GIAO VIEN: LE THI NGA
HH7-CHU DPE 5. VE HINH PHU PE GIAI TOAN

A. Kién thitc can nhé

Trong mot s6 bai todn & cac chuyén dé trude, ching ta da phai v& thém hinh phu thi méi giai duoc. Trong
chuyén dé nay, ching ta hé théng mét vai ky thuat vé hinh phu dé giai toan.

1. Muc dich caa viéc vé thém hinh phu

Khi v& thém duong phuy, chiing ta thudng nham cac muc dich sau ddy:

- Pem nhitng diéu kién da cho cua bai toan va nhitng hinh c6 lién quan dén ching minh tap hop (6 mot
hinh moi) lam cho chiing ¢6 lién quan dén nhau.

- Tao nén doan thang thir ba (hoac gdc tht ba) 1am cho hai doan thang (hoic hai goc) can ching minh trg

lén c6 mdi quan hé véi nhau.
- Tao nén doan thang (hay goc) bang tong, hiéu gap déi hay bang % doan thang (hay goc) cho trudc dé

dat dugc chirng minh caa bai tap hinh hoc.
- Tao nén nhimg dai luong méi (doan thang hay goc) bang nhau, thém vao nhiing dai lwong bang nhau
ma dé bai di cho dé gitp cho viéc chitng minh.
- Tao nén mot hinh mai, dé co thé &p dung mot dinh 1y nao do.
- Bién d6i két luan, hinh v& 1am cho bai toan trg 1én dé chimg minh hon.
2. Cac loai dwong phu thwong vé
- Kéo dai mot doan thang cho trudc véi mot do dai tly y hodc ciat mot duong thang khac.
- Néi hai diém cho truéc hoic ¢ dinh
- Ttr mot diém cho trudc dung dudong thang song song véi mot dudng thang cho trudc.
- Dung duong phéan giac cua mot goc cho trudc.
- Dung duong thang di qua mot diém cho truéc hop thanh véi duong thang khac mot géc bang mot goc
cho trudc.
* Cha y: Khi v& duong phu phai cé muc dich khong veé tuy tién.
B. Mt s6 vi du
Vi du 1. Cho tam gidc ABC cén tai A c6 A=100°. Tia phan giac cua goc B cit AC tai D.
Chung minh BC = AD+ BD.
Gidi
* Tim céch gidi. Pay 1a bai toan khé tuy nhién néu ban biét luu tim dén gia thiét cia bai toan va phuong
phap ké duong phu thi bai toan trg nén don gian. Phan tich két luan, ching ta c6 hai huéng vé duong phu
cho bai toan nay.
- Vi A, D, B khong thiang hang, ma két luan AD+BD = BC, do vay chlng ta v& thém hinh phu sao cho
AD + BD bang mét doan thang. Sau d6 chimg minh doan thang d6 bang BC.
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- Phan tich két luan, chiing ta ciing c6 thé nghi téi viéc tach BC thanh tong hai doan thing ma trong d6 ¢

mot doan thang bang BD (hoic AD) va chimg minh doan thing con lai bing AD (hoic BD).

Trong hai huéng suy nghi trén, ching ta luu ¥ dén gia thiét 1a tam giéc can va biét s6 do goc dé tinh tit ca
cac goc co thé.

* Trinh bay loi gidi

- Cach vé 1. Trén tia ddi cua tia DB liy diém K sao cho DA = DK . Trén canh BC liy diém E sao
choBE=BA.

AABC cantai Acd A=100°nén B=C =40°.
Tacé: AABD = AEBD (c.g.c)= AD=DE,

BED = BAD =100° = D, = D, = D, = 60°

Ma BD Ia tia phan giéc cua goc B nén B, = B, =20°

Mat khéac: BDC =120° = D, =60°. Tur do ta co: B E C
AKDC = AEDC (c.9.c) = DKC = DEC = 180°—100° = 80°
= KCB =280°= ABKC cén tai B = BC = BK = BD+ DK = BD + AD

Vay BC =BD +AD.
- Céch vé 2. Trén tia BC lay diém M sao cho BM = BA , lay diém N sao cho BN = BD.

Taco: AABD = AMBD (c.g.c) = AD =DM * ,A= BMD =100°.

Do BMD =100° = DNM =380° (1) A

Mat khac ABDN can tai B nén D

BDN = BND =80° 2

Tu (1) (2) tac6: AMDN can tai D
nén DM = DN (**)

Ta c6: NDC = NCD = 40°

= ADNC can tai N, nén NC = ND (***)

Tir (*)(**)(***) = AD= NC = BC = BN +NC = BC = BD+ AD.

- Céch vé 3. Trén canh BC ly diém A

F sao cho BF = BD, trén canh AB K /\D

lay diém K sao cho AK = AD. Ta

sé chirng minh dugc tam giac BKD

can tai Knén KB= KD, ma KB=DC B F c

nén KD = DCdo d6 AAKD =AFDC g.c.g = AD=FC

= BC = BF +FC = BD+ AD.
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Vay BC =BD +AD.

Vi du 2. Cho tam gidc ABC vudng can tai A, cac diém D va E thudc BC sao cho DAE = 45° (D nam giira
B va E). Chiing minh rang BD* +CE?* = DE*.

Gidi
* Tim cach gidi.
Tir két luan, dé nhan thay BD, CE, DE thoa mén dinh ly Py-ta-go. Do vay ta s& tao ra mot tam giéc vuéng
c6 ba canh bing BD, CE, DE trong d6 DE 1a d6 dai canh huyén. Do BD, CE, DE cing nam trén mot
duong thang. Do vay can ké thém duong phu. Tir C ké CK L BC va lay CK =BD (K va A cung phia ddi
v6i BC). Chi can chiing minh KE = DE.
* Trinh bay loi gidi.

Tu C ké CK L BCvaliay CK = BD -

(K va A cuing phia ddi véi BC). Ta 1/ 2

c6 C, =90°—C, =90°—45° =B, ’
CK = BD (theo cach dung)

AC = AB (gia thiét)

Do d6 AACK =AABD c.g.c , B ) o l C

suyra AK =AD,A, = A
Talai cO A, =45° (gia thiét) nén A, + A, = 45°suy ra:
FAK = A, +A,=45°=EAD
Xét AEAK va AEAD c6 AD = AK , AE la canh
chung, EAK = EAD = 45° = AEAK = AEAD
(c.g.c), suy ra KE = DE . Tir day, hién nhién ta c6
diéu phai chang minh.
Vi du 3. Cho tam giac ABC vubng tai A, C =15°.
Trén tia BA liy diém O sao cho BO=2AC.
Chuang minh rang OBC can.

Gidi

* Tim céach gidgi. Trong bai toan trén, vi phat hién thiy
C=15° suyra B=75°, ma 75°—15°=60° 1a s6 do cua mdi
g6c trong tam giac déu.

Diéu nay goi v cho ching ta v& tam giac déu BCM nhu hinh

vé&. Nho cac canh cia tam giac déu bang nhau, cac goc cua tam
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giac déu la 60°, ching ta ching minh duoc

AHMB = AABC c.g.c ; AMOB=AMOC cgc dan téi
AOBC can tai O. Do d6 nén nghi t&i viéc van dung vé thém
tam giac déu vao giai toan.

* Trinh bay lo1 gidi

Taco: AABC; A= 90°% C=15° gt = B="175".

V& tam giac déu BCM.
(M va A ciing thudc nira mit phang bo BC)

Ta co6: OBM = ABC — MBC =175°—60°=15°

Goi H 1a trung diém cua OB = HO = HB = %OB

Mt khic BO —2AC (gt) nén AC = %03 tir d6 ta 6 AC — BH

Xét AHMB va AABC c6: BH = AC (cmt) HBM = ACB =15° ;
MB=BC (canh A déu BMC)
Do d6 AHMB = AABC (c.9.c) = H=A=90°= MH | OB
AMBH va AMOH c6 MHB = MHO =90° , BH = HO, MH chung
= AMBH = AMOH = OBM = BOM = OBM = BOM =15° .
= BMO =180°—2.15°=150°
T do MB = MC, CMO = BMO =150° , OM la canh chung
Do d6 AMOB=AMOC c¢—g—c = 0OB=0C.
Vay AOBC can tai O. (diéu phai chizng minh)
Vi du 4. Cho tam giac ABC can tai A, duong phan giac BD. Trén tia BA liy diém E sao cho BE = 2CD.
Chung minh ring EDB = 90°.

Gidi
* Tim cach gidi. Tur gia thiét BE = 2CD, goi y cho ching ta vé
trung diém F caa BE. Mudn chiing minh EDB =90° ma FB =
FE, nén ching ta chi can chitng minh BF = FD = FE.
* Trinh bay loi gidi
- Céch 1. Goi F 1a trung diém cua BE thi FB = CD
(cung bang %BE). Ma AB = AC (tam giac ABC can

tai A) nén AF = AD. Suy ratam giac AFD can tai A.
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T do AFD = ABC (cung bang 180#).

Suy ra DF // BC (hai goc dong vi bang nhau),

nén FBD = FDB (cung bang DBC). Diéu nay
dan dén tam giac FBD can tai F, hay
FD=FB = %BE.

Tam giac BDE ¢6 F 1a trung diém canh BE va DF:%BE nén tam giac BDE vudng tai D hay

EDB =90° (diéu phai ching minh).
-Cach2. TuDké DF//BC F € AB . Suyra FDB= CBD (so le trong)
= FDB = FBD = AFBD can tai F = BF = FD

Mat khac, AAFD va AABC can tai A, suy ra AF = AD, AB=AC
= BF =CD.

Tir d6 suy ra BF = FD = FE = tam giac BDE vudng tai D hay EDB =90° (diéu phai ching minh).
Vi du 5. Cho tam giac ABC (AB < AC),

ké AH vudng goc vai BC tai H. Goi A

M la trung diém cua BC. Biét rang :

AH va AM chia gdc A thanh 3 goc

bang nhau. Chting minh rang:

a) Tam giac ABC vudng. B kE—ll M C

b) Tam giac ABM la tam giac déu.
Gidi
* Tim céch gidgi. Muén chang minh tam giac ABC vudng tai A ta can ké thém dudng thang vuéng goc
v6i AC va chirng minh duong thang d6 song song véi AB, tir d6 suy ra AB 1 AC vasuy raA=90°.
* Trinh bay loi gidi.
a) Vé Ml vubng goc vaoi AC.
AAHM va AAIM c6 AHM = AIM =90°, AM la canh chung, HAM = IAM
= AMAI = AMAH(c.h—g.n) = MI = MH
AAHM va AAHB c6 AHM = AHB =90°, AH la canh chung,
HAM = HAB = AAHM = AAHB g.c.g = BH =MH

=>BH:MH:%BM=>MI:%MC=>C=30°;HAC=60°
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Vay BAC = 60°.3 :2 =90° = Tam giac ABC vudng tai A.

b) Taco C=30°= B=60",AM = BM = %BC = tam gi4dc ABM can c6 mot goc bang 60° =tam giac

ABM déu.
* Nhdn xét: Trong bai toan trén néu chi c6 cac yéu tb bai ra thi twang ching nhu rt kho giai, tuy nhién,
chi bang mot duong vé thém (MI L AC) thi bai toan lai tré nén rat d& dang, qua d6 cang thay rd vai tro
cuia viéc vé thém yéu té phu trong giai toan hinh hoc.
Vi du 6. Cho tam gidc ABC Vi BAC =40° va ABC =60°. Goi D va E theo thir tu 1a cac diém nam trén
canh AB va AC sao cho DCB =70° va EBC = 40°; F 1a giao diém ctia DC va EB. Chiing minh riang AF
vuodng goéc vai BC.

Gidi
Trén AC lay diém N sao cho ABN =40°. A
Tacd ABN = BAN =40° nén AABN cén
tai N, suyra BNC =80° (tinh chat goc
ngoai cua tam gia&c). Do d6
BNC = BCN =80° suy ra ABCN can tai
B = BN =BC (1)

|

ABFC c6 FBC = 40°,FCB =70° nén

M
BFC =170°

Vay ABFC can tai B = BC = BF (2).

Tir (1) va (2) suy ra BN = BF (3). Kéo dai BC liy diém M sao cho BM = BA

= AABM ddu.

Xét AABN va AMBFc6 AB = MB, BN = BF (do (3)), ABN=FBM=40°, do do
AABN = AMBF (c.g.c). Ma AABN can tai N, suy ra AMBF can tai F. Tir AB = AM (do AABM déu),

FB=FM = AABF = AAMF c.c.c ,suyra BAF = MAF .

Mit khac, AABM déu nén AF vubng goc véi BC.

* Nhdn xét:

- Bai toan nay twong d6i kho vi phai vé thém nhiéu duong phu.

- Ngoai céch giai trén day, c6 thé dung thém tam giac déu BCK hoac tam giac déu AFH, ciing di dén két
luan cua bai toan.

C. Bai tap van dung

1. Cho AABC (AB = AC), trén canh AB lay diém D, trén phan kéo dai cua canh AC ldy diém E sao Cho
BD = CE. Goi F la giao diém cua DE va BC. Chiing minh DF = FE
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2. Cho AABC c6 B =45°%A=15° Trén tia d6i cua tia CB lay D sao cho CD = 2.CB. Tinh ADB

3. O trong g6c nhon xOy V& Oz sao cho xOz :%yOZ . Qua diém A thuoc Oy vé AH vudng goc Ox cit

Oz & B. Trén tia Bz lay D sao cho BD = OA. Chang minh tam gidc AOD can.

4. Cho AABCc6 ABC =50°%BAC =70°. Tia phan giac goc ACB cit AB tai M. Trén MC lay diém N
sao cho MBN = 40°. Chiing minh ring: BN = MC

5. Cho tam giac déu ABC. Trén tia dbi cua tia CB, lay diém D sao cho CAD =15°. Puong vudng goc véi
BC tai C cit AD & E. Tia phan giac cua goc B cat AD ¢ K. Chirng minh rang AK = ED.

6. Cho tam giac ABC véi trung diém M cua BC. Trén nira mat phang chira dinh C bo 1a duong thang AB
ké doan thang AE vudng goc véi AB sao cho AB = AE. Trén nira mat phang chira dinh B bo 1a duong
thang AC ké doan thang AF = AC va AF vubng goc véi AC. Ching minh rang EF =2AM va
EF 1 AM .

7. Cho tam giac ABC vudng can tai A. Goi E 1a trung diém cua canh AC. Qua A ké duong thang vudng
g6c voi BE cat BC tai D. Chiing minh rang AD = 2ED.

8. V& phia ngoai cua tam giac ABC, dung tam giac XBC can tai X c¢6 géc BXC bang 120° va cac tam
gidc YCA, ZAB déu. Chang minh XA vudng géc vai YZ.

9. Cho tam giac ABC vudng tai A va ABC =54° .Goi M la trung diém cua BC. Puong thing AM va
duong phén giac trong CD cua tam giac cat nhau tai E. Chiing minh rang CE = AB.

10. Cho AABC vudng tai A, AB < AC. V& AH vudng goc voi BC. Trén canh AC lay diém D sao cho AD

= AB. Goi I 1a trung diém cua BD. Chiing minh rang BIH = ACB
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HUONG DAN GIAl
1.Cach1. TuDké DH//AC H € BC suyra DHB= ACB, ma
ABC = ACB = DHB = ABC = ADHB can tai D = DH = DB
= DH =CE
ADHF va AECF c¢06 DHF = ECF,DH = CE,HDF = CEF
Suy ra ADHE = AECF g.c.g = DF =FE

-Cach2. Ty Eké EK//AB K € BC

= ABC = CKE , ma ABC = ACB

= ACB=CKE = ECK =CKE
= AECK cantalE =CE=KE = BD—=KE

ABDF va AKEF c¢6 DBF = EKF,BD =KE ,
BDF = KEF
Suy ra ABDF = AKEF g.c.g = DF =FE

-Céach3.Ha DH 1. BC, EK L BC H, K €BC

ABDH va ACEK c¢6 BHD = CKE =90°,

BD =CE, DBH = KCE

Suy ra ADBH = AECK (canh huyén, géc nhon)
= DH = EK.

AHDF va AKEF c6 DHF = EKF =90°,

DH =KE, DFH = KFE

Suy ra ADHF = AEKF g.c.g = DF =FE.

T6m lgi: Chitng minh DF = EF dwa vao cip tam gi4c bang nhau, do d6 can tao ra cap tam giac bang nhau.

2. Tim céach gidgi. D& thdy DCA =60° ma CD = 2.BC nén ta nghi téi tam giac vudng c6 goc nhon 60°.

Taha DE 1. AC=CD=2.CE=CE =CB.
Dé& thdy ABED va ABEA can tai E
= AEAD can tai E.

Tir d6 tinh duoc:

ADE = 45°, EDB =30° = ADB =75°

3. bat xOz =a = y0Oz =2«
L4y diém E trén Bz sao cho OE = OA AAEO can tai O
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180° -2«

= AEB =

AEB =90° —c;; ABE = OBH =90° — «
= AEB = ABE

= AED = ABO;OB = ED; AE = AB
= AAOB = AADE c.g.c = AO=AD

= AAOD can.

4. AABCcO A=50%B=170°=C=060°.

CM la tia phan giac cia C nén MCA = MCB =30°.
Taco: NBC =B— MBN =50°-40°=10°.

Tacd: MNB= MCB+ NBC =30°+10°=40°
(g6c ngoai cua ANBC)
= AMNB can tai M

T Mvé MH L BC taco MH:%MC (1)

T M v@ MKLBN:BK:KN:%BN(Z)

Xét AMKB va ABHM c¢6 BHM = BKM =90° , BM la canh chung,

MBK = BMH = 40° = AMKB = ABHM (canh huyén, goc nhon)
= MH = KB (3)

Tir (1), (2) va (3) = BN = MC (diéu phai chizng minh).

5.Ké¢ BH L AD; CI 1. AD.

ABDK c6 AKB = KBD + KDB = 30° +45°
= AKB =175°

AABK c6 BAK = AKB =175° ,

BH | AK nén AH =KH

BH la tia phéan giac cua ABK nén

ABH = %ABK =15°

ACDE c6 ECD =90%CDE =45°nén ACDE vubng can tai C.
Ké CI L ED suyraEl=1D =ClsuyraED =2.CI.

AAHB va ACIA c¢c6 AHB=CIA =90° ;AB= AC;ABH =CAI =15°
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nén AAHB = ACIA (canh huyén - goc nhon) suy ra AH = CI. Tir d6 suy ra AK = ED.

6. Truong hop BAC =90°, két qua 1a hién nhién. "

Ta ching minh cho truong hgp BAC < 90°.

Truong hgp BAC > 90°, cach chitng minh
hoan toan tuong tu.

Trén tia d6i cia tia MA lay diém D sao cho i

MA = MD. B M
NGi B véi D. Tur B ké duong thang vudng goc G
v6i AB cit AD tai G.

Xét hai tam gidc AMC va DMB c6 AM = MD;

AMC = DMB; BM = MC D
Nén AAMC = ADMB (c.g.c), suy ra CAM = BDM (1) va BD = AC.

Tacd AE 1 AB;BG 1. AB nén BG /| AE suy ra EAM = BGA (so le trong) (2)

Ma BGA = GBD+ BDM va EAM = EAC +CAM (3)

Nén tu (1) va (2), (3) suy ra EAC=GBD .

Taco AE = AB; EAF = ABD =180°— BAC ;
BD = AF (=AC).
Do d6 AEAF = AABD (c.g.c)

Suy ra EF = AD,

Ma AD = 2.AM (cach v&) nén EF = 2AM.

Do AEAF = AABD nén AEF = BAD

Ma BAD + DAE =90° nén AEF + DAE =90°
Suy ra AM L EF (diéu phai ching minh).

7.

Qua C v& duong thang vudng goc voi AC cit tia AD & F. B
Do AB = AC, ABE = CAF (cung phu véi goc AEB);
BAE = ACF =90° nén

ABAE = AACF g.c.g = AE=CF

= CE =CF.

Suy ra ACED = ACFD c.g.c

Trén tia DE liy diém G sao cho EG = ED, G
AAEG va ACED co AE = CE,
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AEG =CED,EG = ED suy ra

AAEG = ACED c.gc = CDE = AGE

va AG // DC, do @6 DAG = FDC (dong vi) suy ra DAG = DGA .
Vay ADAG can tai D, hay DA = DG = 2DE (diéu phai chimg minh).
8.

Goi E 1 giao diém cua XA véi YZ.

Trén ntra mat phing bo XC khéng

chtra A lay diém K sao cho AXCK = AXBA.

Tacd XK = XA va KXC = AXB suy ra

AXK = BXC =120°

Do d6 XAK =30°. Mit khéc, tacd CK = BA = AZ X
(Vi AXCK = AXBA va AABZ déu) ; CA =AY (Vi AYCA déu); K

ACK = ACB+ BCX + XCK = C +30°+ XBA

=C+30°+30°+B=60°+ 180°— A

=240°— 360°—YAC —ZAB—YAZ =YAZ;
suy ra ACAK = AAYZ (c.g.c)
do d6 CAK = AYZ =EYA

Taco: EAY +CAK =180°— YAC + XAK =180°— 60°+30° =90°

AEAY 0 EAY +EYA=90°, suy ra AEY =90°. Viy XA 1 YZ .
9. B
* Trén tia d6i cua tia MA ldy A’ sao cho MA’ = MA.
Khi d6 AMCA’ = AMBA (c.g.c),

suy ra CA'= AB (1);

A

MCA’ = MBA = 54°

Do d6 ACA’ = ACB+ BCA' =36° +54° =90°

Tir AABC = ACA’A c.gc = AA'=BC; MC = MA :%BC,MAC = MCA =36°.

Mt khac, CD la phan giac ACB nén ECA=18°, A'EC la gbc ngoai cua tam giac AEC nén
A'EC =EAC +ECA=36°+18°=54°=EA'C,

suy ra tam giac ECA’ can tai C, nén CE = CA’(2)

Tur (1) va (2) suy ra CE = AB.

R
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10.
Ké DE 1 BCtalE, DF | AH taiF.
Xét cac tam giac vuéng ABD va EBD

CoIB=1D nénAI:EI:%.

Tac6 AABH = ADAF (canh huyén, goc

nhon) = AH = DF (1).

AHED = ADFH (canh huyén, géc nhon) = HE = DF (2).
Tu (1) va (2), suy ra: AH = HE. T d6 AIHA = AIHE (c.c.c)

= I[HA=IHE =90°:2=45°. TacO BIH + IBH = [HE = 45°

Ma IBH = FDI (so le trong) = BIH = ADF . Lai c6 ADF = ACB (ddng vi), suy ra BIH = ACB (diéu

phai chitng minh).
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