFKB = AFHC(ch —cgv) = ABFC vudng can

= FBC = 45° = ABFE déu

Bai 10: Cho tam giac nhon ABCc6 AB > AC,ba dudng cao BD,CE va AF cit nhau tai H. Ly
diém M trén canh AB sao cho AM =AC. Goi N 14 hinh chiéu ciia M trén AC; K 1a giao diém cua
MNva CE

a) Chtng minh hai goc KAH va MCBbing nhau

b) Chting minh AB+CE >AC+BD

Léi giai

B

a) Néu duoc AK L MC = KAH =MCB

b) Chang minh CE=MN

Viét dugc AB—AC>BD—-CE = BM >BD-MN
MI L BD = BM > Bl

Vay AB+CE >AC+BD
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Bai 11: Cho tam gi4c vudng ABC(A = 900), duong cao AH, trung tuyén AM. Trén tia doi tia

MA liy diém D sao cho DM = MA. Trén tia d6i tia CDI4y diém 1sao cho Cl=CA,qua | v&
duong thang song song véi AC cit duong thing AH tai E. Chitng minh AE =BC.,

Loi giai
E
I
A
C
B H M
D

Puong thang ABcit Eltai F

AABM = ADCMvi AM = DM(gt); MB = MC(gt), AMB = DMC(dd)

= BAM=CDM = FB//ID=ID L AC va FAI =CIA (so le trong) (1)

IE//AC(gt) = FIA=CAI (so le trong ) (2)

Tur (1) va (2) = ACAI = AFIA(AI chung) = IC = AC = AF ©3)

Va EFA=90°  (4), mit khac EAF = BAH(ddi dinh), BAH = ACB (cung phu véi

ABC) = EAF = ACB (5)

T (3), (4) va (5) = AAFE=ACAB= AE=BC

Bai 12: Cho tam giac ABC (AB < AC, B =60°). Hai phan giac ADva CE cia AABCcét nhau & 1,
tir trung diém M ctia BC ké duong vudng goc voi duong phan gidc Al tai H, cit AB & P, cit AC&
K.
a) Tinh AIC

b) Tinh do dai canh AK biét PK = 6cm, AH = 4cm.,
c) Chang minh AIDE cén

Léi gidi
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P

a) Tacd ABC =60° = BAC+BCA =120°
AD la phén giac caa BACsuy ra IAC = % BAC

CE la phéan giac cuia ACB = ICA =%BCA

Suyra IAC+ICA = %.1200 =60°

Vay AIC =120°

b) Xét AAHPva AAHK c6: PAH = KAH(AH la phan giac caia BAC)

AH chung; PHA = KHA =90°

— AAHP = AAHK(g.c.g) = PH = KH (hai canh tuong tng)

Vay HK =3cm

Vi AAHK vuéng ¢ H, theo dinh ly Pytago ta co:

AK? = AH? + HK? = 4% +3* =25 . Suy ra AK =5cm

C) Vi AIC =120°, do d6 : AIE =DIC =60°

Trén canh AClay diém Fsao cho AF=AE

Xét AEAI va AFAI co: AE = AF, EAI = FAI, Al chung

Vay AEAI = AFAI(cg.c) =IE =IF (hai canh twong ting ) (1)

AIE = AIF =60° = FIC = AIC — AIF = 60°

Xét ADICva AFICcé: DIC =FIC =60°; ICchung; DIC =FIC

= ADIC = AFIC(g.cg) = ID = IF (hai canh twong tng) (2)

Tur (1) va (2) suy ra AIDE cén tai |.

Bai 13: Cho AABCnhon, AD vudng goc véi BC tai D . Xac dinh |, J sao cho ABIa trung truc
cua DI, AC 1a trung tryc cua DJ; 1J cat AB, AC lan luot tai L va K. Ching minh rang
a)AAU can
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b) DAla tia phan giac cua LDK

0) BK L AC;CL L AB
d)Tryc tam cia AABC chinh 1a giao ctia 3 duong phan giac ADLK

¢)Néu D 1a mot diém tuy ¥ trén canhBC. Chirg minh rang 1AJ ¢6 sé do khong dbi va tim vi tri

diém D trén canh BC dé 1J c6 d6 dai nho nhét.

A J
|
B D c
Al = AD
a)Do AB, AC la trung truc cia AB = AD = AJ = Al = AJ = AAIJ can taiA

pyAALI = AALD(ccc) = 1, =D,

Tuong ty AAKD =AAKJ(c.cc)=D, =1,

Ma AAlJ can (cmt)= |, = J, = D, = D, = DAIa tia phan gic cua LDK

¢)CMTT cau b: CL,BK phan giic trong ciia LKD;DLK .i2 ADLK

=BK _1LAC=CL_LAB

d)Tur cau c = tryc tim cua AABC chinh Ia giao ctia 3 duong phan giac trong ADLK
¢)Chimg minh duoc 1AJ = 2BAC (khong d6i)

*AAIJ céan tai A cd |AJ khong d6i nén canh day |J nho nhat néu canh bén Al nho nhit
Taco: Al = AD > AH (AH 1a duong vudng goc ké tir Adén BC)

Xay ra ddu dang thic khi va chi khi D=H

Vay khi D 1a chan duong vudng géc ha tir A xudng BC thi 1J nho nhat

Bai 14. Cho tam giac can ABC, AB = AC. Trén tia ddi cta cac tia BC,CB lay theo thu tu hai
diém Dva Esaocho BD =CE.

a)Chirng minh tam giac ADE la tam giac can

b)Goi M 1a trung diém ctia BC.Ching minh AM 1a tia phan giac cia DAE

¢)Tu B va C vé BH,CK theo thir ty vuong goc véi AD, AE . Chimg minh BH =CK
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d)Chtng minh 3 duong thaing AM, BH,CK gip nhau tai 1 diém.

O

a) AABC cannén ABC = ACB = ABD = ACE

Xét AABDva AACE co: AB = AC(gt); ABD = ACE(cmt); DB = CE(gt)

= AABD = AACE(c.g.c) = AD = AE = AADE can tai A

b) Xét AAMD va AAME c6:

MD = ME(DB =CE; MB = MC); AM chung; AD = AE(cmt)

= AAMD = AAME(c.c.c) = MAD = MAE

Vay AM la tia phan giac cna DAE

c) Vi AADE can tai A (cm cau a) nén ADE = AED

Xét ABHDva ACKE c6: BDH = CEK (do...ADE = AED); DB = CE(gt)

= ABHD = ACKE(ch—-gn) = BH =CK

d) Goi giao diém cua BH va CK 1a 0

Xét AAHOVva AAKO co: OAcanh chung;
AH = AK(AD = AE,DH = KE(doABHD = ACKE))

= AAHO = AAKO(ch —cgv)

Do ¢6 OAH = OAK nén AO latia phan giac cia KAH hay AO la tia phan giac caa DAE |, mat
khéc theo cau b) AM la tia phan giac cia DAE

Do d6 AO = AM, suy ra ba duong thang AM, BH, CK cit nhau tai O.

Bai 15: Cho tam giac ABC vudng goc tai A. Phan giac trong ctia B cat canh AC tai diém D. Tir D
ké¢ DE vudng goe véi BC(E € BC).Tia EDvatia BAcit nhau tai F.

a)So sanh DAva DC

b)Chimg minh BD L FC
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¢)Chirng minh AE//FC

a) Tacd AABD =AEDBVic6 ADchung; B, =B, chota DA=DE (1)
Trong tam giac vuong EDC thi DE<DC  (2)

Tu (1) va (2) suyra DA< DC

b) AABD = AEDBnén AB = BE (hai canh twong (tng)

Hai tam giac EFBva ACB c6 AB =BEva B chung, suy ra BF =BC

— AFBC can , dinh B

Ma BM la phan giac cia B nén ciing 1a duong cao, suy ra BM 1L FC(3)hay BD 1. FC
c) Ta dé dang thay BD L AE (4)

Tu (3) va (4)suyra AE//FC

Bai 16: Cho tam giac ABC vudng tai A.V& vé phia ngoai tam giac ABC cac tam giac déu
ABD va ACE.Goi | 1a giao diém cua BE va CD.Chuang minh rang:

a)BE=CD

b) ABDE la tam giac can

c)EIC =60°va IAlatia phan giac cua DIE

Loi giai:
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~ |DAC = A +90° =60° +90° =150°
a) Ta c0:
BAE = A, +90° =60° +90° =150°

= DAC = BAE

Xét ADAC va ABAE c6: DA = BA(gt); DAC = BAE(cmt); AC = AE(gt)
= ADAC = ABAE(c.g.c) = BE =CD (hai canh twong tng)

b) Taco: A, + A +BAC + A, =360°

< A, +60°+90° +60° = 360°

< A, =150° = DAC

Xét ADAE va ABAE c6: DA = BA(gt); A, = DAC(cmt); AE chung

— ADAE = ABAE(c.g.c) = DE = BE = ABDE can tai E

c) Tacé: ADAC = ABAE(cmcéu a)= E, = C, (hai goc twong tng)

Lai c6: 1, + E, + ICE =180°(tong 3 géc trong AICE)

& 1,+(AEC-E)+(C,+C,)=180°

< 1,+60° - E, +C, +60°=180°

< 1,+120° =180°(E, =C,)

<1, =60°

Vi ADAE =ABAE(cmcau b)= E, =E, (hai géc tuong ung)=> EAla tia phan gidc cua

DEI )

N

Vi

ADAC = ABAE _
= ADAC = ADAE = D, = D, (hai goc tuong ung)=> DAIa tia phan

ADAE = ABAE
giac cia EDC (2)
Tu (1) va (2) = A l1a giao diém cua 2 tia phan giac trong ADIE = Ala duong phén giac tha 3
trong ADIE = |Ala tia phan giac cua DIE
Bai 17. Cho tam giac ABC c6 ba géc nhon ( AB < AC). V& vé phia ngoai tam giac ABC cac tam

giac déu ABDva ACE.Goi | 1a giao cua CD va BE, K la giao cia ABva DC.
d) Chung minh ring AADC = AABE.
e) Goi M va N lan luot 1a trung diém caa CD va BE. Chting minh rang AAMN déu

f) Chang minh rang 1Ala phan giac cia DIE
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a) Taco: AD = AB; DAC =BDEva AC = AE
Suy ra AADC = AABE(c.g.c)

b) T AADC = AABE = ABE = ADC ma BKC = AKD (d6i dinh)
Khi d6 xét ABIK va ADAK = BIK = DAK = 60°(dfcm)

Tr AADC =AABE = CM =ENva ACM = AEN

— AACM = AAEN(c.g.c) = AM = AN,CAM = EAN

MAN = CAE =60°. Do d6 AAMN déu.
C) Trén tia IDlay diém J sao cho 1J = IB = ABIJ déu.

= BJ =Bl va JBl = DBA=60°

Suyra IBA=JBD, két hop BA=BD

= AIBA= AJBD(c.g.c) = AIB = DJB =120°ma BID =60° = DIA=60°
T do suy ra |Ala phan giac cua DIE .

Bai 18. Cho tam giac ABC c6 AB < AC. Trén tia d6i ciia tia CAldy diém D sao cho

CD = AB.Goi I 1a giao diém cac dudng trung truc cia BC va AD
d) Chung minh AAIB = ADIC

e) Chirng minh Al la tia phéan giac caa BAC
1
f) Ké IE vudng goc vsi AB,chang minh AE = 3 AD

Loi giai
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a) Vi | 1a giao diém cac duong trung truc cia BC va AD nén IB=IC, 1A= ID.

Lai c6 AB=CD(gt), dodé6 AAIB =ADIC(c.c.c)
b) AAIDcan ¢ 1, suy ra DAl =D
AAIB = ADIC (cau a), suy ra BAl =D, do do: DAI = BAI

Vvay Al la tia phan giac cia BAC

c) Ké IP L AD,ta co: AAIE = AAIP (canh huyén — géc nhon)=> AE = AP

Ma AP = % AD (Vi P1la trung diem AD) Suyra AE :%AD.

Bai 19. Cho AABC, tia phan giac cia Acit BC tai D. Biét ADB =85°
a,Tinh B-C

b, Tinh cac goc cia AABCnéu 4.B=5.C

Loi giai

C

a) Xét AADC c6 ADB la géc ngoai tai D= ADB =C + DAC =85°

Xét AADBc6 ADC la goc ngoai tai D=> ADC = B + BAD =180° —85° = 95°

Ma DAC = BAD (vi AD la tia phan giac caa A)
—=Tur(l)va() =B-C=95"-85"=10°

)  ViB-C=10"ma 4.B:5.C:>§:% B-C

= B=50°,C=40"= A=90°.

@

(2)
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Bai 20. Cho AABC c6 ba gdc nhon, trung tuyén AM . Trén nira mat phang bo AB chira diém C,

vé& doan thang AE vudng goc va bang AB.Trén nira mat phang bd AC chira diém B, vé doan thang
AD vubng goc va bang AC.

a, Chung minh BD =CE

b,Trén tia d6i cua tia MAI4y N sao cho MN = MA. Chang minh AADE = ACAN

. AD? + IE?
¢,Goi | 1a giao diem cia DEva AM.Chang minh ———-=1
DI° + AE

a) Xét AABDva AACEcé: AD=AC(gt); AE = AB(gt);BAD =CAE (cung phu
BAC)

= AABD = AAEC(c.g.c) = BD = CE (hai canh tuong ting)

b) Xét AABM va ANCM co:

AM = MN(gt); BM =CM (gt); AMB = AMC(dd)

= AABM = ANCM (c.g.c) = AB =CN (hai canh tuong rng)

ABM = NCM (hai goc twong tng)

Taco: ACN = ACB + BCN = ACB + ABC =180° — BAC

Lai c6: DAE = DAC + BAE — BAC =180° - BAC = DAE = ACN

Xét AADE va AACN co: CN = AE (cuing bang
AB); AC = AD(gt); DAE = ACN(cmt) = AADE = ACAN(c.g.c)

¢) Vi AADE = ACAN (cmt) = NAC = ADE (hai goc twong tng)

Goi P1a giao diém cua DE va AC

Xét AADP vuéng tai A=> ADE + APD =90° = NAC + APD =90° = Al | DE
Xét AADI vuong tai 1. theo dinh Isy Pytago ta co:
AD? =DI?* + Al = Al* = AD* - DI*?
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Xét AAIE vudng tai L. theo dinh ly Pytago ta co:

AE? = Al” + |E* = Al? = AE® — |E?
= AD? - DI’ = AE* - IE* = AD* + IE* = DI* + AE®

AD? + |IE®
= 2 2

DI“ + AE
Bai 21. Cho tam giac ABC vuong tai A, dudng trung tuyén AM .Qua Aké dudng thing d vudng

=1(dfcm).

goc voi AM.Qua M ké cac duong vuong goc véi AB, AC, chiing cit d theo thir ty & D vaE.

Chtrng minh rang :

b) BD//CE b) DE =BD +CE
Loi giai
D
B M C

a) Theo tinh chat duong trung tuyén ng vai canh huyén cua tam giac vuéng: MA= MB
Goi H 1a giao diém cua MDva AB

Tam giac can AMB c6 MH duong cao ang véi ddy nén 1a duong trung truc, suy ra DA=DB.
Chéng minh duoc AMBD = AMAD(c.c.c) = MBD = MAD =90°, do d6: DB L BC
Tuong tu ta c6: EC L BC

vay BD//CE (cung vudng géc voi BC), (dpem)

b) Theo cau &, DB = DA. Tuong ty: EC = EA

Suyra DE =DA+ AE=BD +CE



